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ABSTRACT

Most of the existing association tests for population-based case-control studies are
based on comparing the mean genotype scores between the case and control groups,
which may not be efficient under genetic heterogeneity. Given that most common
diseases are genetically heterogeneous, caused by mutations in multiple loci, it may
be beneficial to fully account for genetic heterogeneity in an association test. Here we
first propose a binomial mixture model for such a purpose and develop a corresponding
mixture likelihood ratio test (MLRT) for a single locus. We also consider two methods
to combine single-locus-based MLRT's across multiple loci in linkage disequilibrium
to boost power when causal SNPs are not genotyped. We show with a wide spectrum
of numerical examples that under genetic heterogeneity the proposed tests are more

powerful than some commonly used association tests.

Key Words: Case-control study; EM algorithm; Genome-wide association study; Like-

lihood ratio test; Linkage disequilibrium (LD); Mixture models; Permutation.

1 Introduction

Common diseases and complex phenotypes are often genetically heterogeneous with
different etiologies in different individuals. Here we consider the situation when a dis-
ease (or other phenotype) is caused by mutations in multiple unlinked loci, referred
to as locus heterogeneity (Ott 1999). Under locus heterogeneity, the population of
individuals with disease may be decomposed into various subpopulations, each with
disease caused by mutations at different loci (or their combinations). As for admixture
mapping in linkage analysis (Smith 1963; Ott 1983), we propose a binomial mixture
model for genotype scores to account for possibly heterogeneous subpopulations in
the case population for genetic association studies. While most existing association

tests aim to detect the mean difference of genotype scores between the case and con-



trol groups, ignoring genetic heterogeneity in the case group fails to utilize differences
of other higher moments of genotype scores, leading to power loss, as to be shown.
Furthermore, if disease causal SNPs are not genotyped, it may boost statistical power
to combine single-locus-based tests across multiple loci in linkage disequilibrium (LD)
with any causal SNP; for this purpose, we consider two combining methods for mul-
tiple loci.

In the following, we first introduce our statistical models and a mixture likelihood
ratio test (MLRT) to detect disease association with a single nucleotide polymorphism
(SNP), then we propose two methods to combine such single-locus-based MLRT's
across multiple loci in a candidate gene or region. We conducted extensive simula-
tions to demonstrate power gains of our proposed tests over some commonly used
association tests. For illustration we applied the tests to a published amyotrophic
lateral sclerosis (ALS) dataset (Schymick et al 2007). We end with a summary of our

conclusions and a discussion on related issues, limitations and future work.

2 Methods

2.1 Models

We first consider detecting disease association with an individual SNP at a single
locus based on a case-control study. Suppose that genotype score X is the number of
the minor allele at the locus for a subject. If the subject is in the control group, we
assume

X ~ Bin(2,0,),

where 6, is the background probability of having the minor allele on a chromosome

for the controls. In contrast, for the case group, we assume

X ~ 7Bin(2,0) + (1 — 7)Bin(2, 6,), (1)



where 6 is the probability of having the minor allele on a chromosome for a subpopu-
lation of cases with disease caused by (or associated with) the minor allele, while for
the other subpopulation of cases the disease is caused by mutations at other unlinked
loci and thus for them the probability of having the minor allele at the locus of in-
terest is the same as that for the controls. The mixture model explicitly accounts for
genetic heterogeneity of the case group if the mixture model is not degenerated with
0 # 6,, and m # 0 or 1.

Although for a binomial distribution X* ~ Bin(2,0*) with 6* = 70+ (1 — )0y, its
mean F(X*) equals to E(X) of (1), their higher moments are different. For example,

for the second-moments,
E(X*)—E(X?) = 270(1+0) +2(1—m)0,(1+6,) — 20" (1+6*) = (1 —7) (0 —6)* > 0,

where the strict inequality holds for the non-degenerated case with 6 # 6,, ™ # 0 and
m # 1. Hence, the binomial mixture model introduces overdispersion as compared
to a binomial distribution with the equal mean. While most existing association
tests, e.g. Hotelling’s T? tests (Xiong et al 2002; Fan and Knapp 2003) and those
based on logistic regression (Clayton et al 2004; Pan 2009), aim to compare the mean
difference of genotype scores between the control and case groups, they ignore the
possible genetic heterogeneity in the case group and thus possible difference in high
moments of genotype scores between the two groups. The main motivation of this
paper is to take advantage of possible differences in high moments as suggested by
the genetic heterogeneity and associated mixture model, in addition to the mean
genotype score difference between the two groups, to improve power.

The binomial distribution assumption implies that the Hardy-Weinberg equilib-
rium (HWE) holds for the control group. In contrast, under the mixture model, the

HWE does not hold for the case group, as shown below. Let a and A denote the



minor and the other alleles respectively. We have
1 1
Pr(a) = Pr(aa)+ §PT(Aa) =Pr(X=2)+ §PT(X =1)

= 7+ (1= ) + S (2rB(1 —6) +2(1 — w61 — 6,)

= 70+ (1 —m)bs,

and

Pr(aa) = Pr(X =2) = 70> + (1 — 7)6;.

Thus, we have Pr(aa) # Pr(a)Pr(a) unless for the degenerated case with 7 = 0 or
1, or 6 = 6,.

Although in general the binomial mixture model (1) is not identifiable (McLachlan
and Peel 2000, p.164), if 6, is given (as can be estimated from the control group), we
prove in Appendix A.1 that it is indeed identifiable.

In our model, we assume a common background probability 6,, whereas in reality
it is possible that there are two different background probabilities, say 6,; and 6,
for the case and control groups respectively. Interestingly, under some quite general
conditions, it can be shown that there exists another two-component binomial mixture
model satisfying i) that it is equivalent to the original mixture model for the case
group and ii) that its background probability is 6, the same background probability
for the control group. The main reason is due to the general non-identifiability of
the binomial mixture model (1). Under the situations where the conditions do not
hold, we can find another binomial mixture model that is equivalent to the original
one such that its background probability ,, has a minimum difference from 6,, and

the difference is often small. More details are given in Appendix A.2.

2.2 Estimation

We propose a two-step procedure for parameter estimation: first, based on only the

control sample, we obtain a maximum likelihood estimate (MLE) of 6,, say éb; second,
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fixing 6, = é;,, we apply an EM algorithm to the case group to obtain a maximum
penalized likelihood estimate (MPLE) of other parameters in the mixture model.
Specifically, in the first step, suppose among m controls, there are mg, m; and ms
individuals with genotype values equal to 0, 1 and 2 respectively, then

N mi + 2ms

0, = . 2)

b 2(m0 +m1 —f-mg)

In the second step, we fix 6, at éb, and use the EM to maximize a penalized
log-likelihood for the case group. Suppose x; is the genotype score for case j for
j=1,...,n, and let z;; be the indicator of whether case j is indeed from component
k, k = 1or 2. If we could observe z; ;, then a penalized log-likelihood for the complete

data is

2 n
log L. = Zzzk,j(logﬂk +log f5(w;;0,)) + Clogm, (3)

k=1 j=1
where my =7, T = 1=, 0, = 0, 6y = 6, f5(.;0) is the probability mass function for
Bin(2,0), and the penalty C'logm; is used to stabilize the estimate of 7. Following
Fu et al (2006), we used C' = 1 throughout.
At iteration r, the E-step yields

2

Q = E(log L.|Data) = Z Z Tk] (log(my) +log(fB(z;;0k))) + Clog(m), (4)

k=1 j=1
where ) )
(r fTr_ fB(ngr_ )
Ty = o (5)

S i falag 00 Y)

is the posterior probability of case j’s coming from component k; each superscript
(r) denotes an estimate at iteration r. In the M-step, we maximize ) with respect to

the parameters:

Z 0 = (1))_+9f($j =1 == 1);; 2[(37;':2)) _ 0

861

j_
n (r)
A o (s, =1)+ 21 (x; = 2
QY) _ ngl 1,3( ( J _ )(r) ( J ))7 (6)
2> 1T

6




and

0Q _Yiam) Yiam) C

~ 0
om; m 1—m +7T1
~(r ZO:ITI(T')—FC A~(7r ~ (7
:>’/T§):—Jn+6 , ’/Té)zl—ﬂ§). (7)

Then we increase the iteration number r by one and iterate the above E- and M-steps
until convergence, obtaining the MPLEs 7 and 0.

Although we can jointly estimate all the parameters simultaneously by applying
the EM algorithm to maximize the sum of the penalized log-likelihood for the case
group and the binomial log-likelihood for the control group, we found the above
two-step procedure was more stable with better performance, presumably due to the
non-identifiability of the mixture model with 6, not fixed, leading to estimates at

local maxima of the joint likelihood and thus degraded performance.

2.3 Tests

To test on disease association with the single SNP, after obtaining the parameter
estimates, we use a mixture likelihood ratio test (MLRT) to contrast possible dis-
tributional difference of genotype scores between the control and case groups. Our
MLRT statistic is

MLRT =2 <ln(7%, 0,0,) — 1,(1, 0, éb)) , (8)

where each log-likelihood [, is given by

l(m,0,60,) = > log (wfp(z;;0) + (1 — 7) f5(x;;6)) . (9)
j=1
calculated based on the mixture model (1) for the case group. To assess statistical

significance, we use permutations:

Step 1. For the given data, calculate the MLRT statistic, say M LRTy;



Step 2. Permute the pooled control and case samples by randomly shuffling the disease

status for each subject;
Step 3. Calculate the MLRT statistic M LRT® based on the permuted data;
Step 4. Repeat Steps 2 and 3 for b =1, ..., B;

Step 5. Calculate the permutation p-value P as P = Y0 [(MLRT® > MLRT,/B.

For multiple, say K, loci, possibly in linkage disequilibrium (LD), we first calculate
the MLRT statistic M LRTj for each locus j = 1,..., K based on the original data.

Second, we define two combined statistics

K
Max-MLRT = max MLRT;, or Sum-MLRT = E MLRT;.
1<G<K —
J:

Then we use permutation to obtain a p-value for each of the two combining methods.
Note that such a combining and permutation procedures can be equally applied

to other tests. For example, at each locus j, we can use the two sample Z-test:

where X 1,; and &i ; are the sample mean and variance of genotype scores for the case
group, while Xo,j and 6g’j are for the control group, and n and m are the sample sizes
for the two groups respectively. To combine the test statistics across multiple loci,
we use

K
Max-7Z = 121]?% Z?, or Sum-7Z = Zl ZJZ.
=
Again a permutation procedure is used to obtain p-values for test statistics Max-Z
and Sum-Z.
As a comparison, we also consider the Armitage trend (T) test (Armitage 1955;
Freidlin et al 2002), and possibly the 2-DF chi-squared (x?) test for each locus, and

their corresponding combining methods for multiple loci.



Note that the combining method Max is the similar to the commonly used minP
method that takes the minimum p-value of single-locus-based tests, while the Sum
method is similar to the sum of squared score (SSUw) test of combining multiple
individual single-locus-based score tests (Pan 2009). The goal for combining multiple
loci is to account for LD and thus boost power. There is no best combining method:
in general, the performance of any combining method depends on the unknown data

distribution.

3 Results

3.1 Simulated LD Patterns

3.1.1 Simulation set-ups

We fixed the number of SNPs to be 7, including the disease causing SN F, at the
first locus. The genotype for the causal SN P, was directly generated from the mix-
ture model (1). We generated genotype values for SN P; through SN Ps by a latent
variable model for haplotype (Yp, Y, ..., Ys)’, which was assumed to be multivariate
normal N(0,%). We used Var(Y;) =1 and one of two correlation structures: 1) the
compound symmetry (CS) structure with Corr(Y;,Y)) = p for any j # k, or 2) the
AR(1) structure with Corr(Y},Y;) = pl=*. The joint distribution of (Yp, Y1, ..., ¥s)'
suggested a conditional distribution of (Y7, ..., Ys)" given Yj:

(Yh e YG)/‘YO =yo~ N (902102601, Y — E102601201) (10)

with Yoo = Var(Yy) =1, X190 = Cov((Y1, ..., Ys), Yo) and X1 = Cov((Y1, ..., Ys)').
Since we sampled the genotype value of SN Py from the mixture model, we knew
SNPF, = 0 or 1 in the haplotype. According to a specified minor allele frequency
(MAF) for SN Py, say MAFy, we we sampled yo from a truncated normal distribu-
tion ranging from —oo to the normal quantile of MAF, if SNF, = 1, or ranging

9



from the normal quantile of M SFy to oo if SNFy = 0. Once yp is known, we gen-
erated (y1, ..., ys) from the conditional distribution. Because each Y; had a marginal
distribution of N (0, 1), once y; was known, we dichotomized y; with a truncated nor-
mal distribution with a specified MAF, which was randomly drawn from a uniform
distribution U(0.1,0.4). After dichotomizing each yo, v, ..., Y6, We obtained a simu-
lated haplotype. Similarly we generated another haplotype, and summed up the two
haplotypes to obtain the genotype values (Xo, X7, ..., Xg) for a case.

The genotype values for the controls were similarly generated with 7 = 0. After
genotypes for n = 500 cases and m = 500 controls were generated, for any test, we
calculated its test statistics for locus 1 to locus 6 separately, and recorded the Max-
and Sum-statistics of the six locus-specific test statistics. The p-values were obtained
by permutation with B = 200. Note that the causal SNF, was not used by any
combining method.

We considered ten simulation set-ups with either a CS or an AR(1) correlation

structure and a variety of parameter values as shown below.

Set-up 1 2 3 4 3 6 718 9 | 10
CS,p [04]04/04](04(04]04]02]0210.2]0.2
AR(1),p 0505|0505 (05]05(03[03]03]0.3
0 0210410410404 ]04(04]04]04|04

Oy 02101701701703]03(03] - |01 -

T 0 101(02]03103(09]09| 1 09| 1

For each non-null set-up, we simulated 250 independent datasets. Therefore the
empirical power p had a Monte Carlo standard error y/p(1 — p)/250 < 0.032. For
the null set-up, we simulated 500 datasets to improve the accuracy of the estimated

Type I error rates.
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3.1.2 Simulation result

The results for data with a CS correlation structure are shown in Table 1 and Table 2,
while those for an AR(1) correlation structures are shown in Table 3 and Table 4.
For set-up 1 (i.e. the null case), the type I error rates for all tests were around
the significance level at 0.05 or 0.1 respectively. For the set-ups with a non-zero
mixing proportion, there were substantial power gains by the Max- or Sum-MLRT
test over the other tests. In particular, it is noted that, although the power differences
between various single-locus tests were not large, there could exist dramatic differences
between the various combined tests. Between the Max-MLRT and Sum-MLRT tests,
the latter seemed to be the winner. It is reassuring that when there was no genetic
heterogeneity as for set-ups 8 and 10, the power of the Max-MLRT and Sum-MLRT
tests was comparable to that of the Max-Z/T and Sum-Z/T tests. In general, the
2-DF x? test had lower power than other tests.

For comparison, we also applied several other tests comparing the mean genotype
scores for multiple loci: Hotelling’s T2 test, a test based on principle component
analysis (PCA) of the multilocus genotype scores (Wang and Abbott 2008), two
sum of squared score (SSU and SSUw) tests, a test taking the minimum p-value
of single-locus score tests (UminP), and a multivariate score test. All the above
tests, except Hotelling’s 77 and UminP tests, are based on fitting a multivariate
logistic regression model relating the disease probability to genotype scores (or their
principle components, PCs). For the PCA test, as recommended by Wang and Abbott
(2008), we took the first few PCs such that they explained at least 85% of total
variation. Clayton et al (2004) showed that Hotelling’s T? test is closely related
to the multivariate score test. Although Wang and Abbott (2008) showed that the
PCA-based test performed well for continuous traits, while Pan (2009) supported the
high power of the SSU, SSUw and UminP tests under various conditions (but without

genetic heterogeneity), all the above tests did not perform as well as our proposed

11



Table 1: Empirical power/size of the tests for simulated data with a CS correlation

structure.
Set-up « Test SN Py SN Py SN Py SNPg SNPy SN Py SN Pg Max Sum
MLRT 0.032 0.026 0.026 0.028 0.040 0.022 0.028 0.058 0.054
1 0.05 Z 0.064 0.056 0.056 0.036 0.060 0.028 0.060 0.052 0.040
(Null) T 0.072 0.044 0.060 0.048 0.072 0.044 0.068 0.052 0.048
X2 0.042 0.044 0.054 0.042 0.048 0.046 0.048 0.054 0.056
MLRT 0.068 0.062 0.068 0.048 0.090 0.050 0.068 0.136 0.122
0.1 V4 0.128 0.124 0.116 0.076 0.136 0.068 0.116 0.112 0.112
T 0.120 0.108 0.120 0.088 0.136 0.076 0.108 0.108 0.132
x? 0.084 0.100 0.108 0.108 0.096 0.088 0.096 0.100 0.108
MLRT 0.728 0.168 0.148 0.140 0.128 0.112 0.124 0.348 0.448
Z 0.524 0.088 0.080 0.072 0.068 0.068 0.064 0.088 0.084
2 0.05 T 0.544 0.080 0.080 0.064 0.060 0.064 0.072 0.088 0.108
x? 0.060 0.088 0.060 0.064 0.052 0.040 0.056 0.068 0.064
MLRT 0.816 0.264 0.228 0.240 0.244 0.188 0.224 0.516 0.584
Z 0.676 0.152 0.136 0.136 0.148 0.128 0.120 0.160 0.176
0.1 T 0.676 0.168 0.144 0.136 0.152 0.116 0.132 0.148 0.184
x? 0.104 0.152 0.116 0.112 0.096 0.088 0.100 0.100 0.120
MLRT 0.988 0.228 0.232 0.200 0.228 0.220 0.280 0.524 0.592
Z 0.984 0.144 0.152 0.136 0.124 0.148 0.180 0.204 0.304
3 0.05 T 0.984 0.144 0.156 0.120 0.136 0.128 0.184 0.200 0.276
x? 0.072 0.032 0.056 0.060 0.060 0.060 0.052 0.060 0.060
MLRT 1.000 0.344 0.332 0.336 0.316 0.320 0.412 0.652 0.732
Z 0.996 0.220 0.236 0.224 0.216 0.232 0.240 0.292 0.404
0.1 T 0.996 0.216 0.224 0.228 0.212 0.228 0.272 0.292 0.380
X2 0.128 0.064 0.116 0.112 0.112 0.124 0.096 0.100 0.128
MLRT 1.000 0.368 0.348 0.408 0.372 0.412 0.376 0.700 0.784
Z 1.000 0.264 0.268 0.328 0.256 0.284 0.260 0.404 0.564
4 0.05 T 1.000 0.268 0.264 0.304 0.232 0.268 0.260 0.404 0.572
x? 0.148 0.056 0.072 0.096 0.072 0.052 0.048 0.044 0.064
MLRT 1.000 0.504 0.504 0.524 0.508 0.544 0.488 0.796 0.852
Z 1.000 0.372 0.396 0.424 0.348 0.412 0.356 0.544 0.668
0.1 T 1.000 0.380 0.384 0.432 0.364 0.408 0.360 0.536 0.688
X2 0.252 0.096 0.116 0.152 0.148 0.092 0.116 0.124 0.128
MLRT 0.304 0.072 0.068 0.064 0.072 0.076 0.056 0.084 0.072
0.05 Z 0.284 0.072 0.072 0.056 0.060 0.076 0.052 0.072 0.072
5 T 0.276 0.072 0.052 0.052 0.060 0.068 0.040 0.072 0.056
MLRT 0.404 0.152 0.116 0.120 0.124 0.116 0.120 0.148 0.152
0.1 V4 0.388 0.136 0.128 0.124 0.128 0.112 0.100 0.144 0.112
T 0.392 0.156 0.132 0.112 0.124 0.104 0.100 0.144 0.144
MLRT 0.984 0.312 0.268 0.280 0.324 0.260 0.252 0.348 0.688
0.05 Z 0.980 0.200 0.188 0.200 0.252 0.180 0.172 0.264 0.388
6 T 0.980 0.204 0.196 0.192 0.228 0.188 0.160 0.264 0.392
MLRT 1.00 0.448 0.392 0.448 0.476 0.372 0.388 0.520 0.820
0.1 Z 0.988 0.284 0.264 0.276 0.352 0.272 0.260 0.396 0.520
T 0.988 0.280 0.272 0.292 0.352 0.260 0.268 0.392 0.496
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Table 2: Empirical power/size of the tests for simulated data with a CS correlation

structure (Table 1 continued).

Set-up « Test SN Py SN Py SN Py SNPs SNPy SN Ps SN Pg Max Sum
MLRT 0.992 0.108 0.096 0.096 0.108 0.064 0.104 0.132 0.128

0.05 V4 0.992 0.100 0.092 0.092 0.096 0.060 0.084 0.136 0.136

7 T 0.992 0.092 0.080 0.088 0.096 0.080 0.068 0.132 0.128
MLRT 0.992 0.216 0.120 0.152 0.164 0.124 0.156 0.220 0.224

0.1 V4 0.992 0.200 0.116 0.148 0.144 0.128 0.140 0.192 0.228

T 0.992 0.172 0.120 0.144 0.144 0.124 0.144 0.188 0.208

MLRT 1.000 0.112 0.136 0.080 0.080 0.064 0.104 0.132 0.152

0.05 VA 1.000 0.104 0.124 0.064 0.068 0.064 0.092 0.116 0.136

8 T 1.000 0.108 0.116 0.056 0.064 0.068 0.080 0.108 0.140
X2 0.992 0.060 0.068 0.076 0.080 0.080 0.068 0.096 0.100

MLRT 1.000 0.184 0.196 0.148 0.156 0.120 0.156 0.204 0.240

0.1 VA .000 0.168 0.184 0.116 0.140 0.112 0.144 0.184 0.232

T .000 0.196 0.168 0.108 0.140 0.112 0.140 0.176 0.220

1
1
1.000 0.124 0.108 0.116 0.116 0.172 0.128 0.168 0.180
1.000 0.420 0.368 0.424 0.408 0.416 0.476 0.704 0.880
1.000 0.408 0.360 0.408 0.400 0.404 0.460 0.680 0.880
1.000 0.412 0.356 0.388 0.400 0.396 0.460 0.680 0.876
1.000 0.556 0.516 0.560 0.524 0.552 0.628 0.808 0.928
0.1 V4 1.000 0.536 0.496 0.548 0.528 0.520 0.608 0.792 0.904
T 1.000 0.536 0.496 0.544 0.524 0.536 0.604 0.792 0.928

1

1

1

1

1

1

1

1

0.05 V4

.000 0.552 0.492 0.484 0.480 0.508 0.532 0.808 0.940
.000 0.516 0.480 0.464 0.468 0.472 0.524 0.804 0.940
.000 0.512 0.480 0.460 0.456 0.480 0.528 0.804 0.940
.000 0.480 0.448 0.448 0.480 0.440 0.460 0.756 0.916
.000 0.668 0.588 0.596 0.572 0.652 0.640 0.892 0.956
.000 0.656 0.588 0.576 0.552 0.632 0.628 0.896 0.960
.000 0.656 0.588 0.572 0.564 0.612 0.620 0.896 0.952
.000 0.656 0.528 0.568 0.532 0.608 0.632 0.868 0.936

0.05 V4
10 T

0.1 V4
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Table 3: Empirical power /size of the tests for simulated data with an AR(1) correla-

tion structure.

Set-up « Test SN Py SN Py SN Py SNPg SNPy SN Py SN Pg Max Sum
MLRT 0.038 0.040 0.050 0.052 0.044 0.038 0.058 0.054 0.054

1 0.05 Z 0.056 0.036 0.042 0.034 0.052 0.022 0.050 0.038 0.028
(Null) T 0.046 0.024 0.038 0.030 0.048 0.028 0.040 0.038 0.036
MLRT 0.078 0.110 0.102 0.094 0.108 0.070 0.102 0.112 0.108

0.1 Z 0.088 0.080 0.076 0.066 0.108 0.050 0.078 0.070 0.072

T 0.082 0.068 0.076 0.066 0.098 0.050 0.066 0.070 0.080

MLRT 0.756 0.148 0.120 0.144 0.092 0.100 0.132 0.348 0.420

0.05 Z 0.572 0.092 0.060 0.084 0.048 0.040 0.052 0.064 0.052

2 T 0.584 0.080 0.064 0.096 0.048 0.032 0.064 0.064 0.056
MLRT 0.828 0.244 0.216 0.248 0.200 0.184 0.188 0.500 0.572

0.1 V4 0.680 0.156 0.104 0.156 0.108 0.072 0.108 0.100 0.096

T 0.688 0.148 0.112 0.144 0.092 0.084 0.100 0.096 0.096

MLRT 0.992 0.304 0.168 0.164 0.132 0.116 0.128 0.420 0.540

0.05 Z 0.988 0.204 0.084 0.076 0.072 0.056 0.068 0.112 0.156

3 T 0.988 0.212 0.080 0.084 0.060 0.056 0.064 0.108 0.144
MLRT 0.996 0.480 0.260 0.252 0.212 0.224 0.252 0.584 0.684

0.1 Z 0.996 0.308 0.168 0.160 0.132 0.120 0.136 0.164 0.236

T 0.992 0.312 0.152 0.148 0.116 0.124 0.144 0.164 0.236

MLRT 1.000 0.524 0.188 0.092 0.104 0.120 0.104 0.530 0.628

0.05 Z 1.000 0.448 0.116 0.064 0.056 0.080 0.052 0.268 0.204

4 T 1.000 0.432 0.116 0.056 0.048 0.080 0.056 0.268 0.248
MLRT 1.000 0.656 0.336 0.168 0.184 0.196 0.184 0.660 0.740

0.1 Z 1.000 0.540 0.216 0.100 0.108 0.116 0.100 0.388 0.308

T 1.000 0.536 0.216 0.104 0.104 0.116 0.100 0.388 0.364

MLRT 0.308 0.072 0.068 0.064 0.068 0.076 0.036 0.116 0.112

0.05 Z 0.300 0.080 0.044 0.056 0.068 0.076 0.052 0.084 0.072

5 T 0.288 0.060 0.040 0.052 0.060 0.092 0.036 0.080 0.080
MLRT 0.412 0.156 0.144 0.104 0.108 0.124 0.068 0.188 0.152

0.1 Z 0.392 0.164 0.096 0.108 0.128 0.112 0.064 0.144 0.108

T 0.396 0.136 0.104 0.096 0.124 0.120 0.064 0.136 0.120

MLRT 0.996 0.356 0.180 0.140 0.112 0.088 0.132 0.200 0.444

0.05 Z 0.988 0.244 0.108 0.058 0.064 0.028 0.056 0.152 0.128

6 T 0.988 0.240 0.112 0.062 0.056 0.028 0.052 0.152 0.144
MLRT 1.000 0.488 0.276 0.220 0.164 0.128 0.184 0.320 0.640

0.1 Z 1.000 0.400 0.164 0.144 0.088 0.068 0.100 0.220 0.244

T 0.996 0.356 0.164 0.112 0.100 0.064 0.100 0.212 0.268
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Table 4: Empirical power /size of the tests for simulated data with an AR(1) correla-

tion structure (Table 3 continued).

Set-up « Test SN Py SN Py SN Py SNPs SNPy SN Ps SN Pg Max Sum
MLRT 1.000 0.088 0.048 0.080 0.060 0.056 0.044 0.032 0.040

0.05 VA 1.000 0.072 0.048 0.084 0.052 0.056 0.040 0.036 0.048

7 T 1.000 0.076 0.048 0.088 0.032 0.044 0.040 0.032 0.032
MLRT 1.000 0.132 0.124 0.124 0.096 0.116 0.112 0.080 0.088

0.1 V4 1.000 0.120 0.112 0.136 0.084 0.144 0.112 0.088 0.104

T 1.000 0.128 0.108 0.104 0.072 0.116 0.096 0.080 0.064

MLRT 1.000 0.164 0.068 0.080 0.040 0.068 0.040 0.092 0.096

0.05 VA 1.000 0.152 0.056 0.084 0.040 0.064 0.040 0.104 0.076

8 T 0.996 0.144 0.068 0.072 0.044 0.060 0.044 0.100 0.104
MLRT 1.000 0.248 0.132 0.136 0.084 0.108 0.084 0.164 0.168

0.1 VA 1.000 0.244 0.116 0.132 0.092 0.104 0.088 0.164 0.152

T 1.000 0.232 0.112 0.132 0.080 0.104 0.084 0.164 0.172

MLRT 1.000 0.840 0.132 0.056 0.024 0.052 0.032 0.580 0.468

0.05 VA 1.000 0.820 0.116 0.052 0.032 0.056 0.020 0.560 0.516

9 T 1.000 0.820 0.096 0.048 0.028 0.048 0.032 0.552 0.524
MLRT 1.000 0.912 0.228 0.104 0.060 0.096 0.092 0.712 0.636

0.1 VA 1.000 0.908 0.224 0.100 0.060 0.080 0.096 0.704 0.636

T 1.000 0.900 0.208 0.092 0.064 0.080 0.088 0.704 0.652

MLRT 1.000 0.860 0.136 0.076 0.052 0.088 0.068 0.660 0.592

0.05 V4 1.000 0.836 0.136 0.060 0.052 0.084 0.068 0.652 0.572

10 T 1.000 0.848 0.128 0.060 0.048 0.072 0.056 0.652 0.628
MLRT 1.000 0.916 0.204 0.108 0.092 0.148 0.116 0.760 0.716

0.1 VA 1.000 0.912 0.208 0.104 0.104 0.132 0.104 0.756 0.716

T 1.000 0.916 0.196 0.100 0.096 0.136 0.108 0.748 0.748
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Table 5: Empirical power/size of some multi-locus tests for simulated data with a CS

or AR(1) correlation structure.

Corr Set-up « T2 PCA SSU SSUw  UminP Sco
cs 1 0.05 | 0.032 0.028 0.036  0.052 0.036 0.036
(Null) 0.1 0.096  0.068 0.076  0.076 0.080 0.092

2 0.05 | 0.056 0.060 0.088  0.096 0.080 0.068

0.1 0.140  0.144  0.148  0.144 0.144 0.144

3 0.05 0.148 0.152 0.248 0.240 0.160 0.144

0.1 0.248  0.236  0.356  0.368 0.244 0.248

4 0.05 | 0.384 0.400 0.584  0.588 0.424 0.388

0.1 0.496  0.528  0.696  0.708 0.596 0.492

AR(1) 1 0.05 | 0.024 0.024 0.044  0.028 0.032 0.020
(Null) 0.1 0.092 0.092 0.100 0.100 0.092 0.080

2 0.05 | 0.068 0.080 0.080  0.076 0.092 0.072

0.1 0.124 0.136 0.140 0.128 0.132 0.124

3 0.05 0.124 0.148 0.140 0.136 0.132 0.132

0.1 0.212  0.224  0.196  0.196 0.208 0.220

4 0.05 0.248 0.240 0.248 0.256 0.288 0.240

0.1 0.356  0.372  0.364  0.384 0.388 0.368

MLRT in the current situation with genetic heterogeneity, as shown in Table 5. The
main reason is that all the above tests, as the Z- and T-tests, are based on contrasting
the mean genotype scores between the case and control groups while ignoring between-
group differences in higher moments that are present under the genetic heterogeneity

assumption.

3.2 Robustness to mis-specified models

In the previous simulations, we had a correct modeling assumption: the genotype
value at any locus had a binomial distribution for the control group, and a mixture of
two binomials (possibly degenerated with = = 1) for the case group. We investigated
the robustness of the proposed tests to the violation of the above modeling assump-
tion. Specifically, we consider data generated from various mixture models and from

multiple causal SNPs respectively.
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3.2.1 Various mixture models

We considered four scenarios: (1) for both the case and control groups, the genotype
had the same mixture distribution of two binomials; (2) it was a binomial for the
control group, but a mixture of three binomials for the case group; (3) for the control
group it was a mixture of two binomials with mixing proportions m,’s, while for the
case group it was a mixture of three binomials with mixing proportions 7’s; (4) the
same as (3) except with different parameter values. For each set-up, simulated data
were generated as in the previous section, and the correlation structure (for the latent
variables) was always CS with the pair-wise correlation p = 0.4. The parameter values

for the four scenarios are summarized in the following table.

Set-up | (1) (2) (3) (4)
Os | (4,.1) | (4,25.1) (.4,.25,.1) (.4,.25,.1)
s | (0.2,0.8) | (0.1,0.1,0.8) | (0.16,0.2,0.64) | (0.2,0.16,0.64)
O's | (4,.1) 0.1 (4,.1) (.25, .1)
m's | (0.2,0.8) 1 (0.2,0.8) (0.2,0.8)

As before, the MLRT test was applied under the assumption of having one and two
binomial components for the control and case groups respectively, which was incorrect.
As a comparison, we also considered the ideal MLRT, denoted as M LRT7, under the
(ideal but impractical) assumption that the true numbers of the mixture components
for the control and case groups were known, and the corresponding mixture models
were fitted for the two groups. For each set-up, the results based on 250 replicates
are shown in Table 6. For set-up 1, the null case, the Type I error rates of MLRT
and other tests were close to the nominal levels. For other three set-ups, as expected,
MLRTr was most powerful (with its correct and strongest modeling assumption).
Interestingly, our proposed MLRT could still be either more powerful than or as

powerful as the Z- and T-tests.
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Table 6: Empirical power/size of the tests under various mixture models.

Set-up « Test SN Py SNP; SN Py SNPs SNPy SN Ps SN Pg Max Sum
MLRT 0.048 0.052 0.040 0.056 0.052 0.044 0.060 0.076 0.040

MLRT 0.044 0.064 0.056 0.064 0.068 0.056 0.060 0.060 0.072

0.05 V4 0.044 0.048 0.040 0.060 0.056 0.064 0.080 0.076 0.048

(1) T 0.032 0.052 0.044 0.052 0.064 0.052 0.064 0.056 0.040
MLRT 0.108 0.096 0.084 0.116 0.104 0.072 0.112 0.128 0.100

MLRTg 0.064 0.112 0.104 0.104 0.124 0.116 0.112 0.124 0.116

0.1 VA 0.116 0.088 0.080 0.112 0.104 0.088 0.116 0.116 0.108

T 0.096 0.080 0.108 0.112 0.108 0.112 0.112 0.108 0.088

MLRT 0.900 0.104 0.120 0.112 0.100 0.116 0.124 0.168 0.192

MLRTg 0.920 0.144 0.136 0.136 0.112 0.096 0.132 0.180 0.236

0.05 VA 0.868 0.096 0.108 0.080 0.084 0.108 0.088 0.116 0.152

(2) T 0.860 0.084 0.112 0.080 0.080 0.104 0.084 0.112 0.144
MLRT 0.940 0.176 0.200 0.168 0.172 0.192 0.192 0.240 0.252

MLRTg 0.952 0.256 0.204 0.196 0.180 0.168 0.196 0.260 0.324

0.1 VA 0.916 0.160 0.172 0.144 0.152 0.176 0.160 0.196 0.204

T 0.920 0.168 0.156 0.148 0.152 0.188 0.156 0.192 0.200

MLRT 0.128 0.032 0.052 0.068 0.088 0.072 0.040 0.060 0.068

MLRTg 0.208 0.116 0.080 0.076 0.080 0.104 0.112 0.096 0.104

0.05 VA 0.160 0.032 0.060 0.068 0.080 0.072 0.048 0.056 0.080

(3) T 0.152 0.036 0.056 0.056 0.076 0.076 0.040 0.056 0.080
MLRT 0.204 0.104 0.092 0.104 0.148 0.104 0.060 0.092 0.132

MLRT 0.340 0.192 0.132 0.136 0.108 0.148 0.140 0.172 0.180

0.1 VA 0.244 0.104 0.096 0.112 0.152 0.112 0.064 0.096 0.140

T 0.248 0.112 0.092 0.096 0.136 0.116 0.068 0.096 0.132

MLRT 0.920 0.124 0.128 0.132 0.116 0.144 0.132 0.148 0.252

MLRT 0.932 0.144 0.188 0.136 0.136 0.128 0.144 0.192 0.260

0.05 V4 0.892 0.096 0.068 0.112 0.108 0.124 0.116 0.132 0.212

(4) T 0.900 0.092 0.064 0.108 0.116 0.120 0.114 0.128 0.212
MLRT 0.996 0.204 0.184 0.212 0.196 0.208 0.220 0.288 0.376

MLRTg 0.984 0.240 0.236 0.218 0.212 0.196 0.236 0.348 0.432

0.1 VA 0.936 0.172 0.152 0.200 0.200 0.196 0.184 0.240 0.324

T 0.940 0.164 0.148 0.200 0.204 0.192 0.184 0.244 0.308

We note that, although in general the binomial mixture model with two or three
components, each with a binomial total N = 2, is not identifiable (McLachlan and
Peel 2000, p.164), for our purpose of testing, it is not an issue: because we used
the (modified) likelihood ratio test, any of the equivalent models should give the

same maximized likelihood value, and thus the equal MLRT statistics and resulting

p-values.
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3.2.2 Multiple causal SNPs

Here we consider that the disease is caused by multiple SNPs, possibly in LD, explic-
itly accounting for genetic heterogeneity. For simplicity, we assumed that there were
two causal SNPs, say SN Fy; and SN Py, with genotype scores of Xy, and Xpp. The

disease status Y = 1 or 0 was generated from a logistic regression model:

LogitPr(Y = 1) = [y + 61 Xo1 + B2Xo2. (11)

As before, we assumed that there were six genotyped SNPs, say SNP; to SNF;,
in LD with SN Fy;; their latent variables followed a multivariate Normal distribution
with a CS(0.4) correlation matrix. Note that neither SN Py, nor any of its neighboring
SNPs was genotyped. The latent variables for the two causal SNPs also had a Normal
distribution with a correlation p, and the disease-causing minor allele frequencies
(MAFs) were M AFy; and M AFy, respectively. We considered the following five set-

ups:

Set-up 1 2 3 4 5
p 0.2 0.5 0.8 0 0.5
Bo -1.38 -1.38 -1.38 -1.38 -1.38
51 log(1.6) | log(1.6) | log(1.6) | log(1.6) | log(1.6)
Ba log(1.6) | log(1.6) | log(1.6) | -log(1.6) | -log(1.6)
MAFy, 0.2 0.2 0.2 0.2 0.2
MAFy, 0.1 0.1 0.1 0.2 0.2

Note [y was chosen to yield a disease probability of 0.20 for individuals carrying
no causal alleles. By default we adopted the dosage coding for Xy, and Xgs, implying
the additive (ADD) mode of inheritance (MOI); for set-ups 4 and 5, the dominant
(DOM) and recessive (REC) MOI were also considered. Note that our assumed

mixture model for genetic heterogeneity model does not imply an additive MOI, or
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even a corresponding logistic regression model unless under the special cases of rare
disease or of no genetic heterogeneity; see Appendix A.3 for details.

The empirical powers of the tests are shown in Table 7. To save space, we only
give the results for significance level o = 0.05, but similar conclusions can be drawn
for a = 0.1. It is clear that, as before, our proposed MLRT had the highest power
across all the set-ups. It is also interesting to note that, even for non-additive MOI
with genetic heterogeneity, the 2-DF x? test (based on permutations) did not work

well.

3.3 HapMap data for gene CHI3L2

To mimic real LD patterns, we extracted the SNP data for gene CHI3L2 from the
90 CEU (Utah residents with ancestry from northern and western Europe) samples
from the HapMap web site. We excluded SNPs with MAF's less than 0.2, imputed for
missing genotypes by randomly drawing an observed genotype of the same allele from
other samples, and removed those perfectly correlated SNPs, leaving to 17 SNPs. To
generate simulated data while maintaining the LD structure, first, we fixed the disease
causing SN Py to be SNP rs2182114, and grouped the samples into groupg, group,
and groups based on whether the number of minor allele at SNF, was 0, 1 or 2,
respectively. Next, we generated a random variate X, from the mixture distribution
(1) for the case group, or from a binomial distribution for the control group; if Xy = k,
we randomly drew a sample from group,. We repeated the above steps to generate a
simulated dataset with m = n = 500 cases and controls respectively. The causal SNP
was always removed from the data supplied to calculate Max and Sum statistics, and
we used B = 200 permutations to calculate p-values. The parameter values used for
three set-ups were (m,6,6,) =(0.3, 0.4, 0.4), (0.3, 0.4, 0.3), (0.3, 0.4, 0.25) and (0.3,
0.4, 0.2) respectively.

The empirical test size and power are shown in Table 8. Due to limited space, only
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Table 7: Empirical power of the tests with two-causal SNPs.

Set-up | MOI [ « Method SNPy, SNP, SNP, SNP; SNP; SNPs SNPs Max  Sum
MLRT 1.000  0.240  0.264  0.268  0.256  0.256  0.264  0.440  0.504

0.05 z 1.000  0.164  0.188  0.172  0.180  0.184  0.172  0.344  0.420

1 ADD T 1.000  0.164  0.180  0.156  0.176  0.176  0.188  0.332  0.428
N 0.096  0.132  0.128  0.156  0.128  0.136  0.152  0.224  0.328

MLRT 1.000  0.312  0.360  0.356  0.328  0.332  0.356  0.536  0.624

0.05 z 1.000  0.264  0.308  0.292  0.276  0.288  0.284  0.472  0.536

2 ADD T 1.000  0.276  0.300  0.308  0.288  0.202  0.272  0.468  0.532
N 1.000 0.224 0216  0.212  0.212  0.196  0.208  0.288  0.428

MLRT 1.000  0.472 0468  0.464  0.496  0.476  0.480  0.648  0.712

0.05 z 1.000  0.396  0.412  0.404  0.424  0.420  0.416  0.556  0.644

3 ADD T 1.000  0.392  0.400  0.396  0.416  0.408  0.404  0.552  0.648
N 1.000  0.244  0.264  0.248  0.256  0.272  0.276  0.396  0.568

MLRT 0.436  0.200  0.184  0.196  0.188  0.212  0.212  0.332  0.384

0.05 z 0.288  0.168  0.148  0.156  0.144  0.160  0.152  0.284  0.320

REC T 0.304  0.152  0.156  0.148  0.144  0.164  0.168  0.276  0.312

N 0.272 0.064  0.072  0.068  0.096  0.052  0.056  0.076  0.064

MLRT 1.000  0.264  0.256  0.276  0.244  0.252  0.264  0.432  0.480

0.05 z 0.984  0.224  0.212  0.216  0.192  0.204  0.208  0.324  0.376

4 ADD T 0.976  0.212  0.216  0.208  0.196  0.212  0.212  0.336  0.392
X2 0.976  0.116  0.128  0.128  0.152  0.136  0.136  0.220  0.276

MLRT 0.044  0.248  0.244  0.252  0.236  0.240  0.232  0.392  0.452

0.05 z 0.924  0.184  0.176  0.196  0.168  0.168  0.148  0.304  0.356

DOM T 0.008  0.180  0.172  0.184  0.176  0.172  0.152  0.312  0.364

X2 0.932 0.116  0.088  0.084  0.092  0.116  0.092  0.112  0.188

MLRT 0.184  0.112  0.128  0.132  0.124  0.132  0.120  0.192  0.208

0.05 Z 0.148  0.064  0.084  0.104  0.084  0.092  0.084  0.128  0.144

REC T 0.152 0.080  0.076  0.084  0.084  0.096  0.104  0.132  0.148

X2 0.180  0.060  0.028  0.044  0.036  0.032  0.056  0.012  0.036

MLRT 0.924  0.172  0.152  0.164  0.156  0.168  0.156  0.244  0.276

0.05 z 0.868  0.104  0.108  0.112  0.108  0.124  0.108  0.156  0.184

5 ADD T 0.852 0.112  0.096  0.108  0.116  0.112  0.092  0.160  0.176
N 0.768  0.068  0.068  0.060  0.104  0.088  0.084  0.116  0.136

MLRT 0.804  0.152  0.136  0.124  0.132  0.144  0.136  0.224  0.252

0.05 z 0.756  0.088  0.096  0.108  0.100  0.092  0.100  0.140  0.164

DOM T 0.724  0.096  0.088  0.096  0.092  0.104  0.108  0.144  0.168

X2 0.728  0.072  0.104  0.080  0.072  0.060  0.080  0.080  0.088
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some representative loci were shown. Note that the fifth SNP is the causal SN F,, and
a test based on it would be powerful. It is clear that all the tests had correct Type
I error rates, and the Sum-MLRT was the most powerful. Interestingly, the power
of the Sum-MLRT test, though without the use of the disease causing SN Py (under
the assumption that SN P, was not genotyped), was close to that of the single-locus
MLRT test based on SN F,.

For comparison, we also used the MAF at 0.01 as the cut-off, selecting 27 SNPs.
The ninth SNP was causal. We obtained the similar results (Table 8) and drew the

same conclusions as before.

3.4 HapMap data for gene IL21R

For the same HapMap CEU samples, we also considered the region of gene IL21R.
We processed the data by following the same steps as for gene CHI3L2, resulting
in 28 SNPs. In contrast to using a fixed disease-causing SNP for gene CHI3L2, we
randomly chose an SNP as disease-causing in each simulated dataset; other aspects
of data generation were the same as for gene CHI3L2. Again the causal SNP was
always unused in calculating any Max or Sum statistic. We considered two set-ups
with the parameter values (7,6, 6,) = (0.3,0.4,0.25) and (0.4, 0.4, 0.25) respectively.

For each set-up, the sample sizes were m = n = 500 with permutation number
B = 200, and the empirical power was estimated based on 250 replicated datasets.
The results are shown in Table 9 with some representative loci/SNPs included. Clearly
the Sum-MLRT test was most powerful. In particular, the Sum-MLRT test was much
more powerful than any single-SNP-based tests, showing power gains by combining
multiple SNPs in linkage disequilibrium. In addition, Sum-MLRT was always more
powerful than Max-MLRT, whereas Max-Z or Max-T test could be more powerful
than Sum-Z or Sum-T test.
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Table 8: Empirical power/size for gene CHI3L2 with 17 or 25 SNPs based on the
HapMap data.

#SNPs Set-up el Test SNPy SN Py SN P, SNPig SNP;3 SNPi5 SNPyi7 Max Sum
MLRT 0.048 0.056 0.064 0.028 0.036 0.044 0.052 0.056 0.052

17 1 0.05 VA 0.044 0.048 0.044 0.032 0.044 0.036 0.036 0.048 0.048
(Null) T 0.044 0.036 0.048 0.04 0.028 0.044 0.044 0.048 0.052
MLRT 0.096 0.128 0.104 0.072 0.08 0.104 0.104 0.092 0.088

0.1 Z 0.092 0.112 0.092 0.064 0.072 0.104 0.092 0.084 0.076

T 0.104 0.104 0.088 0.096 0.096 0.096 0.088 0.088 0.084

MLRT 0.268 0.476 0.252 0.360 0.140 0.276 0.132 0.300 0.484

0.05 Z 0.208 0.336 0.208 0.240 0.088 0.160 0.060 0.228 0.276

2 T 0.204 0.320 0.208 0.236 0.064 0.176 0.056 0.228 0.272
MLRT 0.408 0.608 0.376 0.512 0.236 0.412 0.232 0.448 0.636

0.1 VA 0.288 0.484 0.300 0.348 0.144 0.264 0.116 0.336 0.380

T 0.284 0.492 0.292 0.364 0.140 0.292 0.112 0.336 0.380

MLRT 0.444 0.712 0.392 0.596 0.176 0.504 0.180 0.536 0.752

0.05 VA 0.400 0.644 0.376 0.460 0.144 0.348 0.096 0.480 0.552

3 T 0.416 0.632 0.384 0.484 0.136 0.368 0.088 0.500 0.572
MLRT 0.560 0.864 0.496 0.732 0.304 0.676 0.272 0.660 0.856

0.1 Z 0.500 0.764 0.528 0.604 0.220 0.484 0.148 0.644 0.676

T 0.508 0.780 0.552 0.612 0.220 0.520 0.148 0.648 0.688

MLRT 0.636 0.932 0.540 0.844 0.232 0.752 0.184 0.720 0.928

0.05 Z 0.652 0.908 0.628 0.788 0.224 0.636 0.112 0.832 0.820

4 T 0.644 0.904 0.620 0.780 0.212 0.656 0.112 0.832 0.848
MLRT 0.748 0.980 0.688 0.908 0.368 0.848 0.356 0.804 0.972

0.1 VA 0.752 0.948 0.728 0.864 0.312 0.760 0.228 0.880 0.896

T 0.768 0.952 0.736 0.860 0.300 0.752 0.220 0.876 0.916

#SNPs Set-up el Test SN Pg SN Py SNPy4 SNPig SNPig SN Pgo SN Pag Max Sum
MLRT 0.060 0.060 0.024 0.028 0.032 0.048 0.052 0.056 0.056

25 1 0.05 VA 0.052 0.044 0.036 0.028 0.04 0.028 0.036 0.048 0.048
(Null) T 0.044 0.036 0.036 0.036 0.028 0.044 0.04 0.044 0.052
MLRT 0.104 0.132 0.092 0.064 0.076 0.104 0.104 0.092 0.088

0.1 Z 0.112 0.112 0.084 0.06 0.072 0.10 0.092 0.084 0.076

T 0.104 0.096 0.076 0.096 0.076 0.104 0.088 0.08 0.084

MLRT 0.124 0.464 0.080 0.372 0.148 0.244 0.128 0.164 0.436

2 0.05 Z 0.076 0.308 0.072 0.204 0.092 0.12 0.072 0.156 0.232
T 0.068 0.316 0.076 0.236 0.084 0.144 0.068 0.180 0.256

MLRT 0.228 0.596 0.120 0.512 0.244 0.388 0.232 0.236 0.576

0.1 VA 0.116 0.436 0.128 0.332 0.156 0.216 0.136 0.252 0.348

T 0.124 0.456 0.128 0.344 0.160 0.228 0.144 0.280 0.392

MLRT 0.164 0.740 0.072 0.644 0.188 0.448 0.164 0.268 0.688

3 0.05 VA 0.080 0.664 0.104 0.508 0.144 0.276 0.128 0.460 0.524

T 0.092 0.660 0.104 0.504 0.128 0.284 0.112 0.460 0.528

MLRT 0.244 0.836 0.128 0.756 0.28 0.584 0.312 0.42 0.792

0.1 VA 0.164 0.744 0.164 0.632 0.260 0.428 0.192 0.604 0.652

T 0.14 0.752 0.156 0.64 0.248 0.432 0.184 0.608 0.656

MLRT 0.176 0.932 0.084 0.876 0.284 0.736 0.244 0.584 0.892

4 0.05 Z 0.112 0.888 0.128 0.768 0.240 0.616 0.176 0.784 0.816

T 0.108 0.864 0.108 0.724 0.220 0.588 0.156 0.78 0.844

MLRT 0.304 0.980 0.144 0.936 0.436 0.828 0.396 0.668 0.944

0.1 VA 0.196 0.908 0.172 0.836 0.328 0.712 0.244 0.86 0.888

T 0.192 0.896 0.176 0.808 0.324 0.696 0.232 0.864 0.900
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Table 9: Empirical test power for gene IL21R with 28 SNPs based on the for HapMap

data.
Set-up el Test SN Py SN P, SN Pg SNP;3 SNPig SN Pao SN Py5 SN Pag Max Sum
MLRT 0.220 0.132 0.368 0.220 0.128 0.340 0.204 0.316 0.420 0.712
0.05 Z 0.124 0.084 0.288 0.176 0.088 0.204 0.136 0.288 0.344 0.356
1 T 0.124 0.080 0.276 0.172 0.096 0.184 0.120 0.296 0.344 0.392
MLRT 0.328 0.232 0.496 0.336 0.220 0.436 0.316 0.436 0.576 0.840
0.1 VA 0.204 0.140 0.364 0.232 0.172 0.304 0.212 0.364 0.488 0.480
T 0.216 0.140 0.372 0.228 0.156 0.296 0.212 0.356 0.488 0.496
MLRT 0.240 0.204 0.456 0.276 0.196 0.400 0.208 0.396 0.572 0.840
0.05 Z 0.196 0.152 0.392 0.192 0.160 0.332 0.160 0.348 0.580 0.436
2 T 0.196 0.148 0.368 0.196 0.160 0.332 0.164 0.340 0.576 0.484
MLRT 0.356 0.292 0.536 0.392 0.260 0.504 0.336 0.452 0.684 0.904
0.1 Z 0.240 0.212 0.444 0.284 0.204 0.388 0.216 0.396 0.704 0.544
T 0.236 0.200 0.448 0.296 0.204 0.384 0.224 0.400 0.708 0.608

3.5 Example

For illustration we used the data from a genome-wide association study on sporadic
amyotrophic lateral Sclerosis (ALS) (Schymick et al 2007). The original study assayed
555352 unique SNPs for each of 276 patients with sporadic ALS and 268 controls.
Using the PLINK software (Purcell et al 2007), we applied the HWE test to the case
group to locate SNPs with low p-values, suggesting possible genetic heterogeneity.
Note that under our mixture model, the HWE is violated. We looked at a few SNPs
with low p-values from the HWE test. Here for illustration we consider such a SNP,
1s6596835, on chromosome 6, with a small p-value of 5.999 x 10~° against the HWE.
We applied the LD blocking algorithm implemented in Haploview (v4.1) (Barrett et
al 2005) to 31 SNPs within 20Kb of SNP rs6596835 for the control group; an LD
block including SNP rs6596835 and other 4 SNPs were identified (Fig 1).

We applied the tests to the LD block with B = 2000 permutations. The results
are shown in Table 10. We observe that for several individual SNPs, the p-values
from the MLRT were smaller than that of the Z-, T- and y*-tests. Consequently,
by combining the five SNPs, the Max-MLRT and Sum-MLRT gave more significant

results than their counterparts based on the Z-, T- and y2-tests.
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Figure 1: LD blocks around SNP rs6596835 based on the ALS data.

4 Discussion

We have proposed a binomial mixture model for genotype scores to take account
of genetic heterogeneity of a disease or phenotype. A mixture likelihood ratio test
(MLRT) is applied to contrast the distributional difference of genotype scores between
the control and case groups, which utilizes their differences not only in means, but
also in higher-moments. As a consequence, the proposed test gains power over those
only comparing the mean difference of the genotype scores. The latter group of the
tests includes many commonly used ones, such as the Hotelling’s T? test (Xiong et
al 2002; Fan and Knapp 2003) and those based on logistic regression (Clayton et al
2004; Pan 2009). We have also investigated two methods to combine single-locus-

based MLRTs for multiple loci, which may further gain power if the causal SNPs
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Table 10: P-values for the ALS data with 7 SNPs in an LD block. The 5 SNPs
from SNP; to SN P5 are rs7756332, rs6596835, rs6899567, rs6596836 and rs9502979

respectively.

Test | SNPL SNP, SNP; SNPy SNP; Max Sum
MLRT | 0.0150 0.0065 0.5775 0.0100 0.6835 0.0115 0.0465
Z 0.0305 0.0755 0.4950 0.0195 0.7200 0.0725 0.0875
T 0.0275 0.0725 0.3325 0.0115 0.5350 0.0825 0.0750
x> 0.0335 0.1205 0.4715 0.0105 1.0000 0.0915 0.0960

are not genotyped and the causal SNPs are in high linkage disequilibrium (LD) with
some genotyped SNPs (Clayton et al 2004). Between the two combining methods, we
found that the Max (similar to minP) method consistently performed better than the
Sum method when combining multiple MLRTSs, whereas in situations without genetic
heterogeneity either combining method could be the winner (Pan 2009).

We note that the motivation behind our proposed tests is similar to that for ad-
mixture mapping in linkage analysis (Ott 1999). However, in spite of their appearing
similarities related to heterogeneous groups and mixture modeling, the issue here is
quite different from population stratification in association studies (e.g. Devlin and
Roeder 1999; Pritchard et al 2000; Satten et al 2001; Zhang et al 2002; Zhu et al 2002;
Chen et al 2003). The core problem in population stratification is the distributional
difference of genotype-varying subpopulations between the control and case groups,
whereas here we assume that the control group and case group are both from the same
general population with possible differences in only disease-associated genotypes. Of
course, our assumption might be incorrect, in which case, as usual, we need to correct
for population stratification before applying our proposed tests. For example, we can

apply the same idea of corrections by the principle components of some representative
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genome-wide marker genotypes (Price et al 2006): first, we can cluster the cases and
controls based on their principle components of the marker genotypes; second, within
each cluster, that is, conditional on similar marker genotypes (as manifested by their
principle components), we apply our MLRT to detect any distributional difference
of genotype scores between the case and control groups; third, we summarize our
MLRT statistics across multiple clusters, e.g. by a weighted sum of cluster-specific
test statistics with a weight proportional to cluster sample size; finally, as before, we
use permutations to obtain a p-value.

In theory, our mixture model can be extended to more than two binomial com-
ponents for the case group, or to the control group. Although the non-identifiability
perhaps is not an issue for a likelihood ratio test, there are other complicating is-
sues, such as data-dependent choice of the number of components (McLachlan 1988).
We tried this more general approach (and the ideal case with the true numbers of
components known), but did not find substantial power gains, and hence we have
skipped a detailed discussion. There are some potential limitations with our current
approach. The first is its use of the dosage coding for genotype scores, correspond-
ing to the additive mode of inheritance for rare diseases, though in general there
is no corresponding simple mode of inheritance (Appendix A.3). It is not clear
how to extend the proposed approach to other coding schemes or inheritance modes.
The second limitation is the dependence on the use of permutation to assess statis-
tical significance for multiple loci; it would be desirable to have an asymptotic or
other approximate distributional result to facilitate inference. Because of some non-
regularities associated with the likelihood for a mixture model (e.g. Hartigan 1985),
the standard asymptotic results do not apply even for a single locus (Chen et al 2004);
a theoretical development for multiple loci seems challenging, though useful.

R software and a tutorial on its use will be posted on http: //www.biostat.umn.edu/~weip,

and are available upon request.

27



A Appendix: Theory of Our Assumed Model

A.1 Identifiability

We claim that the two-component mixture model (1) is identifiable for any given 6,
if it is not degenerated (i.e., if @ # 6,, and w # 0 or 1).
Proof. Suppose that (1) is not identifiable; that is, there exists another

fl(X) = 71'137;77,(2, 91) + (1 — 7T1)Bin(2, 9;,),

which is the same as f(X) for the mixture model (1). It is easy to see that, if m; = 7,
then we must have 6; = 0. Hence, we have m; # w. Denote Am = 7w — 7w # 0.

By the equality of the means E(X) from the two distributions, we have
w0+ (1 — )0, = m6y + (1 — m1)0p,

and thus
w0 = w0, + Aty — Ay, (12)

On the other hand, by the equality of the second moments F(X?) from the two

distributions, we have
m0(1+0)+ (1 —m)0p(1 4 0,) = mb01(1 +61) + (1 — m1)0,(1 + 6,),
which, with the use of equation (12), yields

70% = 707 + Al — Anb;.

Hence,
s
A~ 02— 62
and by equation (12), we have
T 0 —0
Ar 06,

Thus, we must have 8 = 0, a contradiction to our assumption.
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A.2 Equivalent mixture models

We consider the following problems: given any non-degenerated mixture model
M1
mBin(2,01) + (1 — m)Bin(2,05),

is it possible to exist a non-degenerated mixture model M2
WQB?;TL(Q, 92) -+ (1 — 7T2)Bin(2, 652)

that is equivalent to M1 with 0y, # 6,17 If so, under what conditions? Otherwise,
what is 0y, closest to the specified 6,17 These issues are related to our proposed model:
although we assume a common background disease probability 6, for both the case
and control groups, it is possible for our model to allow differing background disease
probabilities for the two groups.

We assume throughout that the mixture models are non-degenerated, and without
loss of generality that 6,; < 6.

If X is a random variable with distribution M1, and equivalently with M2, by the
equality of the corresponding probabilities for X = 0, 1 and 2 from the two models,

we have

7T1¢91 -+ (1 — Wl)gbl = 7T2¢92 + (1 — 7T2)0b27 (13)

7T1¢9% + (1 — 71)0131 = 7T2‘9§ -+ (]. — 7T2)0132, (14)

by which we have
0+ (1= w8 — 6

— Oy + O,
mby + (1 —71)0p — O 2

and thus

m101(01 — Op2) + (1 — 71)0p1 (Op1 — Opa)

9 p—
? (01 — Op2) + (1 — 1) (61 — O2)
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If Oy < Op1 o1 Oy > 61, then O > 0. In this situation, since 0y, 6, < 1, from (15),

we have 0y < 1. Now suppose 0y < 0y < 01, in order for 65 > 0, we need either

(6 — Op2) > (1 —71)(Op2 — 1), (16)
m01(61 —Oe) > (1 —71)061(Or2 — On1), (17)
7T1(91 —9b2) < (1 —Wl)(ebz _9b1)> (18)
m01(01 — Op2) < (1 —m1)0p1 (02 — Op1). (19)

Notice that (16) implies (17) and (19) implies (18) since we assume 6y < ;. Under
condition (16), in order for 6, < 1, we still need numerator of (15) less than its
denominator:

m101(01 — Op2) + (1 — 71)0p1(Op1 — Op2) < m1(61 — Op2) + (1 — 1) (Op1 — On2)
’/T1(91 — 7r19f + (1 — 7T1)(9b1 — (1 — 7r1)0§1

Opo < 20
= b2 = 1—7T191—(1—7T1)951 ( )
Combine (16) and (20), we have:
. 7T1(91—7T1(9%+(1—7T1)9b1 —(1—7T1)9§1
O < 0 1—m)0
b < min <7T1 1A (L= m1)0, = = (1m0
7r191 — 7T19% + (1 — 7r1)9b1 — (1 — 7r1)9§1 (21)
]_—71'101—(]_—71'1)0(,1 ’
We can show
7T1¢91 — Wle% + (1 - 7T1)‘9b1 - (1 — 7T1)¢9§1
0 < 6. 22
o= ]_—71'101—(]_—71'1)0(,1 =71 ( )
Under condition (19), rewrite (15) as
(1 = 71)0p1 (02 — Op1) — m101(01 — Op) - (1 = 71)01(Oho — Op1) — m101(01 — O2) 0. <1
=0 <

(1 —=m)(Op2 — 1) —m1(01 —Op2)  — (1 —m1)(Op2 — 1) — m1 (61 — On2)
Therefore, condition (19) alone guarantees 0 < f, < 1. In fact, we can rewrite

condition (19) as

eb > 7r19f + (1 — Wl)egl
2

) 23
- 7T191+(1—7T1)9b1 ( )
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We can also show

mli+ (L =m)ly g (24)

0
h 7T101+(1—7T1)0b1 -

As a summary, we have 0 < 0y < 1 if one of the following two conditions is

satisfied:

. . 7'('191—7'('19%-1—(1—7(1)9(31—(1—7‘(‘1)921 .
Condition C1: 0y < 01—l 1)0n; ;

.. . 71'19%4’(1771’1)951
Condition C2: ebg Z m

Note that the above two conditions can never be satisfied at the same time because
one of the right hand sides is strictly larger than the other (unless M1 is degenerated
into a single component).

On the other hand, by (15) and (13), we have

(7T1(91 - 9b2) + (1 — 7r1)(9131 — 9b2))2
(01 — 02)? + (1 — 71) (O — Op2)?

T2

(25)

With some algebra, it can be shown that we always have 0 < m, < 1. In summary,
under either C1 or C2, we have an equivalent M2.
If an equivalent M2 does not exist, we must have

7T1¢91 — 7T1¢9% -+ (]. — 7T1)0b1 — (]_ — 71)951 < 6b2 < 7T10% + (1 — 7T1)«9§1

1—77'1‘91—(1—77'1)«9&,1 7T101+(1—7T1)0b1‘

(26)

The 6y, of M2 closest to the specified 6, would be either the lower or upper end
of (26). Thus,

7T1‘91+(1—7T1)‘9b1 1—71'101 _(1_7T1)‘9b1
’/Tl(l — 7r1)(91 — (91,1)2

- 2(71'101 + (1 — Wl)gbl)(l — 7T101 — (1 — 7T1)0b1) ' (27)

For example, if 6; = 0.4, 6, = 0.1, 1 = 0.3, G2 = 0.05, by (15) and (25), we

|02 — 6, < 1 (71'13% +(1- 7T1)‘9§1 0 — m07 + (1 — )0 — (1 — wl)ggl)
- 2

have 05 = 0.325 and 7 = 0.509. In this situation, 0y < 61, so a valid solution is
guaranteed. If we change 0y, = 0.2, then from (15) and (25), we have #y = —1.7 and
e = 0.00526. In this situation, the lower and upper bounds in (26) become 0.167

and 0.289 respectively, hence no valid solution since 6, falls within the two bounds.
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We did a grid search on (71, 6p,61) € (0,1) x (0,1/2) X (6p1,1/2). In any case,
the resulting 75 lies between 0 and 1, as proven above, and the range of 6, leading to
invalid solutions matches constraint (26). Furthermore, a summary of the distribution
for the values of the right hand side of (27) is the following: the maximum is 0.20,
and the 99th, 95th and 90th percentiles are 0.14, 0.089 and 0.064 respectively.

A.3 Relationship to logistic regression

We show how our assumed model is related to logistic regression. Suppose that Y
and X are disease indicator and genotype score (i.e. number of copies of an allele) in
one locus. Based on our model, we have X|Y =1 ~ aBin(2,0) + (1 — «)Bin(2,6,)
and X|Y =0 ~ Bin(2,6,). Denote P(Y = 1) = 7. Then by the Bayes theorem, it is
easy to write down Pr(Y|X), and thus

LogitP(Y = 1|1X =) =

atBin(2,0) 4+ (1 — a)TBin(2,6,)
° ( (1 —7)Bin(2,6,) )

_ (1—04)7'+ ar (O\"[(1-90 o
N 08 1—7 1—17 9b 1—91, ’

Hence, in general it can not be written as the form of logistic regression. However,

under the special case of either « is close to 1 (i.e. no genetic heterogeneity) or 7 is
close to 0 (i.e. rare disease), we could ignore the term (1 —«)7/(1—7), and thus have

a logistic regression model:

LogitP(Y = 1|X = x)) = log (104_77) + 2log (11__;;) + (10g (0%) — log (11__:&))) x.
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