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Abstract

We consider Bayesian variable selection in linear regression when the relationships

among the predictors are described by a network given a priori. A class of motivating

examples is to predict some clinical outcome with gene expression profiles and a given

gene network, for which it is assumed that the genes neighboring to each other in

the network are more likely to participate together in relevant biological processes

and thus should be more likely to be simultaneously included in (or excluded from)

the final model. To account for spatial correlations induced by a predictor network,

rather than using an independent (and identical) prior distribution for each predictor’s

being selected and included in the model as implemented in the standard approach of

stochastic search variable selection (SSVS), we propose a Gaussian Markov random

field (MRF) and a binary MRF as priors. We evaluate and compare the performance

of the new methods against the standard SSVS using both simulated and real data.

Key Word: Binary Markov random field (BMRF); Gaussian Markov random field

(GMRF); Gene network; Markov chain Monte Carlo (MCMC); Microarray data;

Stochastic search variable selection (SSVS).

1 Introduction

We consider linear regression with “large p, small n” data as arising in genomics, in

which we would like to predict soem clinical outcome using high-dimensional gene

expression profiles. In such an application, variable (or gene) selection is crucial for

predictive performance and ellucidating underlying biological importance. Most exsit-

ing methods for variable selection are generic, ignoring subject-matter prior knowl-

edge on predictors. For example, a popular Bayesian variable selection method is

the Stochastic Search Variable Selection (SSVS) proposed by George and McCulloch

(1993, 1997). SSVS introduces a latent binary vector γ, indicating whether a vari-
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able is in the model or not, and uses a Bayesian hierarchical model to estimate γ for

variable selection. The regression coefficient βi follows a normal mixture distribution,

π(βi|γ) = (1− γi)N(0, v0)+ γiN(0, v1). Lee et al. (2002) applied SSVS to microarray

data in the context of classification, using a mixture of a normal and a point mass in-

stead, π(βi|γ) = (1−γi)I0+γiN(0, v1), treating all the genes equally apriori by giving

independent and identical priors for the probability of a gene being in the final model;

i.e. π(γ) ≡ 1/2p. In Bae and Mallick (2004), instead of using indicator vector γ for

variable selection, they modeled β by assuming β|Λ ∼ N(0, Λ), Λ = diag(λ1, . . . , λp)

and put three different priors on Λ. Variable (gene) selection was based on applying

a threshold on posterior of λi to eliminate genes with small variance λi.

On the other hand, there has been rapidly accumulating biological knowledge in

the form of various gene networks. A gene network can be expressed as an undirected

graph with nodes representing genes and edges representing interactions between

genes, which provides a natural neighborhood structure for any gene. The impor-

tance of incorporating biological knowledge into genomic data analysis has been in-

creasingly recognized. For instance, in a different context of detecting differentially

expressed genes, Wei and Li (2007) proposed a binary Markov random field (BMRF)

model to account for the local dependency of the genes in a network, while Wei and

Pan (2008) proposed a Gaussian markov random field (GMRF) model for the same

purpose. In the context of linear regression, Li and Li (2008) and Pan et al (2009)

proposed network-based penalty functions for variable selection in the framework of

penalized regression, in which some smoothness assumption on the regression coeffi-

cients is imposed Here we would like to take a Bayesian approach, which differs from

the above penalized regression methods in that we have a less stringent smoothness

assumption: we only assume the smoothness of the prior probabilities of the pre-

dictors’ being selected, rather than of their effect sizes (i.e. regression coefficients).

Specifically, we investigate three different spatial priors in the framework of SSVS,
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targeting applications to regression analysis for high-dimensional microarray data.

Instead of treating all the genes independently and identically a priori, we assign

dependent priors to reflect the relationships among the genes over a gene network.

We introduce three different priors to model the potential spatial correlations among

the genes based on their network structure. Specifically, we assume the probability of

a gene’s being informative depends on that of its direct neighbors in the network. In

other words, we assume the spatial dependency among γs as induced by the network.

Markov random field models for binary spatially correlated variables have been

widely used in image analysis and spatial statistics to account for local dependen-

cies. The basic autologistic model was developed by Besag (1972, 1974) with a broad

range of applications, as shown by Heikkinen and Högmander (1994) and Hoeting

et al. (2000). Weir and Pettitt (2000) proposed a hidden conditional autoregres-

sive Gaussian process to model binary spatially correlated responses. Wei and Pan

(2007) used an ICAR prior to model the probabilities of the status of some binary

variables. Smith and Smith (2006) compared three binary Markov random fields,

which are popular Bayesian priors for spatial smoothing. Smith and Fahrmeir (2007)

extended Bayesian variable selection to a series of spatially linked regressions, trying

to incorporate the spatial correlation among the indicators γ by specifying a binary

markov random field prior. It is very similar to, but not exactly the same as, our

method. They placed an Ising prior on some binary indicator variables across the

regressions. A difference between their method and ours is that they had repeated

measures of each covariates from multiple sites, resulting in a matrix of binary indi-

cators γ = (γ1, . . . , γN) from locations (1,. . . ,N). They modeled spatial correlations

across different sites within each covariate. Specifically, for a N -dimension binary vec-

tor of covariate j, γj = (γj1, . . . , γjN)′, all elements in γj are assumed to be spatially

correlated, but for all p covariates, γ1, . . . , γp are assumed to be independent (i.e.

p(γ) =
∏p

j=1 γj). However, in our method, we only have one “site” (N = 1), and we
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consider the spatial correlation between covariates instead of within covariates. All

elements of a p-vector γN = (γ1N , . . . , γpN) are spatially correlated based on a given

network. During the preparation of this manuscript, we learned the recent work of

Li and Zhang (2008), who proposed an Ising model to introduce a spatial prior for γ;

Monni and Li (2009) proposed a different network-based prior for γ and considered

both linear models for continuous responses and probit models for binary responses.

In addition to some differences from theirs in implementations and applications, here

we also study a GMRF model and a scaled BMRF (SBMRF) model.

The rest of this paper is organized as follows. We first review SSVS, then propose

our new methods with three Markov random field (MRF) models as priors: GMRF,

BMRF and SBMRF. After describing some details on the posterior distributions and

sampling schemes, we apply our methods to both simulated and real data, followed

by a short discussion.

2 Statistical Models

2.1 Review of SSVS

SSVS (George and McCulloch 1993, 1997) starts from the standard normal linear

model

f(Y |β, σ) = Nn(Xβ, σ2I),

where Y is a n × 1 vector of dependent variable and predictor X = (X1, . . . , Xp) is

an n × p matrix. The regression coefficient β is a p × 1 vector and σ is an unknown

positive scalar.

In order to conduct variable selection, we define a vector

γ = (γ1, . . . , γp)
′,

where γi = 1 or 0 if predictor i is included in or excluded from the model respectively.
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We model the uncertainty underlying variable selection by a mixture prior π(β, σ, γ) =

π(β|σ, γ)π(σ|γ)π(γ), which can be conditionally specified as follows,

π(β|σ, γ) = Np(0, DγRγDγ),

where Rγ is a correlation matrix and Dγ is a diagonal matrix with its ith diagonal

element denoted by

(D2
γ)ii =







v0γ
if γi = 0,

v1γ
if γi = 1.

With this prior, each component of β is modeled as having come from a mixture of

scaled normals

π(βi|σ, γ) = (1 − γi)N(0, v0γ(i)
) + γiN(0, v1γ(i)

).

The idea of variable selection is that, by setting v0γ(i)
and v1γ(i)

“small” and “large”

respectively, if the data supports γi = 0 over γi = 1, then βi is probably small enough

so that the corresponding predictor Xi will be excluded from the model. A simple

choice for Rγ is Rγ = I. The residual variance σ2 is conveniently modeled by an

inverse gamma distribution,

π(σ2|γ) = IG(ν, λ).

The prior for γ has the form

π(γ) =
∏

wγi

i (1 − wi)
1−γi .

For simplicity, usually π(γ) ≡ 1/2p is used to substantially reduce computational

cost. We interpret wi = P (γi = 1) as the prior probability that βi is large enough to

have Xi included in the model.

Based on data Y , the posterior π(γ|Y ) updates the prior probabilities on each of

the 2p possible values of γ. The γs with higher posterior probabilities π(γ|Y ) identify

the more “promising” sub-models that are more supported by the data and the prior

distribution. MCMC is usually used to explore the posteriors of β, σ and γ.
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2.2 Spatial priors for γ

For the standard SSVS, π(γ) =
∏

wγi

i (1−wi)
1−γi , which implies the components of γ

are a priori independent. In other words, the genes are treated independently apriori,

and are further assumed to have the same prior probabilities to be included in the

model by specifying wi ≡ w0, for all i , where w0 is a pre-specified constant. In order

to account for the dependency among the genes over a gene network, we propose to

incorporate biological knowledge of the gene network by specifying a spatial prior for γ

over the gene network. A gene network can be expressed as an undirected graph with

nodes for genes and edges for interactions between genes, which provides a natural

neighborhood structure for a Markov Random Field (MRF). Here, we consider two

different MRF models as priors.

2.2.1 Gaussian Markov Random Field (GMRF)

We define θi as a logit transformation of wi = Pr(γi = 1)

θi = log

(
wi

1 − wi

)

and model θi by an Intrinsic Gaussian Conditional Autoregression model (ICAR)

(Besag and Kooperberg 1995):

θi|θ(−i) ∼ N

(

1

mi

∑

j∈δi

θj ,
τ 2

mi

)

,

where δi is a set of indices of direct neighbors of gene i, θ(−i) = {θj : j ∈ δi, j 6= i}
and mi is the size of δi as determined by a given gene network. The use of ICAR

accounts for spatial correlations and smoothness among the prior probabilities of the

genes’ being included in the model. The same ideal can be found in Wei and Pan

(2007), but in different context.
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2.2.2 Binary Markov Random Field (BMRF)

Instead of specifying a full conditional distribution of θis as in ICAR, BMRF specifies

a full conditional distribution of γ directly,

π(γi|γ(−i)) ∝ exp(α0 + α1ki),

where ki = mi1 − mi0, mi0 and mi1 are the numbers of 0’s and 1’s of γ in gene

i’s neighborhood respectively. This model is also called autologistic model. The

joint distribution of γ involves a normalizing factor Z(α), which depends on α and

is analytically intractable. A simple alternative to estimate α is to use a pseudo-

likelihood approximation:

pl(α) =
∏

i

π(γi|γ(−i)).

Using pseudo-likelihood is equivalent to regressing θi on ki,

θi = log

(
wi

1 − wi

)

= α0 + α1ki.

Notice that α0 is closely related to the marginal probability Pr(γi = 1|θi) for all

ki = 0. In practice, we specify α0 to control the overall number of the genes (or

variables) to be selected a priori. α1 > 0 is usually assumed indicating that γi has

a higher probability to be 1 than 0 if number of 1’s is greater than number of 0’s in

its neighborhood. Another alternative is to replace ki by a scaled k∗
i = ki/mi, where

mi = mi1 + mi0 is the number of neighborhoods for gene i (Wei and Li 2008). We

call it the scaled Binary Markov Random Field (SBMRF)

3 Estimation

3.1 Gibbs sampling

We use the Gibbs sampling to simulate posterior distributions. The full conditional

posterior distribution for β is a multivariate normal distribution
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Pr(β|σ, γ, Y ) = N(ΛX ′Y, σ2Λ),

where Λ = (X ′X+σ2(DγRγDγ)
−1)−1, and we choose Rγ = I for simplicity. σ2 follows

an inverse gamma distribution

Pr(σ|β, Y ) = IG

(
n

2
+ ν,

1

2
||Y − Xβ||2 + λ

)

.

3.1.1 GMRF

For GMRF, we have

Pr(γi|β, θ) = Ber

(
ai

ai + bi

)

,

ai = f(βi|γi = 1) · exp(θi)

1 + exp(θi)
, bi = f(βi|γi = 0) · 1

1 + exp(θi)
. (1)

The joint distribution of θ given all other parameters under the ICAR specification is

Pr(θ|γ, τ 2) ∝
(
∏

i

exp(γiθi)

1 + exp(θi)

)

exp

(

− 1

2τ 2

∑

i6=j

wij(θi − θj)
2

)

and using inverse gamma as prior of τ 2 leads to

Pr(τ 2|θ) = IG

(

p − 1

2
+ 0.5,

1

2

∑

i6=j

wij(θi − θj)
2 + 0.005

)

.

Rather than drawing θ as a vector, it is better to draw it component-wise from

Pr(θi|γ, τ 2, θj 6=i) ∝
(

exp(γiθi)

1 + exp(θi)

)

exp

(

− mi

2τ 2
(θi −

1

mi

∑

j∈δi

θj)
2

)

.

Due to the log-concavity of Pr(θi|γ, τ 2, θj 6=i), adaptive rejection sampling can be

directly applied. Under the ICAR specification, the mean of θi’s is undetermined.

Hence, we put a constraint that
∑

i θi = θ0, where θ0 is a fixed number to reflect the

prior belief of the proportion of the variables to be selected in the model. In practice,

we found that sampling τ 2 and θs at the same time might cause non-convergence.

Thus, we fixed τ 2 = 0.49 in both simulations and real data examples.
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3.1.2 BMRF

For BMRF or SBMRF, we have

Pr(γi|β, θ) = Ber

(
ai

ai + bi

)

,

ai = f(βi|γi = 1) · exp(α0 + α1ki)

1 + exp(α0 + α1ki)
, bi = f(βi|γi = 0) · 1

1 + exp(α0 + α1ki)
. (2)

And

Pr(α|γ) =

(
∏

i

exp(γi(α0 + α1ki))

1 + exp(α0 + α1ki)

)

π(α0)π(α1).

To ensure α1 > 0, we use a gamma prior G(λ, ν) for α1 and have π(α1) =

αλ−1
1 exp(−να1). In this way, Pr(α1|γ) is guaranteed to be log-concave when λ ≥ 1,

as shown in the appendix B. Thus adaptive rejection sampling can be directly ap-

plied. In our applications, we used G(λ = 3, ν = 0.5) as the prior, with most of its

mass between 0 and 15, which was used by Hoeting et al. (2000).

3.2 Computation

To avoid a potential bias in parameter estimation, we updated the θi and γi in random

orders. In MCMC sampling, the most costly step is to generate β from a multivari-

ate normal distribution, which requires recomputing the inverse of a large covariance

matrix. This step consumes almost the whole computing time due to the high dimen-

sionality of the data. Thus in practice, the computing times are about the same for

all four priors, even though the MRF priors have more parameters to estimate. For

p = 1329 as in a real data example, the time of sampling 100 MCMC samples for all

priors differed within 1 second.

3.3 Variable selection and response prediction

Variable selection is based on the marginal frequencies of the variables appearing in

the posterior samples, i.e., the posterior mean of γis, reflecting the importance of each
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gene.

We predict a response by ŷ based on each MCMC samples:

ŷ =
1

B

∑

t

Xβ̂t,

where B is the number of MCMC samples and β̂t is the value of β in the tth MCMC

sample. Thus the predictive model is not just only built on those genes with larger

γ̂, but possibly based on other genes.We also tried

ŷ =
1

B

∑

t

Xβ̂tγ̂t,

which produced some similar results.

4 Results

To evaluate the performance of our proposed network-based SSVS, we conducted

both simulations and real data studies for four SSVS methods : Standard SSVS

with Independent prior(SSVS+IND), SSVS with GMRF prior (SSVS+GMRF), SSVS

with BMRF prior (SSVS+BMRF) and SSVS with BMRF prior with a scaled ki

(SSVS+SBMRF).

4.1 Simulations

Simulated data were generated from a simple regression model

Y = Xβ + ǫ.

Two simple networks were considered.

1) A simple random network (RanN) that consisted of p = 100 variables: First, we

random divided 100 variables into 10 groups and generated a graph containing

10 subgraphs corresponding to the 10 groups of variables. Each subgraph was
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completely connected and there was no edges between any two subgraphs. Then

we randomly deleted 300 edges ending up with a graph having 100 nodes and

a total of 271 edges. Next, we randomly added some edges to connect 10

subgraph together. One of 10 groups was selected to be informative (variables

numbered from 20 to 34), which contained 15 variables and 50 edges as shown

in Fig 1. Those informative βs were simulated from N(0, 22) and remaining βs

were set to 0. Lastly, we simulated X from a multivariate normal distribution,

X ∼ MV N(0, I).

2) A simple regulatory network (RegN) used by Li and Li (2008): suppose that

we had 10 transcription factors (TFs) and each TF regulated 10 genes. The

resulting network consisted of 110 genes and 100 edges. We assumed two TFs

and the genes they regulated were informative genes. The regression coefficients

were fixed at

β = (5,
5√
10

, · · · ,
5√
10

︸ ︷︷ ︸

10

,−3,
−3√
10

, · · · ,
−3√
10

︸ ︷︷ ︸

10

, 0, · · · , 0).

The expression levels of TFs were drawn independently from standard normal,

XTFj
∼ N(0, 1), and the expression levels of the genes that TFj regulated

followed N(0.7XTFj
, 0.51).

In both simulation setups, the random error ǫ was iid from N(0, σ2), where

σ2 =
∑

β2
j /r. We chose the signal-to-noise ratio (SNR) r = 2 or 4. For the random

network, we specified wi = Pr(γi = 1) = 15/100 = 0.15 for the independence (IND)

prior, and the constraints θ0 = logit(0.15) for the GMRF model and α0 = logit(0.15)

for the BMRF and SBMRF models. A similar setup was used for the regulatory

network, except wi = 22/110 = 0.2 and θ0 = α0 = logit(0.2). For each simulation

run, we generated 50 training samples and 100 test samples; the simulated was re-

peated 100 times. In each run, 10,000 MCMC samples were generated with the first
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8000 as the burn-in period. For GMRF, we fixed τ 2 = 0.49, finding that it worked

well in practice. The starting values of θs were randomly generated from N(θ0, 1).

We randomly picked one simulation sample and applied three different random ini-

tial θs; the results were very stable, indicating convergence. The results shown in

Table 1 were based on only one initial value of θ. Prediction mean-squared error

(PMSE) was calculated for each test data set. In Table 1, column ninfo shows the

number of true informative genes in the top 15 (for RanN) or top 22 (for RegN) most

frequently selected genes by each model. SSVS+GMRF had a smaller PMSE than

SSVS+IND in all situations, but selected a smaller proportion of informative genes

for the regulatory network. SSVS+SBMRF had a smaller PMSE than SSVS+IND

and included more informative genes in all situations. SSVS+BMRF had smaller

PMSE than SSVS+IND only for the regulatory network when SNR=4, and included

more informative genes except for the random network when SNR=2. If we pool γs

from 200 runs (100 each from SNR=2,or 4) for the random network, we found all

models performed well in terms of gene selection. Histograms of γ are shown in Fig

2. A dot line indicates the cut-point for distinguishing signal from noise genes. The

cut-points for all models as shown in Fig 2 completely separated signal and noise

genes. In general, the MRF priors separated signal and noise more apart than the

independence prior.

4.2 Two Real Data Examples

4.2.1 Glioblastoma Data

We applied our proposed methods to a microarray gene expression data set of glioblas-

toma studied by Horvath et al. (2006). Glioblastoma is the most common primary

malignant brain tumor of adults and one of the most lethal of all cancers. Patients

with this disease have a median survival of 15 months from the time of diagnosis de-

spite surgery, radiation and chemotherapy. Gene expression data from two indepen-
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dent sets of clinical tumor samples (n=55 and n=65) were obtained using Affymetrix

HG U133A genechips. The RMA normalization method (Irizarry et al., 2003) was

applied to the gene expression data. Here we aimed to build a predictive model for

log survival time and to identify biologically important genes. Nine patients that

were still alive by the end of study were excluded from analysis, leading to 50 and

61 samples for two data set respectively. We combined two data sets together and

deleted two outliers, whose survival times were extremely short, resulting in a total

of 109 subjects. We randomly split the data into two parts with 72 samples in the

training and 37 in the test data. The gene network we used was a protein-protein

interaction (PPI) network (Chuang et al. 2007). We mapped the microarray data to

the PPI network and selected one largest connected subnetwork, which included 1329

genes. The prior probability for a gene being included in the model, wi, was set to

0.05 for the independent prior in the standard SSVS, and the constraint θ0 for the

ICAR prior was set to logit(0.05). No intercept (α0 = 0) was fitted for BMRF and

SBMRF priors. We ran a total of 10000 MCMC iterations with a burn-in period of

8000 iterations, and the analysis was based on the last 2000 MCMC samples. PMSE

for each method is shown in Table 2.

In summary, for this example, SSVS with 4 different priors for γ performed

pretty similarly to each other in terms of prediction, though SSVS+BMRF performed

slightly worse than others with an larger PMSE. For gene selection, as shown in Fig

3, γ̂s for the independent prior and GMRF were roughly normally distributed around

the specified prior at 0.05, and for the BMRF prior it was also normally distributed

around 0.02. The BMRF prior seemed to better separate the informative and non-

informative genes, however, it also included much more genes. Since our prior was

set to reflect the belief of 5% of informative genes in a total of 1329 genes, we plot-

ted the top 66 selected genes for all priors except BMRF (not shown); the network

structures looked very similar, though most of the selected genes did not overlap. For
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this dataset, the similar performance of the methods in terms of PMSE (Table 2)

and their widely varied genes being selected can be presumably explained by the fact

that the genes were barely informative in predicting the survival outcome, as shown

by Binder and Schumacher (2008).

4.2.2 NCI-60 Dataset

The NCI-60 cell line data set was from a part of a drug discovery project at the Na-

tional Cancer Institute (NCI). The 60 cell lines from 9 different tissues of origin were

exposed to thousands of compounds. Growth inhibitory effects of each compound

were measured for each cell line and reported as GI50, the concentration that inhibits

growth by 50%. The data set was originally analyzed by Staunton et al (2001) to

predict a dichotomized chemosensitivity. Compounds that had a relatively broad and

balanced range of effects across the 60 cell lines had been used for analysis. Here, the

response variable used was normalized log10(GI50) values across all cell lines for each

compound and there were a total of 232 compounds. Gene expression data were de-

rived using high density Hu6800 Affymetrix microarrays containing 7129 probe sets.

The original data were provided as average difference values between perfect match

and mismatch scores. The gene expression data used here was pre-processed and con-

tained only 1517 probe sets (Staunton et al., 2001), for which the minimum change in

gene expression across all 60 cell lines was greater than 500 average difference units.

Data were logged (base 2) and median centered.

The 1517 probe sets were from 1408 unique genes according to their ENTREZ IDs.

For probes with the same ENTREZ ID, we took the average of their measurements as

the expression level for that gene. Mapping to the PPI network, we found that there

were 996 genes form a connected subnetwork with 7310 edges. The average number

of direct neighbors was 14.7, ranging from 1 to 120. The response variable was GI50

for one compound with a relatively high predictive accuracy according to Staunton et
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al (2001). Data were randomly split into a training set and test set with sample sizes

40 and 20 respectively. We applied all four methods to the training set to build model

and to test set for prediction. Results are shown in Table 3. For SSVS+GMRF, we set

θ0 = logit(0.1) and α0 = logit(0.1) for SSVS+BMRF and SSVS+sBMRF. However,

the model size selected by SSVS+BMRF and SSVS+SBMRF was sensitive to α0, as

pointed out by Li and Zhang (2008).

The methods SSVS+GMRF and SSVS+SBMRF yielded smaller PMSEs than

SSVS+IND, while SSVS+BMRF had the largest PMSE. The frequencies of selected

genes by the four methods are shown in Fig 4. Again the method SSVS+BMRF

tended to select most genes. Fig 5 shows the top 20 most frequently selected genes and

the edges between them. None of the genes selected by SSVS+IND were connected

to each other, while several genes selected by SSVS+GMRF or SSVS+SBMRF were

connected. In contrast, most of the genes selected by SSVS+BMRF were highly

connected to each other, suggesting that the method SSVS+BMRF seemed to favor

selecting the genes with large degrees, in consistent with its use of ki, rather than its

scaled version k∗
i in SSVS+SBMRF.

We searched the Cancer Genes database (Maureen et al 2007) and identified that,

among the top 20 genes selected by the four methods, there were respectively 6,

5, 4 and 6 genes related to the cancer gene pathways or functional groups: genes

CXCR4, PRKAR1A, PROS1, RBBP8, SOD1 and YWHAB for SSVS+IND; HMGA2,

PRKACG, PTP4A2, RPN1 and TYMS for SSVS+GMRF; FUS, RPS13, RPSA and

SNRPD2 for SSVS+BMRF; and HADHB, LASP1, PSMC1, SNRPD2, TPM4 and

YWHAB for SSVS+SBMRF.

5 Discussion

In this paper, we have investigated four different priors for modeling the prior proba-

bilities of the predictors’ being selected in the framework of Stochastic Search Variable
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Selection (SSVS). Compared to the standard independence prior that treats the pre-

dictors as independent a priori, the three Markov random field priors aim to capture

spatial correlations among the predictor as suggested by a predictor network. The

same idea can be found in Wei and Li (2007) and Wei and Pan (2008), but in a sim-

pler non-regression context. In the simulation study, we have demonstrated that our

proposed MRF priors performed better than the independence prior in terms of both

prediction and variable selection, even though there did not appear to exist a unan-

imous winner. For the real data, although some of the new methods still performed

better, the difference was smaller.

Although MRF priors introduce additional parameters into the SSVS model, the

increase of computational demand is negligible as compared to the independence prior.

Considering the potential gain in prediction and gene selection without significant

increase in computing time, the MRF priors provide a good means to incorporate

network structures to improve statistical efficiency. In particular, it is easier to specify

some prior parameter to reach a desired model size with the GMRF prior, while it is

more difficult for BMRF and SBMRF due to the latter two’s dependence on several

parameters. We also explored putting a zero point mass on non-informative βs and use

conjugate priors for β as mentioned in George (1997), βγ ∼ N(0, cσ2(X ′
γXγ)

−1). This

set up requires (X ′
γXγ) to be positive definite, thus can only choose a number of genes

no more than the sample size, which may be a shortcoming for the high-dimensional

and low-sample-sized setting. Our simulation results (not shown) indicated that it

had similar performance in identifying informative genes to the methods presented

here, but worse in predictive performance.

Here we have introduced some MRF priors to smooth the prior probabilities of the

predictors’ being selected over a given network of predictors. For the same purpose of

incorporating network information into linear regression, Li and Li (2008) and Pan et

al (2009) derived network-constrained penalties to induce smoothness in (weighted)
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regression coefficients βi’s or |βi|’s in the framework of penalized regression. Our

methods can be extended to smooth βi’s directly, e.g. by imposing a GMRF prior

on βi’s. In addition, although we have only applied the proposed methods to linear

regression, it is conceptually straightforward to extend them to classification (Mallick

et al 2005) and nonlinear regression with generalized linear models (Monni and Li

2009) or the Cox proportional hazards model (Gui and Li 2005). More studies are

needed.

APPENDIX

A Adaptive Rejection Sampling (ARS)

Gilks and Wild (1992) proposed adaptive rejection sampling, a powerful tool to sam-

ple from any univariate log-concave probability density function. The technique is

intended for situations where evaluation of density is computationally expensive, in

particular for applications of Gibbs sampling to Bayesian models with non-conjugacy,

which is exact situation in our study. ARS is the principle sampling methodology

used in the BUGS software.

A.1 Non-adaptive rejection sampling

Reject sampling is a general method for sampling points independently from a arbi-

trary density function f(x). The density need be specified only up to a constant of

integration, i.e. rejection sampling may be performed by using g(x) instead of f(x),

where g(x) = cf(x) for some possibly unknown value of c. To sample n points in-

dependently from f(x) by rejection sampling, define an envelope function gu(x) such

that gu(x) ≥ g(x) for all x in domain D, and optionally define a squeezing function

g1(x) such that g1(x) ≤ g(x) for all x in D. Then perform the following sampling
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step until n points have been accepted.

1) Sample a x∗ from gu(x) and a w independently from U(0, 1). If there is a

squeezing function g1(x), perform squeezing test: if

w ≤ g1(x
∗)/gu(x

∗)

then accept x∗. Otherwise go to step 2).

2) perform rejection test: if

w ≤ g(x∗)/gu(x
∗)

then accept x∗. other wise reject x∗ and go back to step 1) until n poins have

been accepted.

Rejection sampling is only useful if it is more efficient or convenient to sample from

the envelope gu(x) than from the density f(x) itself. In practice, finding a suitable

gu(x) can be difficult and often involves locating the supermum of g(x) in D by using

a standard optimization technique.

A.2 Adaptive rejection sampling

Assume that D is connected, that, g(x) is continuous and differentiable everywhere in

D and that h(x) = log g(x) is concave everywhere in D. Suppose that h(x) and h′(x)

have been evaluated at k abscissae in D: Tk = {xi; i = 1, . . . , k|x1 ≤ x2 ≤ · · · ≤ xk}.
Define the rejection evelope on Tk as exp(uk(x)) where uk(x) is a piecewise linear

upper hull formed from the tangents to h(x) at the abscissae in Tk.

A.2.1 Initialization step

• Let Tk = {xi; i = 1, . . . , k|x1 ≤ x2 ≤ · · · ≤ xk} be the k starting points, choose

x1 and xk such that interval (x1, xk) covers most of the probability.
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• Calculate uk(x), the piece-wise linear upper bound formed from the tangents to

h(x) at each point in Tk

• Calculate sk(x) = exp uk(x)/
∫

D
exp uh(x

′)dx′

• Calculate lk(x), the piece-wise linear lower bound formed from the chords be-

tween adjacent points in Tk

A.2.2 Sampling step

• Sample a value x∗ from sk(x) and a value u∗ independently from a U(0, 1).

• Squeezing Test

if u∗ ≤ exp{lk(x∗)−uk(x
∗)} then accept x∗, otherwise evaluate h(x∗) and h′(x∗).

• Rejection Test

if u∗ ≤ exp{h(x∗) − uk(x
∗)} then accept x∗, otherwise reject x∗.

A.2.3 Updating step

• if h(x∗) and h′(x∗) were evaluated in the sampling step, include x∗ in Tk to form

Tk+1

• Relabel the elements of Tk+1 in ascending order and reconstruct functions

uk+1(x), sk+1(x) and lk+1(x)

B Proof of Log-concavity

1) For θ,

Pr(θi|γ, τ 2, θj 6=i) ∝
(

exp(γiθi)

1 + exp(θi)

)

exp

(

− mi

2τ 2
(θi −

1

mi

∑

j∈δi

θj)
2

)

.
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The log density without constant term is

L = γiθi − log(1 + exp(θi)) −
mi

2τ 2
(θi −

1

mi

∑

j∈δi

θj)
2.

The second derivative of L with respect to θi is

∂2L

∂θ2
i

= − exp(θi)

(1 + exp(θi))2
− mi

τ 2
< 0.

2) For α1,

Pr(α|γ) ∝
(
∏

i

exp(γiα0 + γiα1ki)

1 + exp(α0 + α1ki)

)

π(α0)α
λ−1
1 exp(−να1).

The log density without constant term is

L = α1

∑

i

γiki −
∑

i

log(1 + exp(α0 + α1ki)) + (λ − 1) log(α1) − να1.

The second derivative of L with respect to α1 is

∂2L

∂α2
1

= −
∑

i

(
k2

i exp(α0 + α1ki)

(1 + exp(α0 + α1ki))2

)

− λ − 1

α2
1

≤ 0

if λ ≥ 1.
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Figure 1: A random network used in simulation.
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Table 1: Simulation Results

Network SNR prior ninfo pmse

RanN (15) 2 IND 6.66 (0.15) 62.15 (2.43)

GMRF 12.96 (0.24) 53.11 (2.07)

BMRF 4.55 (0.60) 71.19 (3.06)

SBMRF 9.38 (0.31) 60.11 (2.50)

4 IND 7.81 (0.13) 34.72 (1.33)

GMRF 14.63 (0.08) 26.98 (1.07)

BMRF 9.83 (0.62) 35.31 (2.11)

SBMRF 11.77 (0.29) 32.78 (1.54)

RegN (22) 2 IND 16.08 (0.18) 55.52 (1.22)

GMRF 13.36 (0.73) 55.11 (2.62)

BMRF 21.19 (0.14) 57.99 (1.77)

SBMRF 21.63 (0.11) 52.66 (1.30)

4 IND 17.31 (0.15) 33.47 (0.78)

GMRF 13.27 (0.69) 30.52 (2.10)

BMRF 21.79 (0.09) 30.23 (1.20)

SBMRF 21.98 (0.01) 28.86 (0.83)

Table 2: PMSEs for the glioblastoma data.

IND GMRF BMRF SBMRF

PMSE 0.54 0.55 0.64 0.53
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Table 3: PMSEs for the NCI-60 data.

IND GMRF BMRF SBMRF

PMSE 0.77 0.56 1.29 0.62
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Figure 2: Histogram of γ̂ in simulations for the random network.
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Figure 3: Frequencies of the genes being selected for the glioblastoma data.
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Figure 4: Frequencies of the genes being selected for the NCI-60 data.
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Figure 5: Subnetworks of the top 20 selected genes by the methods for the NCI-60

data.
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