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Abstract

In classification, semisupervised learning usually ingsla large amount of unla-
beled data with only a small number of labeled data. This sepa great challenge
in that it is difficult to achieve good classification perf@ante through labeled data
alone. To leverage unlabeled data for enhancing classificahis article introduces a
large margin semisupervised learning method within theaéaork of regularization,
based on an efficient margin loss for unlabeled data, whiekssefficient extraction
of the information from unlabeled data for estimating thegg&adecision boundary for
classification. For implementation, an iterative schendeisved through conditional
expectations. Finally, theoretical and numerical anayem® conducted, in addition
to an application to gene function prediction. They suggfest the proposed method
enables to recover the performance of its supervised cqartebased on complete
data in the sense of rate of convergence, as if the label valuenlabeled data were
available in advance.
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1 Introduction

Semisupervised learning occurs in classification, whelgasmall number of labeled data
is available with a large amount of unlabeled data, becatisieeadifficulty of labeling.
In artificial intelligence, one central issue is how to inegg@ human’s intelligence with
machine’s processing capacity. This occurs, for instamc&ebpage classification and
spam email detection, where webpages and emails are aitallyatollected, yet require
labeling manually or classification by experts. The readay nefer to Blum and Mitchell
(1998), Amini and Gallinari (2003), and Balcan et al. (20faB)more details. In genomics
applications, functions of many genes in sequenced genoemegin unknown, and are
predicted using available biological information, c.fia and Pan (2005). In situations as
such, the primary goal is to leverage unlabeled data to e@haredictive performance of
classification (Zhu, 2005).

In semisupervised learning, labeled d&{&’;,Y;):" |} are sampled from an unknown
distribution P(, y), together with an independent unlabeled samplg}”_, ., from its
marginal distributiong(z). Here labelY; € {-1,1}, X; = (Xi1, -, Xiq) IS and-
dimensional inputy; < n, andn = n; + n,, is the combined size of labeled and unlabeled
samples.

Two types of approaches—distributional and margin-basede been proposed in
the literature. The distributional approach includes, aghothers, co-training (Blum and
Mitchell, 1998), the EM method (Nigam et al., 1998), the Istx@atp method (Collins and
Singer, 1999), Gaussian random fields (Zhu, Ghahramani affdrty, 2003), and struc-
ture learning models (Ando and Zhang, 2004). The distrimati approach relies on an
assumption relating the class probability given input) = P(Y = 1|X = x) to ¢(z) for
an improvement to occur. However, the assumption of thisisaften not verifiable or
met in practice.

A margin approach uses the concept of regularized separdtimcludes Transductive



SVM (TSVM, Vapnik, 1998; Chapelle and Zien, 2005; Wang, Shed Pan, 2007), and
a large margin method of Wang and Shen (2007). These methibdesithe notation
of separation to borrow information from unlabeled dataribance classification, which
relies on the clustering assumption (Chapelle and Zien5 P&t the clustering boundary
can precisely approximate the Bayes decision boundaryhwhite focus of classification.

This article develops a large margin semisupervised legmmiethod, which aims to ex-
tract the information from unlabeled data for estimating Bayes decision boundary. This
is achieved by constructing an efficient loss for unlabebsd @vith regard to reconstruction
of the Bayes decision boundary and by incorporating some/lauge from an estimate of
p. This permits efficient use of unlabeled data for accurdimasion of the Bayes decision
boundary thus enhancing the classification performancedbas labeled data alone. The
proposed method, utilizing both the grouping (clusteristglicture of unlabeled data and
the smoothness structure mfis designed to recover the classification performancedbase
on complete data without missing labels, when possible.

The proposed method has been implemented through anveesatheme with)-loss
(Shen et al., 2003), which can be thought of as an analogystifeFs efficient scoring
method (Fisher, 1946). That is, given a consistent initedsifier, an iterative improvement
can be obtained through the constructed loss function. Mgaienalysis indicates that
the proposed method performs well against several statieeedirt semisupervised methods
including TSVM, and Wang and Shen (2007), where Wang and $2@®di7) compares
favorably against several smooth and clustering basedss@erivised methods.

A novel statistical learning theory fap-loss is developed to provide an insight into
the proposed method. The theory reveals thatiytHearning classifier’s generalization
performance based on complete data can be recovered bymisupervised counterpart
based on incomplete data in rates of convergence, withonwikig the label values of

unlabeled data in advance. The theory also says that theféeasable situation for a



semisupervised problem occurs at points ngaj = 0 or 1 because little information can
be provided by these points for reconstructing the classifio boundary as discussed in
Section 2.3. This is in contrast to the fact that the leasirable situation for a supervised
problem occurs near(z) = 0.5. In conclusion, this semisupervised method achieves the
desired objective of delivering higher generalizatiorfgenance.

This article also examines one novel application in genetfan discovery, which has
been a primary focus of biomedical research. In gene functiscovery, microarray gene
expression profiles can be used to predict gene functioesuise genes sharing the same
function tend to co-express, c.f., Zhou, Kao and Wong (20Q#)jfortunately, biological
functions of many discovered genes remain unknown at pre§@m example, about 1/3
to 1/2 of the genes in the genome of bacteridmcoli have unknown functions. There-
fore, gene function discovery is an ideal application fonseipervised methods and also
employed in this article as a real numerical example.

This article is organized in six sections. Section 2 intimetuthe proposed method.
Section 3 develops an iterative algorithm for implementati Section 4 presents some
numerical examples, together with an application to gemetfan prediction. Section 5
develops a learning theory. Section 6 contains a discusaihthe appendix is devoted to

technical proofs.

2 Methodology

2.1 Large margin classification

Consider large margin classification with labeled data Y;)!".,. In linear classification,

given a class of candidate decision functidfsa cost function

O Lf (o) +J(f) W

i=1



is minimized overf € F = {f(z) = wjz + wyo = (1,27 )wy} to yield the minimizerf
leading to classifiesign(f). HereJ(f) is the reciprocal of the geometric margin of various
form with the usuall, margin.J(f) = ||w,||*/2 to be discussed in further detail, ahngd-)
is a margin loss defined by functional margin= y f(z), andC > 0 is a regularization
parameter. In nonlinear classification, a kerfgl, -) is introduced for flexible represen-
tations: f(z) = > i, a;K(x,x;) + b. For this reason, it is referred to as kernel-based
learning, where the reproducing kernel Hilbert spaces (BKéte useful, c.f., Gu (2000)
and Wahba (1990).

Different margin losses correspond to different learnirgghmdologies. Margin losses
include, among others, the hinge las&) = (1 — z), for SVM with its variantL(z) =
(1 —2)% for g > 1; c.f.,, Lin (2002); they-lossesL(z) = ¢(z), with¢(z) = 1 — sign(z) if
z > 1lorz < 0,and2(1 — z) otherwise, c.f., Shen, et al. (2003), the logistic [b5s) =
log(1 + e~#), c.f.,, Zhu and Hastie (2005); theghinge lossL(z) = (n — z) for nu-SVM
(Schblkopf et al., 2000) withy > 0 being optimized; the sigmoid loggz) = 1 —tanh(cz);
c.f., Mason, et al. (2000). A margin loggz) is said to be large margin i£(z) is non-

increasing inz, penalizing small margin values. In this paper, weffix) = ¢ (z).

2.2 Loss construction for unlabeled data

In classification, the optimal Bayes rule is definedfy= sign(f5) with f5(z) = P(Y =
1|X = x) — 0.5 being a global minimizer of the generalization er@E(f) = EI1(Y #
sign(f(X))), which is usually estimated by labeled data throdgh in (1). In absence of
sufficient labeled data, the focus is on how to improve (1) tilizing additional unlabeled
data. For this, we construct a margin ldssto measure the performance of estimating
5 for classification through unlabeled data. Specifically,seek the best lod$ from a
class of candidate losses of foffii f ), which minimizes the.,-distance between the target

classification los€.(y f) andT'(f). The expression of this log$ is given in Lemma 1.



Lemma 1 (Optimal loss) For any margin losk(z),

argmin E(L(Y f(X)) = T(f(X)))* = E(L(Y f(X))|X = z) = U(f(x)),

T

whereU(f(z)) = p(z)L(f(x)) + (1 — p(x))L(=f(z)) andp(z) = P(Y = 1[X = z).
Moreoverargmin ;. EU(f (X)) = argmin;.z EL(Y f(X)).

Based on Lemma 1, we defifié(f) to be p(z)L(f(z)) + (1 — p(z))L(—f(z)) by
replacingp in U(f) by p. Clearly, U(f) approximates the ideal optimal lo&%f) for
reconstructing the Bayes decision functibnwhenp is a good estimate of, as suggested
by Corollary 2. This is analogous to construction of the efhit scores for Fisher’s scoring
method: an optimal estimate can be obtained iterativelyuin an efficient score function,
provided that a consistent initial estimate is suppliefl, McCullagh and Nelder (1983)
for more details. Through (approximately) optimal Idfé@f), an iterative improvement of
estimation accuracy is achieved by starting with a consiststimatep of p, which, for
instance, can be obtained through SVM or TSVM. é’(ﬁ[f), its optimality is established
through its closeness td(f) in Corollary 2, where our iterative method based bris
shown to yield an iterative improvement in terms of the afasgion accuracy, recovering
the generalization error rate of its supervised countéljzesed on complete data ultimately.

As a technical remark, we note that the explicit relatiopsietweerp and f is usually
unavailable in practice. As a result, several large martgiasifiers such as SVM ang
learning do not directly yield an estimate pfgiven f. Thereforep needs to be either
assumed or estimated. For instance, the methods of Wah88)(@8ad Platt (1999) assume
a parametric form op so that an estimateﬁl yields an estimategd, whereas Wang, Shen

and Liu (2007) estimatesgiven f nonparametrically.



The preceding discussion leads to our proposed cost functio

s(f)=C (nl‘l Y Lyif (@) +nyt Y U(f(sw))) + J(f)- ()
i=1 j=n;+1
Minimization of (2) with respect tof € F gives our estimated decision functighfor

classification.

2.3 Connection with clustering assumption

We now intuitively explain advantages fﬁ(f) over a popular large margin logg|f|) =
(1—|f(x)])+ (Vapnik, 1998; Wang and Shen, 2007), and its connectiontivéttlustering
assumption (Chapelle and Zien, 2005) that assumes clasbeéseen the classification
and grouping (clustering) boundaries.

First, U(f) has an optimality property, as discussed in Section 2.Z;wleads to better
performance as suggested by Theorem 2. Second, it has a Higbe@minative power over
its counterpart.(| f|). To see this aspect, note that|f|) = inf, U(f) by Lemma 1 of
Wang and Shen (2007). This says tti4tf|) is a version ofJ/(f) in the least favorable
situation where unknowp is estimated byign(f), completely ignoring the magnitude
of p. As displayed in Figure 1(7(f) corresponds to an “uneven” hat function or the solid
line, wheread.(| f|) corresponds to an “even” one or the dashed line. By compafisQ’)
enables not only to identify the clustering boundary thiotige hat function ag(|f|) does
but also to discriminaté(z) from — f () through an estimateg(x). That is,U(f) has a
smaller value forf(x) > 0 than for—f(z) < 0 whenp > 0.5, and vice versa, whereas
L(] f]) is in-discriminative with regard to the sign ¢fz).

To reinforce the second point in the foregoing discussioa,ewamine one specific
example with two possible clustering boundaries as desdrib Figure 3 of Zhu (2005).
ThereU(f) favors one clustering boundary for classification if a cetesitp is provided,

whereasL(|f|) fails to discriminate these two. More details are defere@ection 4.1,



Figure 1: Plots of(|f(z)|) andU (f(x)).
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where the simulated example 2 of this nature is studied.
In conclusion,U/(f) yields a more efficient loss for a semisupervised problent as i
utilizes the clustering information from the unlabeledadas (| f|) does, in addition to

guidance about labeling througtto gain a higher discriminative power.

3 Computation

3.1 Iterative scheme

The effectiveness of/ depends largely on the accuracyjpfn estimatingp. Given an
estimater®, (2) yields an estimatg™®, which leads to a new estimaté) throughAlgo-
rithm O below. Thep is expected to be more accurate tif&h for p because additional
information from unlabeled data has been utilized in ediionaof @ throughp© and
additional smoothness structure has been usédgarithm 0 in estimation ofp(") given
fO. Specifically, an improvement in the process frpffi to /& and that fromf® to

pM) are assured by Assumptions B and D in Section 5.1, respBgtiveich are a more



general version of the clustering assumption and a smosghasesumption gf. In other
words, the marginal information from unlabeled data haslefectively incorporated in
each iteration oAlgorithm 1 for improving estimation accuracy gffandﬁ.

Detailed implementation of the preceding scheme as well@sdnditional probability
estimation are summarized as follows.
Algorithm 0: (Conditional probability estimation; Wang, Shen and Li002)
Step linitialize 7, = (k —1)/m,fork =1,...,m+ 1.
Step 2.Train a weighted margin classifiégk with 1 — 7, associated with positive instances
andm, associated with negative instances,fce 1,...,m + 1.
Step 3 Estimate labels of by sign{ f,, ()}.
Step 4.Sortsign{ f,, ()}, k = 1,...,m + 1, to computer* = max e sign{ fr, (2)} =
1], m = min[m, : sign{fr (v)} = —1]. The estimated class probability jgz) =
L+ 7).
Algorithm 1: (Efficient semisupervised learning)
Step 1.(Initialization) Given any initial classifiesign( /), computep©® throughAlgo-
rithm O . Specify precision tolerance leveb> 0.
Step 2.(lteration) At iterationk + 1; k = 0,1, -- -, minimizes(f) in (2) for f*+1 with
U = U® defined byp = p*) there. This is achieved through sequential QP for the
-loss. Details for sequential QP are deferred to SectionGatnputep**+1) throughAl-
gorithm 0, based on complete data with unknown labels imputesigy( f*+1). Define

A

D) = max(p®, p*+D) when f*+1) > 0 andmin(p®, p*+1) otherwise.

p
Step 3(Stopping rule) Terminate wher(f*+1)) — s(f®)| < ¢. The final solutionf is

FUO, with K the number of iterations to terminationAdgorithm 1.

Theorem 1 (Monotonicity)Algorithm 1 has a monotone property such ttmf(’“)) IS non-
increasing ink. As a consequencAlgorithm 1 converges to a stationary poia(f(oo)) in

thats(f*) > s(f). MoreoverAlgorithm 1 terminates finitely.



Algorithm 1 differs from the EM algorithm and its variant MM algorithm (@Hter
and Lange, 2000) in that little marginal information hasrbesed in these algorithms as
argued in Zhang and Oles (2000)\Igorithm 1 also differs from Yarowsky’s algorithm
(Yarowsky, 1995; Abney, 2004) in that Yarowsky’s algoritisawiely relies on the strength
of the estimateg, ignoring the potential information from the clusteringasiption.

There are several important aspect@\gforithm 1. First, lossL(-) in (2) may not be
a likelihood regardless of if labeling missingness occanaadom. Secondly, the mono-
tonicity property, as established in Theorem 1, is assuyecbhstructings**) to satisfy
(p*+D) — p®) f+1) > (0, as opposed to the property of likelihood in the EM algorithm
Most importantly, the smoothness and clustering assumgtiave been utilized in esti-
mating p, and thus semisupervised learning. This is in contrast éoBkl, where only
likelihood is used in estimatingin a supervised manner.

Finally, we note that irStep 2of Algorithm 1, givenp®*), minimization in (2) involves
nonconvex minimization whef () is ¢-loss. Next we shall discuss how to solve (2) for

F*+1) through difference convex (DC) programming for nonconvésimization.

3.2 Nonconvex minimization

This section develops a nonconvex minimization methoddaseDC programming (An
and Tao, 1997) for (2) with the-loss, which was previously employed in Liu, Shen and
Wong (2005) for supervised-learning. As a technical remark, we note that DC program-
ming has a high chance to locate aglobal minimizer (An and Tao, 1997), although it
can not guarantee globality. In fact, when combined witmtile¢hod of branch-and-bound,

it yields a global minimizer, c.f., Liu, Shen and Wong (200%pr a computational con-
sideration, we shall use the DC programming algorithm witheeeking an exact global
minimizer.

Key to DC programming is decomposing the cost functigf) in (2) with L(z) = ¢ (z)

10



into a difference of two convex functions as follows:

s(f) = silf) = (/) 3)
s(f) = Clor' Yo inlwf @) + g D0 UL (F()) + (1)

so(f) = Ol D alyaf (@) +ny D> UL(f(xy),
i=1 Jj=n;+1
where Uy (f () = p® (a;)va(f () + (1= p® ()= f(2;)); ¢ = 1,2, ¢y =
2(1—2), andy, = 2(—2),. Herey, andi), are obtained through a convex decomposition
of ¢ = 11 — 1, as displayed in Figure 2.

Figure 2: Plot ofy, ¢); and, for the DC decomposition af = v; — 5. Solid, dotted
and dashed lines representy; andi,, respectively.
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With these decompositions, we treat (2) with thdoss andp = p*) by solving a
sequence of quadratic problems describe#lgorithm 2.
Algorithm 2: (Sequential QP)
Step 1 (Initialization) Set initial/*+1-) to be the solution ofin s, (). Specify precision

tolerance levet > 0.

11



Step 2 (Iteration) At iteration + 1, computef *+1:+1) by solving

min (s1(f) = (wy, Va(fE10))), )

whereVs,(f*+1)) is a gradient vector of(f) atw 1.
Step 3.(Stopping rule) Terminate wheg( f(E+1HD) — g( FEHLD)| < ¢,
Then the estimatg*+1 is the best solution amongf**'): [ =0,1,---.

In (4), gradientV s, ( f*+1.) is defined as the sum of partial derivativesgbver each
observation, wittVy»(z) = 0if z > 0 andV,(z) = —2 otherwise. By the definition of
Vso(fFH1D) and convexity ofs,(f#+1), (4) gives a sequence of non-increasing upper
envelops of (3), which can be solved via their dual forms.

The speed of convergence Aligorithm 2 is super-linear, following the proof of The-
orem 3 in Liu, Shen and Wong (2005). This means that the nuwihiérations required

for Algorithm 2 to achieve the precisionis o(log(1/e)).

4 Numerical comparison

This section examines effectiveness of the proposed metinodgh numerical examples.

A test error, averaged over 100 independent simulationcapins, is used to measure
a classifier's generalization performance. For simulatomparison, the amount of im-
provement of our method oveirgn(f(°>) is defined as the percent of improvement in terms
of the Bayesian regret

(T'(Before) — Bayes) — (T (After) — Bayes)
T (Before) — Bayes ’

(5)

whereT (Before), T'(After), and Bayes denote the test errors efgn(f(?), the proposed

method based on initial classifigign(f(?)), and the Bayes error. The Bayes error is the

12



ideal optimal performance and serves as a benchmark foraaesop, which can be com-
puted when the distribution is known. For benchmark exasplee amount of improve-

ment overign(f(©) is defined as

T (Before) — T'(After)
T (Before) ’

(6)

which actually underestimates the amount of improvemeabsence of the Bayes rule.
Numerical analyses are conducted in R2.1.1. In linear legrik(x,y) = (z,y);

in Gaussian kernel learninds (z,y) = exp(—”“”;—g”Q), whereos is set to be the median

distance between positive and negative classes to redugeutational cost for tuning?,

c.f., Jaakkola, Diekhans and Haussler (1999).

4.1 Simulations and benchmarks

Two simulated and five benchmark data sets are examinedd loaséour state-of-the-
art classifierssign(f(®)’s. They are SVM (with labeled data alone), TSVM (SV#¥;
Joachims, 1999), and the methods of Wang and Shen (2007}heithinge loss (SSVM)
and with they-loss (SPSI), where SSVM and SPSI compare favorably agtiaestcom-
petitors. Corresponding to these methods, our methodsy/felar semisupervised classi-
fiers denoted as ESVM, ETSVM, ESSVM and ESPSI.

Simulated examples:Examples 1 and 2 are taken from Wang and Shen (2007), where
200 and 800 labeled instances are randomly selected fomgaand testing. For training,
190 out 200 instances are randomly chosen for removingltisis. Here the Bayes errors
are 0.162 and 0.089, respectively.

Benchmarks: Six benchmark examples include Wisconsin breast canceQ)MBima
Indians diabetes (PIMA), HEART, MUSHROOM, Spam email (SPA\hd Brain com-
puter interface (BCI). The first five datasets are availablehe UCI Machine Learning

Repository (Blake and Merz, 1998) and the last one can bedfouhapelle, Sabikopf

13



and Zien (2006). WBC discriminates a benign breast tissara & malignant one through 9
diagnostic characteristics; PIMA differentiates betwpenitive and negative cases for fe-
male diabetic patients of Pima Indian heritage based onl8djaal or diagnostic attributes;
HEART concerns diagnosis status of the heart disease bas&lddinic attributes; MUSH-
ROOM separates an edible mushroom from a poisonous onggth&biological records;
SPAM identifies spam emails using 57 frequency attributestekt, such as frequencies of
particular words and characters; BCI concerns the diffeasf brain images when imag-
ining left-hand and right-hand movements, based on 11tegressive model parameters
fitted over human’s electroencephalography.

Instances in WBC, PIMA, HEART, and MUSHROOM are randomlyided into two
halves with 10 labeled and 190 unlabeled instances foritigjand the remaining 400 for
testing. Instances in SPAM are randomly divided into haWitls 20 labeled and 380 unla-
beled instances for training, and the remaining instanmetesting. Twelve splits for BCI
have already given at http://www.kyb.tuebingen.mpgsldisok/benchmarks.html, with
10 labeled and 390 unlabeled instances while no instancee$ting. An averaged error
rate over the unlabeled set is used in BCI example to appieithe test error.

In each example, the smallest test errors of all methods nmpevison are computed
over 61 grid point10~3+%/10: k. =0, ... 60} for tuningC in (2) through a grid search.
The results are summarized in Tables 1-2.

As suggested in Tables 1-2, ESVM, ETSVM, ESSVM and ESPSloparno worse
than their counterparts in almost all examples, except ESVBIPAM where the perfor-
mance is slightly worse but indistinguishable from its cieupart. The amount of improve-
ment, however, varies over examples and different typesdassiiers. In linear learning
excluding ESVM in SPAM, the improvements of the proposedhoétare from 1.9% to
67.8% over its counterparts, except in SPAM where ESVM perfoslightly worse than

SVM; in kernel learning, the improvements range from 0.092302% over its counter-

14



Table 1: Linear learning. Averaged test errors as well as estimated standard errors (i
parenthesis) of ESVM, ETSVM, ESSVM, ESPSI, and their ihit@unterpartsand testing
samples, in the simulated and benchmark examples. Sd#viotes the performance of

SVM with complete labeled data. Here the amount of improvansedefined in (5) or (6).
Data Example 1 Example 2 WBC PIMA HEART MUSHROOM SPAM BCI
Size 1000x 2 1000x 2 682x 9 768x 8 303x 13 8124x 22 4601x 57 400x 117

SVM  .344(.0104) .333(.0129) .053(.0071) .351(.0070) (Z®WB5)  .232(.0135)  .216(.0097) .479(.0059)
ESVM  .281(.0143) .297(.0177) .031(.0007) .320(.0059) 4(Z066)  .172(.0084)  .217(.0178) .474(.0052)
Improv. 53.8% 19.8% 41.5% 8.8% 24.6% 25.9% -0.5% 1.0%
TSVM  .249(.0121) .222(.0128) .07/(.0043) .315(.0067) O0(Z082) 204(.113) 227(.0120) .500(.0054)

ETSVM  .190(.0074) .147(.0131) .029(.0009) .309(.0063) 11(D062)  .153(.0054)  .179(.0101) .474(.0076)
Improv. 67.8% 56.4% 62.3% 1.9% 21.9% 25.0% 21.1% 5.2%
SSVM  .188(.0084) .129(.0031) .032(.0025) .307(.0054) O(®O74)  .186(.0095)  .191(.0114) .479(.0071)
ESSVM  .182(.0065) .124(.0034) .028(.0006) .293(.0029) 05(D059)  .162(.0054)  .169(.0107) .474(.0041)
Improv. 23.1% 28.6% 12.5% 4.6% 14.6% 12.9% 11.5% 1.0%

SPSI .184(.0084) .128(.0084) .029(.0022) .291(.0032) 2(PB67)  .184(.0095)  .189(.0107) .476(.0068)
ESPSI .182(.0065) .123(.0029) .027(.0006) .284(.0026)81(.0052)  .137(.0067)  .167(.0107) .471(.0046)
Improv. 9.1% 12.8% 6.9% 4.5% 22.0% 25.5% 10.1% 1.1%
SVM. .164(.0084) .115(.0032) .027(.0020) .238(.0011) .10&1)  .041(.0018)  .095(.0022) 0

8The error rate is computed on the unlabeled data and avecaged 2 splits.

parts. Overall, large improvement occurs for less accurdtial classifiers when they are
sufficiently accurate. However, if the initial classifiet@® accurate, then the potential for
an improvement becomes small or null, as in the cases of SSUMS®SI for Gaussian
kernel learning. If the initial classifier is too poor, themimprovement may occur. This is
the case for ESVM, where it performs worse than SVM with= 10 labeled data alone.
This suggests that a better initial estimate should be wsgsthier with unlabeled data.

Furthermore, it is interesting to note that TSVM obtaineoirir SVM"* performs
worse than SVM with labeled data alone in the WBC example iftgdr learning, the
PIMA example for Gaussian learning and the SPAM example é¢in bnear and Gaussian
kernel learning. One possible explanation is that $¥Kmay not yield a good minimizer
for TSVM. This is evident from Wang, Shen and Pan (2007), wHe€ programming
yields a better solution than SVM' in generalization.

In summary, we recommend SPSI to be an initial classifielf fdrbased on its overall
performance across all the examples. Moreover, ESPSIynesrbvers the classification

performance of its counterpart SVM with complete labelethdia the two simulated ex-

amples, WBC and HEART.
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Table 2: Gaussian kernel learning. Averaged test errors as well as estimated standard
errors (in parenthesis) of ESVM, ETSVM, ESSVM, ESPSI, arartimitial counterpartsin

the simulated and benchmark examples. Here the amount obwament is defined in (5)
or (6).
Data Example 1 Example 2 WBC PIMA HEART MUSHROOM SPAM BTI
Size 1000x 2 1000x 2 682x 9 768x 8 303x 13 8124x 22 4601x 57 400x 117
SVM  .385(.0099) .347(.0119) .047(.0038) .342(.0044) (3KD4) .217(.0135) 226(.0108) .488(.0073)
ESVM  .368(.0077) .322(.0109) .039(.0067) .335(.0035) 8(3M07)  .187(.0118)  .212(.0104) .482(.0076)
Improv. 7.6% 9.7% 17.0% 2.0% 6.9% 13.8% 6.2% 1.2%
TSVM  .267(.0132) .258(.0157) .037(.0015) .353(.0073) 1(3X87) 217(.0117) 275(.0158) .492(.0087)
ETSVM  .236(.0090) .235(.0084) .030(.0005) .323(.0028) 03(1094)  .201(.0093)  .198(.0106) .485(.0086)
Improv. 11.6% 13.6% 18.9% 8.5% 8.5% 7.4% 28.0% 1.4%
SSVM  .201(.0072) .175(.0092) .030(.0005) .304(.0044) 6(ZW63) .173(.0126) 189(.0120) .479(.0080)
ESSVM  .201(.0072) .170(.0083) .030(.0005) .304(.0042) 23(D054)  .147(.0105)  .170(.0103) .476(.0085)
Improv. 0.0% 5.8% 0.0% 0.0% 1.3% 15.0% 10.1% 0.6%
SPSI .200(.0069) .175(.0092) .030(.0005) .295(.0037) 5(.PD57) .164(.0123) 189(.0112) .475(.0072)
ESPSI .198(.0072) .169(.0082) .030(.0005) .294(.0033)15(.R054)  .126(.0083)  .169(.0091) .475(.0081)
Improv. 1.0% 7.0% 0.0% 0.3% 0.0% 23.2% 10.6% 0.0%
SVM. .196(.0015) .151(.0021) .030(.0004) .254(.0013) .1@&1)  .021(.0014)  .099(.0018) 0

8The error rate is computed on the unlabeled data and avecaged 2 splits.

4.2 Gene function prediction through expression profiles

This section applies the proposed method to predict gendifuns through gene data in
Hughes et al. (2000), consisting of expression profiles aftal bf 6316 genes for yeast
S. cerevisiagrom 300 microarray experiments. In this case almost half of the gérave
unknown functions although gene expression profiles ardad@ for almost the entire
yeast genome.

Our specific focus is predicting functional categories asfihy the MIPS, a multifunc-
tional classification scheme (Mewes et al., 2002). For Siip] we examine two func-
tional categories, namely “transcriptional control” amditochondrion”, with 334 and 346
annotated genes, respectively. The goal is to predict gameibnal categories for genes
annotated within these two categories by training our sepeissised classifier on expres-
sion profiles of genes, where some genes are treated asrifuhetions are unknown to
mimic the semisupervised scenario in complete datasettesent, detection of novel class
is not permitted in our formulation, which remains to be armpesearch question.

For the purpose of evaluation, we divide the entire dataettivo sets of training and

testing. The training set involves a random sampley,0= 20 labeled andu, = 380
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unlabeled gene profiles, while the testing set contains @8aming profiles.

Table 3: Averaged test errors as well as estimated standard @n parenthesis) of ESVM,
ETSVM, ESSVM, ESPSI, and their initial counterparts, ove0 Pairs of training and
testing samples, in gene function prediction. Hestands for an initial classifief; stands
for our proposed method with the initial method, and the amofiimprovement is defined
in (5) or (6).

SVM TSVM SSVM SPSI
T 208(.0066) .321(.0087) .270(.0075) .272(.0063)
Linear E 278(.0069) .276(.0080) .261(.0052) .252(.0112)
Improv. 6.7% 14.0% 3.3% 7.3%
T 280(.0081) .323(.0027) .284(0111) .283(.0063)
Gaussian E 279(.0085) .282(.0076) .275(.0086)  .256(.0082)
Improv. 0.4% 12.7% 3.2% 9.5%

As indicated in Table 3, ESVM, ETSVM, ESSVM and ESPSI all ioy& predictive
accuracy of their initial counterparts in linear learningdaGaussian kernel learning. It
appears that ESPSI performs best. Most importantly, it destnates predictive power of

the proposed method for predicting which of the two categgoa gene belongs to.

5 Statistical learning theory

This section develops a novel theory for the generalizattmuracy of ESPS. defined by
the-loss inAlgorithm 1. The accuracy is measured by the Bayesian reagjp%t, fs) =
GE(fc) — GE(f5) > 0 with GE(f) defined in Section 2.2.

5.1 Statistical learning theory

Here error bounds oaf(fc, f5) are derived in terms of the complexity of the candidate class
F, the sample size, tuning parametek = (nC)~!, the error rate of the initial classifier
5 and the maximum numbét of iterations inAlgorithm 1, which implies that ESPSI,
without knowing labels of the unlabeled data, enables tovecthe classification accuracy
of y-learning based on complete data under certain conditions.

We first introduce some notations. LEtz) = ¢(z) be they-loss. Define the margin

lossV,.(f, Z) for unequal cost classification to 5 (y)L(y f(z)), with cost0 < 7 < 1 for
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the positive class anfl, (y) = 1 —= if y = 1, andr otherwise. Lety. (f, fx) E(Vi(f, Z)—
Vi(fr, Z)) > 0 for f € F with respect to unequal cost where f,(z)sign(f(z)) =
argming EV,(f, Z) is the Bayes rule, witlf,(z) = p(z) — .
Assumption A: (Approximation) For anyr € (0, 1), there exist some positive sequence
s, — 0 asn — oo andfr € F such thaky, (f, fr) < s,.

Assumption A is an analog of that of Shen et al. (2003), whitsuees that the Bayes
rule f, can be well approximated by elementsAn
Assumption B. (Conversion) For anyt € (0, 1), there exist constants < o, (5, < oo,

0 <({<o0,a; >0;1=0,1,2, such that for any sufficiently small> 0,

sup  e(f, f5) < agd”, (7)
{feFev;(f,f5)<6}
sup || sign(f) —sign(fo)lh < @b, (8)
{feFev, (f,f=)<o}
sup Var(‘/W(fa Z) - vﬂ'(fﬂ'? Z)) < a25<' (9)
{feFev, (f,fx)<8}

Assumption B describes local smoothness of the Bayesiaatrdd, f5) in terms of a
first-moment function| sign( f) —sign(f,)|/; and a second-moment functi®diar(V,(f, Z)
~V.(fr, Z)) relative toey. (f, fr) with respect to unequal cost Here the degrees of
smoothness are defined by exponentsi, and(. Note that (7) and (9) have been pre-
viously used in Wang and Shen (2007) for quantifying the rerate of a large margin
classifier and are necessary conditions of the “no noisergsson” (Tsybakov, 2001); and
(8) has been used in Wang, Shen and Liu (2007) for quantifyiagerror rate of probabil-
ity estimation, which plays a key role in controlling thearrate of ESPSI. For simplicity,
denotes ; andinf, .o 5{ 5, } as/ and~y respectively, wherg quantifies the degree to which
the positive and negative clusters are distinguishableyaméasures the conversion rate
between the classification and probability estimation eawies.

For Assumption C, we define a complexity measure£thenetric entropy with brack-
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eting, describing the cardinality of. Given anye > 0, denote{(f!, f*)}2, as ane-
bracketing function set of if for any f € F, there exists an such thatf! < f < f* and
Ift = f42 < &7 =1,---, R. Then theL,-metric entropy with bracketing/z (e, F) is
defined as the logarithm of the cardinality of the smaltelstacketing function set aof.
See Kolmogorov and Tihomirov (1959) for more details.

Define F(k) = {L(f,2) — L(f},2) : f € F,J(f) < k} to be a space defined by
candidate decision functions, with f) = 1| f||%. LetJ; = max(J(f;),1). In (11), we
specify an entropy integral to establish a relationshigveen the complexity of (k) and
convergence speey for the Bayesian regret.

Assumption C. (Complexity) For some constanis> 0;: = 3,--- ,5 ande, > 0,

sup p(e,, k) < azn*/?, (20)
k>2
whereg(e, k) = [ """ B2 (w, F(k))dw/M, and M = M(e, A, k) = min(e? +
AKk/2 —1)J51).
Assumption D. (Smoothness gf(x)) There exist some constarits< < 1,d > 0 and
ag > 0 such that| A’ (p)|le < ag for j = 0,1,---,d, and|A%(p(z1)) — A4(p(x9))] <
agl|z1 — z2||] + d/m for any ||z, — z»||; < & with some sufficiently smali > 0, whereA’
is thej-th order difference operator.

Assumption D specifies the degree of smoothness of the ¢condidensityp(x).
Assumption E. (Degree of least favorable situation) There exist someteots) < 6 <
oo anda; > 0 such thatP (X : min(p(X),1 — p(X)) < 6) < a70” for any sufficiently
smallé > 0.

Assumption E describes the behaviorpgf) near0 and1, corresponding to the least

favorable situation, as described in Section 2.3.

Theorem 2 In addition to Assumptions A-E, let the precision parameteoe [ 7] and
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62 min(max(e2, 16s,),1). Then for ESPSJ, there exist some positive constangsa

such that

P<6(fc,f.5) > a3 max (2%, (allpn5£0)>2amax(1,BK))> -
Peu(FY, Fa) = 2010, (60)2) + 35K exp(—asmi(AT5)™02-0) 1 (11)

3.5K exp(—agn(A\J:)max(12=0)) 4 9 ¢ p—min(LA)

) (2y+1)(d+n)
_ (0+1)(d+n)By _ St 4o S arat .
Here B = S Tmax(0.1—B)8) (D) 11 = Mmax (1, 27d+n+1 q, andp, > 0is any

real number satisfying,;p,,02 < 4\J?.

Theorem 2 provides a finite-sample probability bound foBhgesian regrei(fc, fs),
where the parametd® measures the level of difficulty of a semisupervised probleith
small value ofB indicating more difficulty. Note that the value @&f is proportional to
those ofx, (3, v, d, n andd, as defined in Assumptions A-E. In faet, 5 and~ quantify the
local smoothness of the Bayesian regret, f ), andd, n andd describe the smoothness
of p(z) as well as its behavior nearand1.

Next, by lettingn,, n,, tending infinity, we obtain the rates of convergence of ESRSI
terms of the error rat&® of its supervised counterpaftlearning based on complete data,

and the initial error raté,(f), B, and the maximum numbeé¥ of iteration.
Corollary 1 Under the assumptions of Theorem 2pgsn; — oo,

le(fo. fs)| = Op<ma:><(572f,(pnég)))20”11?“(17BK))>7

Ele(fe, f5)| = O(Inaog(éff‘,(pna'1(1(J))2amaX(l,BK)))7

provided that the initial classifier converges in tH%(eL(fg)), fs) > 2a11pn(5§?))2) — 0,
with any slow varying sequengg — oo and p,5\) — 0, and the tuning parametey is

chosen such that(\.J)™>1:2=¢) andn, (AJ%)™*(1:2=0) are bounded away from 0.
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There are two important cases defined by the valug.diVhenB > 1, ESPSI achieves
the convergence rat&* of its supervised counterpaftlearning based on complete data,
c.f.,, Theorem 1 of Shen and Wang (2003). WHer< 1, ESPSI performs no worse than its
initial classifier becausgs! )2 max(1.8)(5{))2a  Therefore, it is critical to compute the
value of B. For instance, if the two classes are perfectly separatétbaated very densely
within respective regions, theB = oo and our method recovers the rafg; if the two
classes are totally indistinguishable, theén= 0 and our method yields the ra([éﬁo))?.

For the optimality claimed in Section 2.2, we show th&tf) is sufficiently close to
U(f) so that the ideal optimality o/ (f) can be translated intt'(f). As a result, mini-

mization of U (f) over f mimics that ofU/ ( f).

Corollary 2 (Optimality) Under the assumptions of Corollary 1,5as n; — oo,

sup [U(f) = Ul = Oy max(d, (pad?)77 55 ),
fer

wherel(f) is estimated/( f) loss withp estimated based oft-.

To argue that the approximation error ratel6ff) to U(f) is sufficiently small, note
that f- obtained from minimizing (2) recovers the classificatioroerate of its super-
vised counterpart based on complete data, as suggested®aBol. Otherwise, a poor
approximation precision could impede the error rate of HSPS

In conclusion, ESPSI, without knowing label values of uelebl instances, enables to
reconstruct the classification and estimation performafigelearning based on complete

data in rates of convergence.

5.2 Theoretical example

We now apply Corollary 1 to linear and kernel learning exagspb derive generalization
errors rates for ESPSI in terms of the Bayesian regret. lceaks, ESPSI (nearly) achieves

the generalization error rates®flearning for complete data when unlabeled data provides
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useful information, and yields no worse performance thennitial classifier otherwise.
Technical details are deferred to Appendix B.

Consider a learning example in whici = (X, X.») are independent, following
marginal distribution(z) = 3(k1 + 1)|z|* for 2 € [-1,1] for 5, > 0. GivenX = 1,
P(Y = 1|X = z) = p(z) = Zsign(z.a)|z.|™ + L with s, > 0. Note thatf,(z) is
x4 —sign(r—3) (3|27 — 1\)5, which in turn yields the vertical line as the decision bound
ary for classification with unequal cost The value ofx;; : = 1,2 describe the behavior
of the marginal distribution around the origin, and thatreff tonditional distributiop(x)
in the neighborhood of /2, respectively.

Linear learning: Here it is natural to consider linear learning in which calade deci-
sion functions are linear if = {f(z) = (1,27)w : w € R3, 2 = (v.1,7.5) € R?*}.

For ESPSIf., we choosel”) = n; ' logn, to be the convergence rate of supervised
lineari-learning,p,, — oo to be an arbitrarily slow sequence and tuning paramgter
O((logn)~"). An application of Corollary 1 yields that|e(fc, f5)| = O(max(n~'logn,
(n(log ny)?)™@x(1:28%))) "with B = % WhenB > 1, equivalently, + 1 >
(1 + v/3)ks, this rate reduces tO(n " log n) when K is sufficiently large. Otherwise, the
rate isO(n; ' logn,).

The fast ratex ! log n is achieved when; is large butk, is relatively small. Interest-
ingly, largex; value implies that(z) has a low density around= 0, corresponding to the
low density separation assumption in Chapelle and ZienFpfad a semisupervised prob-
lem, whereas large; value and smalk, value indicates thai(z) has a small probability
to be close to the decision boundauy) = 1/2 for a supervised problem.

Kernel learning: Consider a flexible representation defined by a Gaussiarekern
whereF = {z € R?: f(x)wso+> p_y wipK(z,24) : wp = (wpy, -+ ,wpn)” € R"} by
the representation theorem of RKHS, c.f., Wahba (1990) eHg&ir, ) = exp(—%)

is the Gaussian kernel.
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Similarly, we choose’}’ = n;'(logn,)? to be the convergence rate of supervised
1-learning with Gaussian kerneb, — oo to be an arbitrarily slow sequence a6d=
O((logn)~?). According to Corollary 1E|e(fc, f5)| = O(max((ny *(log ny)?)max(1:28%)

n~t(logn)3,)) = O(n"'(logn)®) whenk; + 1 > 2k5(1 + ko) and K is sufficiently large,

andO(n; ' (logn;)?) otherwise. Again, large, and smalk, lead to the fast rate.

6 Summary

This article introduces a large margin semisupervisedlagmethod through an iterative
scheme based on an efficient loss for unlabeled data. Inastnérmost methods assuming
a relationship between the conditional and the margin#iidigions, the proposed method
integrates labeled and unlabeled data through utiliziegthstering structure of unlabeled
data as well as the smoothness structure of the estinpatBlde theoretical and numerical
results suggest that the method compares favorably agamsbmpetitors, and achieves
the desired goal of reconstructing the classification perémce of its supervised counter-
part on complete labeled data.
With regard to tuning parametér, further investigation is necessary. One critical issue

is how to utilize unlabeled data to enhance the accuracytohasng the generalization

error so that adaptive tuning is possible.

Appendix A: Technical Proofs

Proof of Lemma 1: Let U(f(z)) = E(L(Y f(X))|X = z). By orthogonality, we have
E(L(Y f(X)) = T(f(X)))? = E(LY f(X)) = U(f(X)))* + EU(f(X)) = T(f(X)))*,
implying thatU (f(x)) minimizesE(L(Y f(X)) — T(f(X)))? over anyT'. Then the proof
(Y F(X)IX)).

follows from the fact thato L(Y f (X)) = E(E(L
Proof of Theorem 1: For clarity, we writes(f) ass(f, p) in this proof. Then it suffices
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to show thats(f®), p*)) > s(f*+D p¢+DY First, s(f®, p*)) > s(f*+D, p®) since
FED minimizess(f,p*)). Thens(f*+D, ph)) — g(fl+D) pl+t)y = 520 (0 —
PEDY(L(f*HD(2;)) — L(— f*+D(x;))), which is nonnegative by the definition gf+1).
Proof of Theorem 2: The proof involves two steps. I8tep 1, given f*), we derive a
probability upper bound fofp* — p||,, wherep® is obtained fromAlgorithm 0. In Step
2, based on the result &tep 1, the difference between the tail probabilitya;}f(ﬁﬁk“), fr)
and that ofe, ( A,ﬁk), f-) is bounded through a large deviation inequality of Wang anenS
(2007);k = 0,1, - --. This in turn results in a faster rate feff ™", 75), thuse(fc, f5).
Step 1: First we bound the probability of the percentage of wronglydled unlabeled
instances byign(f*)) by the tail probability ofey, (f*), f5). For this purpose, leb; =
{sign(f® (X)) # sign(fs5(X;));m +1 < j < n} be the set of unlabeled data that
are wrongly labeled byign(f*)), with ny = #{D;} being its cardinality. By Markov’s

inequality, the fact tha? (") = 2= F|| sign(f*+1) — sign(f5)||1, and (8),

P<% > al(allpi((sﬁl’f))z)ﬁ) < P<|| sign(f(k)) — sign(f5)|l1 > &1(011Pn(5g€))2)6)
P (M > g3 sign(F) — sign(£3)]1)

< P<€V,5(f(k)7 f5) > a11Pn(57(Lk))2> +p,7°. (12)

Next we bound the tail probability df5*) — p||, based on “complete” data consisting
of unlabeled data assigned bign(f*)). An application of a treatment similar to that in

the proof of Theorem 3 of Wang, Shen and Liu (2007) leads to

P(|[p™ — plly >87a"™* (a11p.67)77) <

n

(13)
P35+ |[sign(f))) — sign(fr,)ll > 877" (annpadl)*™),

with 7; = j/((aupnéﬁk))‘ﬁﬂ. According to (8), it suffices to boun& ey, ( Zﬁf),fm) >

8762 (a11p,04")2%) for all 7, in what follows.
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We now introduce some notations to be used. Kgtf, z) = Vi (f,2) + AJ(f), and
Z; = (X,;,Y;) with Y; = sign(f®(X,)); ny +1 < j < n. Define a scaled empiri-
cal process, (V(f2, 2) = V( £, 2)) = 07 ( Lien, + Lign, ) (ValF2 Z0) = Va(£. Z)

—E(Valf7.2:) = Vil £, 2)) = EaValf2. 2) = Val . 2).
By the definition off™") and (12),

n

Plev, (7P 7 2 ) < P > arlanpd(01)%) + P* (sup - S (Va5 2) -

N ™
- n
H(£.2) 2 0.7 < ay(anp2(61)))
< P(evs(f9, F5) = anpa(6P)?) +pi” + I, (14)

whereN, = {f € F: ey (f,f,) > 02}, I, = P*(suka Eo(Va(f, 2) — V(. Z)) >
infy, V(f, f7), n—,f < al(anpi((sﬁzk))z)ﬁ)’ V(f f7) = %EiEDf(VW(fu Z;) _‘77r<f7>rk7Zi>> +
"M Eign, (Ve(f, Z) = Va(£2, Z3)), ands? = 8a3(ar1padi ).

To boundI;, we partitionV;, into a union ofA,, with A;;, = {f € F : 25‘15,3 <
ev. (f, fr) < 2502,2071 0 < J(f) < 28T} andA,g = {f € F: 27162 < ey (f, fr) <
2502 J(f) < J}; s, t = 1,2,---. Then it suffices to bound the corresponding probabil-
ity over eachA, ;. Toward this end, we need to bound the first and second moroénts
Vi(f, Z) — f/,r(f;, Z) overf € A,. Without loss of generality, assume that, < 67 < 1,
J(f) = 1, and thus/ = max(J(f;),1) = J(f7).

For the first moment, note th&&(f, ) > ey, (f, f2) — ZLE|VA(f, Z) — Va(f:, Z) +
Vil 2) = Ve(f2, 2)| = ev, (f, ) — 422 with Vi (f, 2) = Sy(—y)L(—y/(x)). Using the

assumption that\J(f>) < 42, and Assumptions A and B, we obtain

inf V(f,f7) > M(s,t) = (2571 = 1/2)0; + A2 = 1) J(fD),

inf V(f, f7) = (277 = 3/4)0; = M(5,0) = 2%}
For the second moment, by Assumptions A and B @adf, Z) — Vi (f., Z)| < 2 for
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any0 < 7 < 1, we have, forang,t = 1,2, - - - and some constang > 0,

Tp Var(Va(f, Z) = Va(fr. 2))

IN

sup 2(n —ny) Var(Vyo(f, Z) — Vi(fr, 2)) + Var(Vi (f5, Z) — Vil fr, Z2)) ) +
As n

21 (Nar(Va(f, 2) — ValFes 2)) + Var(Va(f7, 7) — Vel Fo 7))

IN

2a5M (5,1)¢ 4 8ay (a1 p2 (88NHP + 4s,, < agM (s, )™ 10 = 42 (s, 1),

n

Note thatl; < I, + Iy with I, = 35, P*(sup,,, En(Va(fs, Z) — Va(f, Z)) >
M(s, 1), % < ar(anp2(047)2)%), andls = 3222, P(supa, , Ea(Va(f5, Z) = Vi(f, 2)
> M(s,0), L < a1 (a11 p2(6%)2)). Then we bound, andI; separately using Lemma 1
of Wang, Shen and Pan (2007). Her we verify the conditions (8)-(10) there. Note that

a

f”zfjé)t) HY?(w, F(2v))dw/M(s,t) is non-increasing im andM (s, t), we have

aM(Lt)min(l,C)/?

v(s,t)
[ e e deMs < [ Hy (w0, F(2)dw/M(1,),
aM (s,t) agM(1,t)

which is bounded bys(¢2, 2¢) with a = 2a4e ande? < 67. Then Assumption C implies
(8)-(10) there withe = 1/2, the choices of\/(s,t) anduv(s,t) and some constants >

0;¢ = 3, 4. It then follows that for some constahti £ < 1,

o0 (1 —&n(M(s,t))?
I, < S;Bexp <_2(4(v(s,t))2+2M(5>t)/3))

< > Bexp(—agn(M(s,t))">279)

s,t=1

> Bexp(—asn(2°710; + A2 — 1) Jy)metAn0)

s,t=1

3 exp(—agn()\J;)max(l’z_C))/(l - exp(—agn()\J;)maX(l’2_o))2.

IA

IN

Similarly I3 < 3 exp(—agn(A\J})>*1:2=9) /(1 —exp(—agn(\J)>*1:2-9))2, Combining
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the bounds for;; i = 2, 3, we havel; < 3.5 exp(—agn(\J*)™>(1:2=0) Consequently, by
(8), (13) and (14)

P(Ilﬁ““) —pli > &ai (an pn(;;p)m) <
(15)

P(evs(£9. F5) 2 aunpa(6P)?) + 7 + 3.5 exp(—asn(AJ5)™029),

Step 2: To begin, note thaP<eV5(f(k+1 fs) > aupn(é(k“ )2> < Iy + I5 with

/\ —

I4 = P(6V5(f.5k+l ,f.5) > a’llpn( k‘+1) ||p _ p||1 < 870’2’y+1(a11pn67g]§))57>’ and

Is = P(Hﬁ(k) —plli = Sya?fﬂ(anprﬁ( ))57> wherea;, = 2aé/(d+n+1)(4a7)_% and

(d+n)By

allpn(cﬁk“))z = (a12(a11pn5£f€)) dtn+1 )1““2”‘(0’11*5)9 . By (15), it suffices to boundi4.

For I, we need some notations. Let the ideal cost functioWpef, z) + Us(f(z)),
the ideal version of (2), wher€;(f,z) = :L(yf(z)), andUs(f(z)) = 5(p(x)L(f(z)) +
(1—p(z))L(—f(z))) is the ideal optimal loss for unlabeled data. Denoté?ﬁﬁ}(f(x)) =
LW (2)L(f(2)) + (1 — p™(x))L(—f(z))) an estimate of/;(f(z)) at Step k. There-
fore the regularized cost function in (2) can be writtenV@$f, z) = W (f,z) + AJ(f)
with W(f,z) = Vs(f, z) + Us(f(x)). For simplicity, denote the weighted empirical pro-
cess ast, (W(f3,2) — W(f.2)) = ny S0, (Vs(f5 Z) = Vis(f. Z) — E(Vs(f5.Z) —
Vs(f. 2)) + 0yt S0 (Us(F5(X)) = Us(F(X,)) = EUS(F5(X) = Us(F(X)))).

By definition of /%", we havel, < P(supN, N S (Vs(fs, Z) — Vis(f, Z2) +
et Y (S (F5(X)) = TS (F(X)))) + AI(f5) = J(f) > 0, [[p® = pll; <
8’7af7+1(a11pn5§f))57>, whereN! = {f € F : evo(f.[5) = annpa(659)2}. Then

Iy <Ig+ Iy with

Ig (supn Z D(f, X;)
Jj=n;+1

~v(d+n) @+ (d+n) min(1,3)6 1+max(0,1fﬁ)9>
)

8ol g dFn+1 (6V5(f’fz)) ord (allpn(é(kﬂ))) 0+1
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fo= Psw BuW(f3,2) = W(£.2) 2 igf BOV(,2) - W(f5,2)

k

y(dtn) CrED(ddn) min(1,3)0 1+max(0,1—8)0

_8‘”’7“@1 T pa(evs (£, £5)) 0 (anpa(6F))? )T),

whereD(f, X;) = US (£5(X;)) = USY (£(X;)) = Us(£5(X) + Us(F(X;)).

For I, we note thate|D(f, X)| = LE[H"(X) — p(X)||L(3(X)) — L(F(X)) -
L(=f5(X)) + L(=f(X))] < 5l15™ = plloo E(IL(f35(X)) = LF (X)) + |L(=f5(X)) =
L(—£(X))]). We thus boundp® — p||.. and B (|L(5(X)) — L(F(X))|+ | L(—f3(X)) -
L(—f(X))|) separately.

To bound||p®) — p||.., note thatEJ(ﬁ(rf)) is bounded for allr; following the same
argument as in Lemma 5 of Wang and Shen (2007). By Sobolegiolation theorem
(Adams, 1975)|[5®)||, < 1 and the fact thap®:? (z,) — %D (w,)| < sup; | f1 (a1) —
FED (25)] 4+ d(m®*)) =1 for anyz; andz, based on the construction pf) with £ —
A?( ), there exists a constam; such that|p::?)|| . < ay3 and|p®® (z,)—p*D ()] <
azlry — mo|" + d(m®) =1 when|z; — x| is sufficiently small. Without loss of gener-
ality, we assumer; < ag. By Assumption D andn® = [(a11p,05")~?"], we have

150 (1) — @ ()| — 4D (2) — pD (@)l < (0D (1) = H0 (wa)]| + 5 (1) —

By(d+mn) .
P (@) < 2aglwy — 2] + 2d(ar1p,0) Ft . It then follows from Proposition 6

_dtn B (d+n)

1
of Shen (1997) thatip® — pllec < 2aT " |[p® — p||T™ + 2d(a11p,dy) @it <

%2 d+ 1+1 (8va2’y+ )d+ T (Clup 5 )Bﬁiﬂ)_

To bound E(|L(f3(X)) — L(f(X))| + |L(—f3(X)) — L(—f(X))|), we note that
E|V5(f.2) = Vs(f35.2)| = 3E(p(X)|L(f5) — L(F)| + (1= p(X))L(=f) = L(~f3)]) =
BS(IL(f3)— LU+ IL(=f) = L(=£3)) I (min(p(X), 1-p(X)) > 8) > 6(EL(IL(f3) -
L(f)| + |L(=f) = L(~ f3)]) — 2a70°) by Assumption E. With = (E(|L(f3) — L(f)| +
IL(—f) = L(=f3)])/8az) """, it yields thatB(|L(f3) — L(f)| + [L(=f) = L(~=3)]) <
(dar) VO (BV5(f. 2) = Vis(f5. 2)])""" whereE |V (f, Z)~ Vi(f5. Z)| < E|Vis(f, Z)

~Vs(fs: 2)| + EVs(f3.Z) — Vi(fs. Z)| < P(sign(f) # sign(fs)) + E(Vs(f. Z) -
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Vs(fs,Z)) + P(sign(f3) # sign(fs)) + E(Vs(f5 Z2) = Vs(f5, 2)) < (ev,(f, f3))" +
evs(f, f5) + 85 + 5, < 4ley,(f, f5))™n1A) by Assumptions A and B. Therefore, we

(26+1)(d+n) min(1,3)0 14+max(0,1—3)0

m)
have 5| D(f, X)| < 841 ay T (ev, (f, £3)) 5 (anpa(0f 7)) 55 and

Is < p ' by Markov's inequality.

To bound!,, we apply a similar treatment as in boundifgn Step 1to yield that/; <
3.5 exp(—asn (AJ%)™(1:2-0)  Adding the upper bounds df andI;, P(ey, (f*™, F5)
> anpa(00)?) < Pleva(f5), J5) 2 anpn(8i)?) + 3.5 exp(—agn(A5)m=0:2-0)

+3.5 exp(—agn(A\J%)mx(12=0) - p—=8 4 p—1  |terating this inequality yields that

_ 2B(d+n+1) BE+1_4

£ n — K
P(evo(F49, F5) = (0™ (anpa) ) 57 (50)2")

< P<€V5(f(50), fs) > allpn(5£0))2> + 35K eXp(—agnl()\l’g)max(l,z_g)) .
3.5K exp(—agn(AJ;)"™ 7)) + Kpo? + Kp ',
= (O+1)(d+m)B _ _
whereB = 5 ool moamr- 1hen the desired result follows from Assumption B

and the fact that2 = 8a2(a11p,65”)%* > max(e2, 16s,,) = 62 for anyk.

Proof of Corollary 1: It follows from Theorem 1 immediately and the proof is omitte
Proof of Corollary 2: It follows from (15) and Corollary 1 thatpc —p||; = O, ( max(057,
(pnéﬁlo))ma"(lvlﬁVBK))>, wherej is the estimated probability througfa. The desired re-

sults follows from the fact thatUc (f) — U(f)|: < 4lpc — pl|1.

Appendix B: Verification of Assumptions in Section 5.2

Linear learning Note that(X.;,Y) is independent ofX 5, which impliesES(f;C) =

E(E(S(f;C)|X.)) > ES(f&;C) forany f € F, where fi, = argminj_r ES(f;C)
with 71 = {z1 e R: f(z) = (1,z.0)Tw : w € R*} ¢ FandS(f;C) = C(L(Y f(X)) +
U(f(X))) + J(f).

Assumption A follows fromey, (£, fr) < 2P(|nf-(X)] < 1) < (k1 + D)n~t = s,
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with f* = nf,. Easily, (7) in Assumption B holds far = 1. To verify (8), direct
calculation yields that there exist some constants>- 0 andb, > 0 such that for any
f € Fi, we haveey, (f, fx) > ex(f, fr) = bi((C(2m — 1) + e)mtretl — (3(21 —
1))s+e2t) and B sign(fr) — sign(f)] = bo((3(2m — 1) + )™ — (3(21 — 1))=1H)

_ 50e1 (3(2r—1))+10eo

17100, > 0. This implies (8) with

with w; = wy, + (eg,e1)” ande =
B =~ = % For (9) in Assumption B, by the triangle inequalityar (V. (f, Z) —

[Ewm——
Vilfs, Z2)) < 2E|Vi(f,Z) = Va(fa, Z)] < 2(A1 + Az), where Ay = Ell(f,Z) —
Ve, Z)|E1S2 (V)] sign(f) — sign(fo)] < (2% (sy + 1)%2) 5P ey (£, fo) 07,
andA; = E(Vi(f, 2) ~1:(f, 2)) = E(Va(f, Z) = Vil fr, 2)) + E(lx(fr: Z) —1x(f, Z)) <
2ev, (f, fx). Therefore (9) is met witht = 5—. For Assumption C, we define
b1(e, k) = asz(log(1/MY?)Y/2 /M2 with M = M(e, A, k). By Lemma 6 of Wang and
Shen (2007), solving (10) yields = (*£2)Y/2 whenC/J: ~ 6;2n~! ~ (logn)~!. As-
sumption D is satisfied with = co andn = 0, and Assumption E is met with = oo by
noting thatmin(p(x),1 — p(x)) > 1/10. In this caseB = % and the desired

result follows from Corollary 1.

Kernel learning Similary to the linear case, we restrict our attentiofio= {z., € R :

flxa) =wpo+ 300 WK (2, 2m) twp = (wpa, -+ wps)" € R
Note thatF; is rich for sufficiently large: in that for functionf as defined in the linear
example, there exists & € F; such that|f* — f*||o < s, and hencey, (f*, f,) < 2s,,.
Assumption A is then met. Easily, (7) is satisfied tor= 1. To verify (8), note that
there exists constant > 0 such that for smald > 0, P(|p(z) — 1/2] > §) = 2P(0 <
p()—1/2 < 8) = 2P(0 < wy < §0%2) < byd =2 Thereforeey, (f, 5) > e5(f, fs) >
Ltk g

OE|sign(f) — sign(F5)|(|p(x)] > 0) > 27} (4bs) 751 || sign(f) — sign(F5)[, " with

= (|| sign(f) — sign(fs)|/4bs) 71 . This implies3 = —%1_ in (8). Similarly, we can

1+K1+k2
verify that there exists a constant > 0 such thatP(|p(z) — nr| > §) = 2P(§(7r —3) <
zay < 3(m -1+ 55)) < b45% whenr > 1, which implies (8) withy = . For (9),
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an application of the similar argument leads(te= ﬁ For Assumption C, we define
b1(e, k) = as(log(1/M ?))3/2 /M2 with M = M(e, A\, k). By Lemma 7 of Wang and
Shen (2007), solving (10) yields = ((logn)*n~!)/2whenC/J* ~ §-2n~! ~ (logn)~3.

Assumption D is satisfied with = co andn = 0, and Assumption E is met with = oc.

Finally, B = 2521;;:?22), and the desired result follows from Corollary 1.
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