3.5 Conditional distributions
Let’s first consider random pairs (X,Y).

Often with random pairs (X, Y), knowing something about Y tells us
something about X. We focus on the special case where we observe
Y = y. That is, we don’t just know “something” about Y, we know

everything about Y.

For example, if Y is age, we might observe Y = 63.7 years. We might
be interested in how X, the the quality of life of a person undergoing
chemotherapy on a 10-point scale, is distributed knowing Y = 63.7.

We might expect that the distribution of X|Y = y might change for
XY =20 versus X|Y =50 or X|Y = 70.




Knowing something about Y, say that Y is in the set B, might tell us
something about X. By definition,

P(X e ANnY € B)

P(X € AlY € B) = P(Y € B)

Now let (X,Y) be continuous with pdf f(z,y). We can let B be very
small, e.g. B = |y, y + dy) where dy is really, really tiny. This is
almost like seeing Y = y. Then

PIXeAny <Y <y+dy)
Ply <Y <y+dy)
Ja f (@, y)da] dy
Sy (y)dy

[\

P(X € Aly <Y <y+dy)




So given we know Y = v, J}E,x(j’f is what we integrate over the set A to

get P(X € AlY =y). We take the limit as dy — 0 to make this
precise.

def’n: We define the conditional pdf of X given that Y =y as

fX|Y(37\y) = ?f{ y))

This conditional pdf has a range that may depend on the value
Y =y we observe, Rx, = {z : f(z,y) > 0}.

Remember: we see Y = y. Y is no longer random, it’s a number,
like Y = 2.73 milligrams or Y = $80, 000.

def’n: We define the conditional pdf of Y given that X = x as

f(z,y)

Fole) Vit range Ryjp = {y - f(z,y) > 0},

fY|X(y|$) =




def’n: We define the conditional pdf of X given that ¥ = y as

(ol = L2 with range R, = (o s f(2.) > 0}

Problem 9, page 108.

The random pair (X, Y) has pdf f(z,y) = k on
Rxy={(z,y):—1<z<1, 0<y<1-—a?}.

We are asked to find the marginal pdf’s fx(z) and fy(y) and
conditional pdf’s fxy(z,y) and fy|x(y|z). By looking at the region
Rx y we can see Rx = (—1,1) and Ry = (0,1).

Let’s first find k.
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Figure 1: Possible outcomes of experiment (X,Y), namely Rx y, are

shaded.




[11 /01332 kd
k /_ 11 [[y]é_wQ

:1———(—1+1)] =

3 3

Setting this integral to one yields & = 0.75. So f(z,y) = 0.75 over
Rxy ={(z,y): —1<z<1, 0<y<1-—2z?}.




Let z € Rx. The marginal pdf fx(x) is

o

fx (x) flz,y)dy

— 0

2

l1—x
/ 0.75dy
0

0.75[y]5 "

0.75(1 — z2).

The conditional pdf fyx(y|z) is

f(x,y) 0.75 1

FrixWle) = 5 0y = 00 —a) ~ 1= 22

on Ry|x:{y:0<y<1—aj2}. That is, Y|X =2 ~ U(0,1 — 22).




Let y € Ry. The marginal pdf fy(y

Sy (y) / f(z,y)d

/ 0.75dx
—/I—y

0.75[x] V1Y

Vi-y

1.5y/1 — y.

The conditional pdf fx |y (x|y) is

flz,y)  0.75 0.5
fry)  15/1—y Vi-y’

on Ry, ={zr: —/1—-y <z <y1-y}. Thatis,
XY =y~U(=v1I-y,v1-y)

fX|Y(5’7|?J) —




So why are these useful?

Let’s say that we only care about Y. We know marginally Y has pdf
fy (y) = 1.5/1 — y over possible values Ry = (0,1). So, for example,

0.5
P(Y <0.5) = / 1.5v/1 — ydy ~ 0.647.
0

This is if we know nothing about X. However, what if we know
X = —0.77 Adding this bit of information now gives us the pdf

fyix(y] —0.7) = (1—(-0.7)%)"' =1/0.51 on
Ry|_0.7 = (0,1 —(=0.7)%) = (0,0.51). So

0.5
1
P(Y <051 X = —0.7) = / —dz ~ 0.980.
o 051

That is, knowing that X = —0.7 increases the probability that
Y < 0.5 dramatically.




In this example, are X and Y independent?

No they can’t be because the range of X|Y = y depends on y.

Similarly the range of Y| X = x depends on x.

Note that another way to check for independence is to check that

fx)y(zly) = fx(x) or fyx(ylr) = fy(y). That is, X and Y are
independent if knowing the value one one doesn’t affect the

distribution of the other. This in fact happens if
f(x,y) = [x(x)fy (y); or p(z,y) = px(x)py (y) for discrete pairs.
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Recap: conditional probabilities of the form P(X € A|Y = y) and
P(Y € y| X = x) are obtained from conditional pdf’s:

Conditional pmf’s for discrete (X, Y) are defined similarly:

P(X=znY =y)

pxiv(aly) = P(X =2l =y) = == g = =

PY=ynNnX=1z)
P(X = x) B

py|x(ylz) = P(Y =yl X =) =

In all cases, the range of possible values will depend on the value of

the variable being conditioned on.
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Example: Let X be the age in in months a child speaks his/her first
word and let Y be the Gesell adaptive score, a measure of a child’s
aptitude (observed later on). Are X and Y related? How does the
child’s aptitude change with how long it takes them to speak?

Assuming a particular model, the PDF for (X,Y) is estimated to be
f(z,y) = exp(—60.2241.30062—0.01342>4-0.9520y—0.00982y—0.0043y*)

based on data collected on 21 children in a UCLA study. We can
further find

fy (y) = exp(—3.557 — 0.00256(y — 93.67)?),

frix(ylz) = exp(—55.59 + 1.073z — 0.0055z~ +
0.9520y — 0.0098xy — 0.0043y7).
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Figure 2: Level curves (25%,50%,75%) of f(x,y) for (X,Y).
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Figure 3: 3D plot of f(x,y) for (X,Y).
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Figure 4: Solid is fy (y); left dashed is fy|x(y|25) the right dashed is
fyv1x(y]|10). As the age in months of first words X = x increases, the

distribution of Gesell Adaptive Scores Y decreases.
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Jointly defining (X,Y) through one marginal and one
conditional pdf

By definition,

fX|Y(37\y) = Gf{y?

Multiplying both sides by fy (y) gives us
f(,y) = fxy (@ly) fy (y) = frix(lz) fx (@)

This is the continuous random variable analogue of

P(ANB)=P(A|B)P(B)= P(B|A)P(A).
Similarly for discrete (X,Y),

p(z,y) = pxy (@|y)py (y) = py|x (Y|7)px (7).
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Example: say X is the amount of rain in inches an apple tree gets
over a summer. Assume X ~ exp(0.1). Conditional on X = z, the
yield of apples in pounds is Y| X = x ~ exp (%) Then the joint pdf
of (X,Y), (rain, apples), is

1 y

1 y
p— — — p 2z '1 —0.1x P —0.1z— 2x

on Rxy = (0,00) x (0,00).

This idea extends to a continuous X and a discrete Y| X = z as well,

a more advanced topic that we’ll skip.

Question: how would we obtain the marginal distribution of X, the

yield of apples in pounds? The joint density is averaged over rainfall:

fy(y) = / f(x,y)dxr = no closed form solution!

17



Random vectors

The random vector X and fixed vector x are often denoted

Ln

rather than X = (X1, Xs,...,X,) and x = (z1,z2,...,%y,). In the

former notation the vectors are column vectors, the latter notation

writes them as row vectors. More on this later.

Say that (X1,...,X,,) is continuous and therefore has a density

f(xy,...,x,) > 0 on R™. In vector notation we say X is continuous
with pdf f(x) > 0.
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There are several marginal and conditional distributions one can

obtain from f(x1,...,x,), For the random pair (X,Y) there were

only four: fx(x), fy(y), fX|Y(5U\y)> and fY|X(y|x)'

We list them all for n = 3, all obtained from the joint pdf
f(x1,z2,x3). Think of an outcome such as X = (X7, X2, X3) where
X is lifetime in years, X5 is average packs of cigarettes smoked per

week, and X3 is average weekly alcohol consumption in drinks/week.
It’s a good bet that the three variables will be related.

First the possible marginal distributions are obtained by averaging
over the variable(s) we are not interested in:
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O

le’X2(ZC1,$2) f xl,ZCQ,ZCg)dZCg
le,XP)(ZCl,I'g) f xlax27x3)dx2

fx, x5 (22, x3) f(x1, 22, x3)dx]

o

le (.”171) f $1,$2,$2)d372d563

fx,(x2) / / f(x1, e, x2)dr1das

fxs(x3) / / f(z1, 22, 20)dx1dxs

There are many possible conditional distributions we can consider:
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Recall that (X1, X3, X3) are independent iff

flx1,22,23) = fx,(x1) fx,(x2) fx,(x3). When this is true, the
marginal and conditional distributions simplify markedly (this holds

for continuous and discrete random vectors, just replace pdf’s by

pmf’s):
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Note that for independent random variables, the conditional pdf’s
are simply the marginal pdf’s. This implies, for example, that
P(X; € A|X; =2x1) = P(X2 € A), that X, only cares about its
marginal distribution; information on X; does not change

probabilities concerning Xo.

In other words, if X; is independent of X5, once we know fx, (x3),

X9 tells us nothing about X;.

However, say X; and X, are independent and both distributed
Bern(p) but we do not know p. Then X; and X5 cannot be
independent.

This ties into Bayesian statistics, sufficiency, and other ideas we’ll
explore later on.
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We are often given a random sample — a collection of (X1,..., X,,)
that all have the same marginal distribution fx(x) and are
independent. Finding joint, conditional, and marginal distributions is
easy for a random sample. For example let X7, X5, X3 be a random
sample from fx(z) = A\e™*® on x > 0. Then

f(x17x27-773> — fx($1)fx(a}2)fx(gj3) = )\36_>\(9@1+fb‘2—|—9€3)

for x1 > 0, x9 > 0, 3 > 0. This property, that the joint distribution
of a random sample is the product of the marginal distributions, will
come in handy later on when we compute the likelihood function
L(A) given the values (z1, 3, x3) of a random sample.

Independence among X7, X5, and X3 tells us

Fxi 10,5 (@1 |22, w3) = fx(w1) = Ae™ M1,

for 1 > 0. X7 doesn’t care about X5 and X3!
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3.6 Functions of jointly distributed random variables

Let (X,Y) be jointly defined. We may be interested in functions such
as X/Y, X +Y, XY, or X¥. For discrete (X,Y) obtaining the

distribution of such functions can be straightforward. For (X,Y")

continuous this is typically not the case unless we make more
stringent assumptions, for example that X and Y are independent

and have the same marginal distribution.

On pp. 101-103 there is a general method for continuous random
vectors, sometimes termed the “Jacobian method” or
“transformation of variables” in calculus, that is a generalization of
the the method we derived for simple functions Y = g(X) considered
in the last chapter. We’ll look through this in class.

For our purposes, we’ll go over a few important results.
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Result: Let X and Y be independent. Let g(z) and h(y) be any
functions. Then ¢g(X) is independent of h(Y").

Example: Let (X,Y) be the height X in inches of a randomly
selected female from the U. of M. graduate program, and let Y be
the mileage on the car she drives. Assume X is independent of Y
Then X /12, how tall she is in feet, is independent of 5280Y", the

number of feet her car has been driven.

Example: Let X ~ N(10,2) independent of Y ~ N(—5,8). Then
X — 10 ~ N(0,2) is independent of Y/5 ~ N(—1,8/25).
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Moment generating functions are useful tools for finding the
distribution of sums of independent random variables, and other
functions (Properties C and D, pp. 158-159).

Result: Let Xq,...,X,, be independent. Furthermore, let
X~ N(,uj,a?) for j =1,...,n. Then

X1_|_X2_|_..._|_XnNN(/“_|_,u2_|_..._|_luma%_|_a§_|_..._|_g

Example: Let X ~ N(10,2) independent of Y ~ N(—5,8). Then
X +Y ~ N(10 — 5,2 + 8) = N (5, 10).

Also: X —104+Y/5~ N(0O—1,2+8/25) = N(—1,58/25) from the
previous slide and the fact that X — 10 is independent of Y/5.
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Example: Say X ~ N(0,1). What is the distribution of 10X? How
about X + 37 How about 10X + 37 How about 10(X + 3)?
Example: Say X ~ N(70.8,6.5). What is the distribution of

X—70.89
V6.5

Example: Say X; ~ N(u1,0?/n1) independent of
Xy ~ N(pz2,0°/ny). What is the distribution of X; — X7

Example: Y; ~ N(8y + S1x;,0?) independently, for i = 1,...,n.
What is the density of Y = (Y7,...,Y,,)?

ePothiz;
1+4+ePothB1z;

What is the pmf of Y = (Y7,...,Y},)?

) independently, for . =1,...,n.

Example: Y, ~ Bern (

Example: Say Y7,Y5,...,Y,, are independent and all distributed
N(u,0?). What is the distribution of

Yi+Yo+---+
n

Y = =7
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Example: Let (X,Y) be jointly distributed with pdf

e

0<zx<I1
122%y%  for
flz,y) = 0<y<1

0 otherwise

\

. Does the joint pdf factor into f(z,y) = g(x)h(y)? If so, what are

these functions?

. Are X and Y independent? Why or why not? What are the

marginal densities of X and Y7

. Find the conditional pdf’s fx|y(z|y) and fy|x(y|z). HINT: If X

and Y are independent, this is easy...
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Example:

Let W ~ N(10,2) be the time in minutes spent waiting for the bus to
come, R ~ N(20,4) be the time spent riding on the bus, and
S ~ N(5,1) be the time spent strolling to my office after riding the

. What is the distribution of 7', the total time it takes to get to

work?

. It’s 8am and I've stupidly scheduled a meeting at 8:30am. What
is the probability that I will be on time for the meeting?
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Example: Let D = 0,1 denote whether or not a randomly selected
pig truly has toxoplasmosis (no, yes). Let T'= 0, 1 indicate that the

pig tests negative or positive for toxoplasmosis. Say (D,T) are
jointly distributed with pmft

p(d,t)
0.5980
0.0520
0.0945
0.2555

. What is the prevalence of toxoplasmosis P(D = 1)7

. What is the sensitivity of the test P(T = 1|D = 1)? What is the specificity
P(T = 0|D = 0)?

. If a pig tests positive, what is the probability the pig has the disease
P(D =1|T =1)7

. Are D and T independent? Why or why not?
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