
Fundamentals of Measurement
Consider measurement within a conceptual framework ratherthan from ongoing
practice because it may limit perspective. Step back and rethink the problem
from a conceptual point of view.

Theoretical de�nition (description of the construct) to

Operational de�nition (how it will be measured)

In general the more complex the concept the more di�cult it is t o specify its
meaning, the less likely it is to be de�ned identically by everyone using it, and
the more complex its operationalization (In Nursing Measurementsee Table 2.2
for examples)

The goal of all measurement is to achieve accurate results. But this is not
completely possible because measurement error, to some extent, is introduced
into all measurement procedures. There are two basic types of error that make
up measurement error in indicators: random error (e�ecting reliability) and
sytematic error (e�ecting validity).
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Evaluation theoretical and operational de�nitions
These criteria are adapted from Waltz, Strickland, Lenz (2005)

1. Clarity: The definition, indicators, and operations for the concept are presented in a way that can be easily
understood.

2. Precision: The observations and operations are explicit and specific.

3. Reliability: Observation and operations are repeatable or reproducible

4. Consistency: Terms are used in a consistent manner, and lo gical reasoning has been used to guide selection
of indicators.

5. Meaning adequacy: The meaning designated by a concept and the indicators selected to represent it are
congruent and indicators (as fully as possible) account for the various dimensions of meaning.

6. Feasibility: Indicators and operations are capable of be ing executed. Practical considerations, such as the
age, language, culture, cognitive status, and stamina of su bjects or patients are important.

7. Utility: The operationalization is useful within the con text of the specific investigation.

8. Validity: The observations selected to represent or indi cate a concept in fact do so. Assessment of the validity
of an operationalization is an ongoing process that require s empirical investigation.

9. Consensus: The ultimate test of an operationalization is that it is accepted consensually by the scientific
community because of clear and accrued empirical evidence.
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Conceptualizing the relationship between observed and
latent variables

Goal is to �nd a set of indicators (i.e. observable measurements such as re-
sponses to survey questionnaire items) that allow accurate(unbiased) and e�-
cient (reliable) representations of the latent variable construct.
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Indexes versus Scales - Formative versus Re
ective
A Scale is formed from a set of items assumed to be re
ective measures of the
latent variable.

An Index is formed from a set of items assumed to be formative ofthe latent
variable.

In scaling, scores on items in the scale are theoreticlaly driven by the latent
construct; that is, they are \re
ected" by the latent constr uct. With an index,
scores on items (indicators) drive the total score of the index; that is, the
items/indicators \form" the constructed index score.

Not always clear cut whether a set of items are formative or re
ective.
(QOL example from Fayers and Hand (1997))
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Examples - Scales
Constructs such as personality, feelings, attitude, or knowledge are typically
viewed as underlying factors that give rise to something that is observed. (items
are re
ective)

� Anxiety about results - From genetic testing questionnaire
Is this a concern for you? Likert response 1 (Not at all) to 5 (E xtremely)

1. I worry about being faced with an uncertain diagnosis

2. I worry about being faced with a diagnosis I don't know what to do about

3. I fear being faced with ambiguity of results

4. I worry about my future life

� Rosenbergs self esteem scale - 10 items with Likert response

1. On the whole, I am satis�ed with myself

2. I feel that I have a number of good qualities

3. At times I think I am no good at all

etc.
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Examples - Indexes
Constructs that combine observed behaviors or combine perhaps disjoint ob-
served risk or protective factors are typically viewed as being de�ned by the
observed variables going into it. (items are formative)

� Socio-economic status is typically conceived as combinations of eduction,
income and occupation and, thus, their indicators should beformative;
after all \people have high socio-economic status because they are wealthy
and/or educated; they do not become wealthy or educated because they are
of high socio-economic status" (Nunally and Bernstein, 1994, p449).

� compliance with dust control
items measured as percent of time during the day
1. Wears face mask when performing task

2. Uses personal ventilation device properly when performing task

3. Uses protective screen on tool properly
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Scales versus Indexes - Re
ective versus FormativeFrom:

Jarvis, C. B., Mackenzie, S. B., Podsako�, P. M. (2003). A Cri tical Review of Con-

struct Indicators and Measurement Model Misspeci�cation i n Marketing and Con-

sumer Research,Journal of Consumer Research, 30, 199-218
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Some Quotes
From Jarvis, Mackenzie, and Podsakoff (2003) \Bollen and Lenn ox (1991) called attention to the fact that the tra-
ditionally used methods for assessing construct reliabili ty and validity are not appropriate for constructs where the
direction of causality is posited to flow from the measures t o the constructs. This point has been echoed by Diaman-
topoulos and Winklhofer (2001), who suggested improved pro cedures for developing measures and evaluating these
types of constructs, and by Law and Wong (1999), who provided an empirical example showing that the misspecifi-
cation of the direction of causality between a construct and its measures can lead to inaccurate conclusions about
the structural relationships between constructs. Taken to gether, these studies demonstrate that some potentially
serious consequences of measurement model misspecificati on exist, and researchers need to think carefully about
the direction of causality between constructs and their mea sures. "

From Fayers and Hand (1997) \Although causal indicator mode ls have been recognized for many years, they have
received surprisingly little recognition in general, poss ibly because many psychometric or sociological scales are
principally assessing constructs which fortuitously do no t involve causative variables....However, the early and
important paper by Bollen emphasized that factor analysis ma y make `little sense if some of the indicators are
cause-indicators'...Despite this, the potential impact o f causal indicators upon factor models in QOL appears to
have been largely disregarded. This is perhaps not surprisi ng, given the extent to which these issues have been ig-
nored. A major standard reference book, Nunnally and Bernste in, allots less than two pages to this important topic"

From Bollen and Tang (2000) \Several researchers have noted t hat some observed variables are more appropriately
treated as determinants rather than effects of the latent va riable. Blalock (1964) called these causal indicators ."

From the very beginning of the text called Scaling Procedures by Netemeyer, Bearden and Sharma \Scaling, and not
indexing, is our focus. In scaling, scores on items in the sca le are theoreticlaly driven by the latent construct; that
is, they are \reflected" by the latent construct. With an ind ex, scores on items (indicators) drive the total score of
the index; that is, the items/indicators \form" the constru cted index score. Although still latent in many respects,
formative items/indicators are not considered scales beca use their scores are not necessarily reflected by the latent
construct."

.
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Choosing indicators
Formative vs re
ective indicators in measure development: does the choice of
indicators matter? by Diamantopoulos and Siguaw.

Consider a scenario where a researcher wishes to develop a measure for a partic-
ular construct, � , for subsequent use in empirical research. Based on a thorough
literature review as well as exploratory interviews with experts and/or potential
respondents, the researcher generates an initial pool of items, A = [x1,x2,...xp].
The task now facing the researcher involves selecting a subset of items B (B in
A), to use as indicators of � , so that a valid and reliable measure of the focal
construct can be developed. In tackling this task, the researcher has two choices:
(s)he can either treat x1, x2,...xp as re
ective indicators of � and subsequently
follow conventional scale development guidelines (e.g. Churchill 1979, Spector
1992) to derive B from A, or consider the items to be formativeindicators of
� and, thus opt for index construction following the procedures outlined by
Diamantopoulos and Winklhofer (2001).

Warning: the methodological development for empirically choosing formative
indicators is still in its infancy
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Focus on Scales - Re
ective indicators
Because each re
ective indicators can be thought of as a function of the la-
tent variable (i.e. as a result of the latent variable), we expect the re
ective
indicators to be correlated with one another (since they share a cause). It is
this correlation structure which is exploited in tradition al empirical (statistical)
methods in order to identify the latent variables.

Methods for modeling and examining Scales are: Cronbach's alpha, exploratory
and con�rmatory factor analysis

These methods are NOT appropriate for creating or examiningIndexes because
these methods are based on correlations between the indicators. A perfectly
�ne index could be created from indicators that are not correlated at all.

We will focus on Scales and thus Re
ective indicators
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Important concepts
� Scale Dimensionality - How many latent variables are being measured by

the items.

� Scale Reliability - How much variability is there in the random measurement
error? Or how reproducible is the scale?

� Scale Validity - Is the scale really measuring what it is intending to measure?
Or how much bias is there in the scale?

The achievement of standards of validity and reliability requires time and e�ort.
It is a powerful reason for using existing scales.
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Steps in creating a scale
These steps are adapted from Netemeyer, Bearden, Sharma (2003)

1. Construct (latent variable) de�nition and Content Domain
based on theory, literature review, consider dimensionali ty, generic vs. speci�c

2. Generating and judging measurement items
domain sampling (i.e. choosing items that tap di�erent aspe cts of the construct),
determining the response format (i.e. Likert, adjectival, number of response cat-
egories, focus on content and face validity

3. Designing and conducting studies to develop and re�ne the sc ale
pilot testing as an item trimming procedure, initial item an alysis via exploratory
factor analysis, initial assessment of reliability, initi al assessment of validity

4. Finalizing the scale
take samples from relevant populations, design studies to test various types of
validity, item analysis via EFA with a focus on consistency a cross samples, con�r-
matory factor analysis, additional assessment of reliabil ity, additional assessment
of validity
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Dimensionality
How many latent variables are the observed variables in the scale measuring?

When observed variables are measuring the same thing(s) we can expect them
to be correlated. The dimensionality question is addressedby examining how
many latent variables (or dimensions) are needed to explainthe correlations
among the variables.

If the dimensionality is 1 then we can go on to develop a scale score.

If the dimensionality is > 1 then we need additional steps to determine which
observed variables measure which latent variables (EFA) - More on this later.
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Dimensionality
Understanding dimensionality including a mathematical, geographic interpre-
tation of eigenvalue/ eigenvector decomposition - See dimensionality.pdf notes
on the class website.

Also read Chapter 5 \Principle components" in BSMG
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Dimensionality - Examining Eigenvalues
Common rules of thumb

� Take the number of factors to be the number of components k necessary to
explain a \large" proportion of the total variation, say 70- 80%

� Take the number of factors to be the number of components witheigenvalue
greater than 1

� Examine the scree plot. Look for the \elbow" which is the point after which
the eignevalues decrease more slowly. In many instances, it is not easy to
identify the \elbow". Horn (1965) developed the parallel plot procedure
which represents the average scree plot that would result ifthere were no
shared underlying factors. Allen and Hubbard (1986) developed this fur-
ther. Not available in software but may be something worth developing.

Any of the above empirical rules of thumb needs to be used in co ncert
with subject matter knowledge to make decision based on whet her
number of factors and factors themselves have sensible inte rpretation.

Question: What would the eigenvalues be if there were 5 standardized variables
all of which had correlation zero with one another?
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Dimensions within dimension - Second order factors
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SAS PROC FACTOR for examining eigenvalues
In the program editor...

PROC IMPORT OUT= WORK.A DATAFILE=
"C:\Documents and Settings\melanie\Desktop\genetictes tingrawdata.xls"
DBMS=EXCEL2000 REPLACE;
GETNAMES=YES; RUN;

options pagesize = 60 linesize=84;

proc factor data = a scree rotate = promax;
var c1-c20;
run;

The default method of analysis in SAS PROC FACTOR is principal component
analysis (PCA) when no \method=" statement is added. The \sc ree" option
tells SAS to draw a scree plot in the output. The \rotate = prom ax" option
produces a lot of additional output related to rotating the f actor loadings to
\simple structure" (We'll see more about that later when we study EFA).
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In the Log Window...

8 proc factor data = a scree rotate = promax;
9 var c1-c20;
10 run;

WARNING: 18 of 223 observations in data set WORK.A
omitted due to missing values.

NOTE: 5 factors will be retained by the MINEIGEN criterion.
NOTE: PROCEDURE FACTOR used:

real time 1.07 seconds
cpu time 0.24 seconds

First we see that 18 of the 223 individuals are thrown out of this analysis. Proc
Factor uses \listwise" deletion, which means that if an individual is missing
ANY of the observed variables they are deleted. This is the most commonly
done method, we will talk about missing data in more detail later.

Then, we see that Proc Factor says that 5 factors will be retained using the
Mineigen criterion which keeps factors with eigenvalues> 1. This options can
be changed in the proc factor statement.
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The FACTOR Procedure
Initial Factor Method: Principal Components

Prior Communality Estimates: ONE

Eigenvalues of the Correlation Matrix: Total = 20 Average = 1

Eigenvalue Difference Proportion Cumulative

1 6.69800124 4.40423710 0.3349 0.3349
2 2.29376414 0.52992435 0.1147 0.4496
3 1.76383979 0.10898995 0.0882 0.5378
4 1.65484984 0.60012185 0.0827 0.6205
5 1.05472799 0.17438957 0.0527 0.6733
6 0.88033842 0.13644741 0.0440 0.7173
7 0.74389101 0.03931585 0.0372 0.7545
8 0.70457516 0.09006776 0.0352 0.7897
9 0.61450740 0.07538663 0.0307 0.8204

10 0.53912076 0.05282216 0.0270 0.8474
11 0.48629860 0.03586860 0.0243 0.8717
12 0.45042999 0.04052712 0.0225 0.8942
13 0.40990287 0.03489451 0.0205 0.9147
14 0.37500837 0.03418936 0.0188 0.9335
15 0.34081901 0.07320786 0.0170 0.9505
16 0.26761115 0.02720235 0.0134 0.9639
17 0.24040881 0.03739987 0.0120 0.9759
18 0.20300894 0.03141898 0.0102 0.9861
19 0.17158996 0.06428342 0.0086 0.9946
20 0.10730653 0.0054 1.0000

5 factors will be retained by the MINEIGEN criterion.
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The FACTOR Procedure 
                    Initial Factor Method: Principa l Components 

Scree Plot of Eigenvalues 
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Using EFA methods including rotation, it was determined that the 5 observed
variables below were related to one of the underlying latentvariables. (NOTE:
we will see how this decision was made later when we look at EFA). For now
let's just consider the following 5 questions from the genetic testing concerns
questionnaire as if they were given to us to make a scale:

Q2. I worry about being faced with an uncertain diagnosis

Q4. I hope that knowing the results will help reduce my uncert ainty about he future

Q5. I fear being faced with ambiguity of the results

Q6. I worry about being faced with a diagnosis I don't know wha t to do about

Q15. I am worried about my future life

We run Proc Factor again to examine the eigenvalues of these 5variables...

proc factor data = a scree;
var c2 c4 c5 c6 c15;
run;
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Eigenvalues of the 5 variables measuring uncertainty con-
cerns

The FACTOR Procedure
Initial Factor Method: Principal Components

Prior Communality Estimates: ONE

Eigenvalues of the Correlation Matrix: Total = 5 Average = 1

Eigenvalue Difference Proportion Cumulative

1 2.92458085 2.22251104 0.5849 0.5849
2 0.70206981 0.15579461 0.1404 0.7253
3 0.54627520 0.07531358 0.1093 0.8346
4 0.47096162 0.11484910 0.0942 0.9288
5 0.35611252 0.0712 1.0000

1 factor will be retained by the MINEIGEN criterion.

Now we see that there is 1 dominant eigenvalue hence one dominant dimension
underlying these 5 variables.

Deciding that a set of variables are measures of the sameone dimension we
then can move on to creating a scale score and determining whether the scale
is reliable and valid .
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Notes from Kline's book webpage

Electronic overheads for: Kline, R. B. (2004).Principles and Practice of Structural EquationModeling (2nd ed.). New York: Guilford Publications. 25

Score reliability and validity

• Score reliability:

1. Reliability concerns the degree to which the scores are fr ee from
random measurement error

2. A reliability coefficient rXX estimates the proportion of total variance
not due to random error

3. Cronbach’s coefficient alpha ( � ) is the most commonly reported
estimate of reliability

4. It measures internal consistency reliability , the degree to which
responses are consistent across the items within a single me asure
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Electronic overheads for: Kline, R. B. (2004).Principles and Practice of Structural EquationModeling (2nd ed.). New York: Guilford Publications. 26

Score reliability and validity

• Score reliability:

5. Other types of reliability coefficients:

a. Test-retest: degree to which scores are stable over time

b. Alternate-forms: degree to which scores are stable across
different versions of the same test

c. Interrater: degree to which to scores are subject to examiner-
specific factors

6. In general, reliability coefficients about .90 are “exce llent,” about .80
are “very good,” and about .70 are “adequate” for research pu rposes
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Electronic overheads for: Kline, R. B. (2004).Principles and Practice of Structural EquationModeling (2nd ed.). New York: Guilford Publications. 27

Score reliability and validity

• Score validity:

1. Concerns whether the scores measure what are they suppose d to
measure, but also not measure what they are not supposed to me asure
(B. Thompson, 2003)

2. Reliability is a requirement for validity (i.e., a necess ary condition)

3. Most general form is construct validity , which concerns whether the
scores measure a particular hypothetical construct

4. Construct validity is not established in a single study

5. Usually requires the application of a set of different res earch methods
such as both true experiments and nonexperimental studies

6. There are also standards for establishing construct vali dity (e.g.,
American Psychological Association, 1999)
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Electronic overheads for: Kline, R. B. (2004).Principles and Practice of Structural EquationModeling (2nd ed.). New York: Guilford Publications. 28

Score reliability and validity

• Score validity:

7. Some facets of construct validity:

a. Content validity: whether test items are representative of the
domain it is supposed to measure

b. Criterion-related validity: whether a measure X relates to an
external standard (criterion) Y against which the measure can be
evaluated

c. Convergent validity: whether correlations among variables
believed to measure the same construct are at least moderate in
magnitude

d. Discriminant validity: whether correlations among variables
believed to measure different constructs are sufficiently low

8. The technique of confirmatory factor analysis (CFA) is of ten used to
evaluate convergent and discriminant validity
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Nice example of discriminant and convergent validity in the Measurment com-
parisons of the medical outcomes study and veterans sf-36 health survey. I have
the hard copy
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Reliability
Understanding measurement error in everyday life
bathroom scale: +- 2 lb or 1 kg
time on analog clock: +- 5 minutes
odometer on car: +- 3 mph

\Our usual tolerance of measurement error resides in the knowledge that the error of
measurement is a relatively small fraction of the range in th e observations. Further,
the reason that the measurement error alone provides useful information in the ev-
eryday world is that we share a common perception of the expected di�erences we
will encounter. However, such everyday information is conspicuously absent for many
measurement scales. To report that the error of measurement on a new depression
scale is +- 3 is of little value since we do not know the degree of di�erence among
patients, or between patients and non-patients. In order to provide useful information
about measurement error, it must be contrasted with the expe cted variation amongst
the individuals we may be assessing."

Streiner and Norman (2003) p. 127
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Classical Measurement model(or Classical test theory, e.g. Lord
and Novick (1968), Chapter 3)

x ij = f i + � ij

f i is the true score or latent variable we are trying to measure for individual or
unit i (i = 1 : : : n).

x ij is the j th measurement (j = 1 : : : p) of f i that we have for individual i .

� ij is the di�erence (or measurement error) between thej th measurement we
have for individual i and individual i 's actual true score.

It is assumed that E(� ij ) = 0 and that the errors are uncorrelated acrossj , i.e.
Corr (� ij ; � ij 0) = 0 for j 6= j 0, and that the errors are uncorrelated with f i , i.e.
Corr (f i ; � ij ) = 0 for all i and j .

Furthermore it should be noted that implicit in the form x = f + � is that the
relationship betweenx and f is linear.
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Classical Measurement Model

x ij = f i + � ij

The j = 1 : : : p measurements for each individuali = 1 : : : n could be

� p repeated measures of the same test/score/questionnaire over time
e.g. food frequency questionnaire, physical activity form

� p di�erent raters scores
e.g. 5 radiology experts assessing the stage (1-4) of tumors

� p di�erent questionnaire items
e.g. Rosenbergs self-esteem, polity questions, quality of life (SF-36), body
satisfaction, or p = 5 questions related to uncertainty concerns in genetic
testing example

� p di�erent groups of items (parcels, split halves)

Multiple measurements of the same true score (latent variable) for each individ-
ual are needed in order to estimate the measurement error of the instrument.
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Quantifying measurement error - Reliability
As mentioned earlier, it might not be useful to know the measurement error
in a depression scale is +- 3 units because you may have no ideahow variable
depression scores are in the �rst place. Instead, a ratio relating the measurement
error to the total variability would be more informative.

Reliability =
Subject Variability in true scores

Subject Variability in true scores + Variability in measure ment error

=
V ar(f i )

V ar(f i ) + V ar(� ij )

=
V ar(f i )
V ar(x ij )

1 � Reliability =
V ar(� ij )
V ar(x ij )

0 � Reliability � 1

If the Reliability = 1 then there is no measurement error when usingx ij to
measuref i
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Examining the details - Reliability
x ij = f i + � ij

if V ar(� ij ) = V ar(� ij 0) = � � when j 6= j 0, then the p observed variablesx ij are
said to be \parallel measures". That is, the measurement error variability is
the same across thej di�erent measures and they are measuringf i in the same
way. In this case we can estimate the reliability as

Corr ( x ij ; x ij 0) =
Cov ( x ij ; x ij 0)

q
V ar ( x ij )

q
V ar ( x ij 0)

=
Cov ( f i + � ij ; f i + � ij 0)

q
V ar ( f i + � ij )

q
V ar ( f i + � ij 0)

=
Cov ( f i ; f i ) + Cov ( f i ; � ij ) + Cov ( f i ; � ij 0) + Cov ( � ij ; � ij 0)

q
V ar ( f i ) + V ar ( � ij ) + 2 Cov ( f i ; � ij )

q
V ar ( f i ) + V ar ( � ij 0) + 2 Cov ( f i ; � ij 0)

=
V ar ( f i )

V ar ( f i ) + � �

= Definition of reliability for x ij

If the observed variables x ij are parallel this implies that each one has the same

reliability. The reliability of any one of them can be estima ted by calculating the

correlation between any two.
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Examining the details - Reliability
x ij = f i + � ij

Given that this model is correct, it makes sense to consider using some combination
of the x ij as a measure forf i . The combination should have higher reliability than
any one of the items.

An equally weighted sum across the p measures is the most common way to combine.
That is,

X sum
i =

pX

j =1

x ij or �X i =
1
p

pX

j =1

x ij

Note that in general an equally waited sum is not the \optimal " way to combine (we
will discuss this point later when describing factor score estimation).

The reliability of an equally weighted sum of items measurin g the same latent variable
is referred to as \internal consistency" reliability and can be estimated using the
ubiquitous Cronbach's alpha .

The following two slides are taken from Lord and Novick (1968 ) and show the reliability

of a sum score as a function of the number of itemsp. (The results are assuming the

items are parallel measures).
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Deriving the Cronbach's alpha formula
x ij = f i + � ij

Consider a set of item whereV ar(� ij ) is not necessarily equal to V ar(� ij 0) when j 6= j 0,

ReliabilityofX sum
i =

V ar(pf i )
V ar(X sum

i )

To estimate this we can plug in the sample variance of the X sum
i for the denomina-

tor (call it dV ar(X sum
i )), but we need to do a little work to have an estimator of the

numerator, since f i is not observed. Note that Cov(x ij ; x ij 0) = V ar(f i ), thus each
inter-item covariance is an approximation for V ar(f i ). In general for p di�erent mea-
sures there would be p � (p � 1)=2 unique covariances. So a reasonable estimator for
V ar(f i ) would be:

\V ar(f i ) = 1
p ( p � 1)

2

P
j<j 0

dCov(x ij ; x ij 0)
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Deriving the Cronbach's alpha formula
Hence an estimator of the reliability of an equal weighted co mbination of the items is

ReliabilityofX sum
i =

p2 1
p ( p � 1)

2

P
j<j 0

dCov(x ij ; x ij 0)

dV ar(X sum
i )

=

2p
p� 1

1
2

�
dV ar(X sum

i ) �
P p

j =1
dV ar(X ij )

�

dV ar(X sum
i )

=
p

p � 1

 

1 �

P p
j =1

dV ar(X ij )

dV ar(X sum
i )

!

The last formula is exactly the formula used for Cronbach's � .
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Genetic testing example
Recall that earlier we determined that 5 of the concern questionnaire items
were measuringone latent variable. We are now interested in estimating the
reliability of the scale.

Sas program editor...

proc corr data = a alpha nomiss;
var c2 c4 c5 c6 c15;
run;

The alpha option needs to be turned on to produce Cronbach's alpha output.
The nomiss option tells SAS to give summary statistics only for those observa-
tions with data on all 5 variables.
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Genetic testing exampleSas output...
The CORR Procedure

5 Variables: C2 C4 C5 C6 C15

Simple Statistics

Variable N Mean Std Dev Sum Minimum Maximum

C2 207 3.63768 1.08347 753.00000 1.00000 5.00000
C4 207 3.47826 1.01840 720.00000 1.00000 5.00000
C5 207 3.21256 1.04892 665.00000 1.00000 5.00000
C6 207 3.17874 1.18728 658.00000 1.00000 5.00000
C15 207 3.45411 1.09126 715.00000 1.00000 5.00000

Cronbach Coefficient Alpha

Variables Alpha
----------------------------
Raw 0.820667
Standardized 0.821266

Cronbach Coefficient Alpha with Deleted Variable

Raw Variables Standardized Variables
Deleted Correlation Correlation
Variable with Total Alpha with Total Alpha Label

--------------------------------------------------- -----------------------------------
C2 0.673583 0.767367 0.673845 0.768219 C2
C4 0.582293 0.794257 0.583726 0.794820 C4
C5 0.543317 0.804903 0.540641 0.807126 C5
C6 0.589486 0.794097 0.588751 0.793368 C6
C15 0.684035 0.764048 0.685432 0.764713 C15
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Genetic testing example
The Cronbach's alpha for a scale created from the 5 variables either by simply adding
them or averaging them is 0:820667. Note the Cronbach's alpha is the same for (any
equally weigted sum and an average is an equally weighted sum).

We see that for each of the �ve variables, if one was dropped from the scale, the Alpha
would be lower. For example if C2 was dropped from the scale and the scale was only
made using C4, C5, C6 and C15, then the Cronbach's alpha would be 0.76737.

Sometime there can be items that when dropped make the alpha higher. If the relia-
bility changes substantially, dropping the item should be c onsidered.

The results for the \Standardized" Variables are based on cr eating a scale not as a

simple sum of the original variables, but instead, as a simple sum of the z-scores of

the original variables. That is, each variable is �rst stand ardized by subtracting its

own mean and dividing by its own standard deviation. This tec hnique is usually not

used when all the variables are on the same scale.
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Cronbach's alpha is the same as intraclass correlation
Bravo, G. and Potvin, L. (1991) \Estimating the reliability o f continuous measures with Cronbach's alpha or the
intraclass correlation coefficient: Toward the integrati on of two traditions" Journal of Clinical Epidemiology , 44, 381-
390.

If we consider individuals to be the clusters (random effect ) and the different questionnaire items to be the repeated
measures within clusters, then the intraclass correlation tells us how much variability is explained by the clusters,
in other words how much of the total variability in the measur es is explained by variability across the subjects
which is the definition of reliability.

GENETIC TESTING EXAMPLE

The GLM Procedure
Dependent Variable: measure

Sum of
Source DF Squares Mean Square F Value Pr > F

Model 210 740.050242 3.524049 5.71 <.0001
question 4 30.9120773 7.7280193 12.52 <.0001
person 206 709.1381643 3.4424183 5.58 <.0001

Error 824 508.687923 0.617340

Corrected Total 1034 1248.738164

ICC for group mean =
Between Mean Square Variance - Error Variance

Between Mean Square Variance

=
3: 4424183 � 0 : 617340

3: 4424183

= 0 : 820667

This is the same as the Cronbach's alpha before.
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Cronbach's alpha - Issues to consider
� Is � the same whether you are creating a scale score by summing or by averaging?

YES

� How many categories should each item have that makes up the scale?

{ Conventionally, people act like it doesn't matter (statist ical properties should
probably be examined more closely)

{ There is a formula for calculating reliability for dichotom ous items called the
Kuder-Richardson Formula 20. Gives same result as Cronbach �

� Redundancy

� How big is big enough? See the Meta Analysis of Cronbach's Coe�cient Alpha
from Peterson (1994) Journal of Consumer Research, 21, 381-391.
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from Peterson (1994) Meta Analysis
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from Peterson (1994) Meta Analysis
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Cronbach's alpha - Issues to consider
� Internal consistency is not the same thing as dimensionalit y. Cronbach's alpha is

not a test or measure of dimensionality.

� Cronbach � is only a measure of reliability when each item is actually me asuring
the same one latent variable, i.e. unidimensionality.

� Example where Cronbach � is not a measure of reliability:

{ Measuring total calcium intake, e.g. How often did you drink milk, How often
did you eat yogurt, etc. Appropriately summing the answers t o these questions
can give an estimate of total calcium intake

{ Cronbach � for this set of items means nothing

{ To measure reliability you would have to do a test-retest or m easure Total
Calcium intake in some other ways (e.g. meal recall lists) and compare.

� Care is needed when summing or averaging items that are on di�erent scales.
Standardizing items before combining might be necessary. Rescaling Likert items
using di�erent number of anchors (see next slide). All items combined into a score
must be in the same direction in terms of meaning. That is some items may need
to be reversed so their meaning follows other items in the scale.
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Items measured using Likert scales with di�erent number
of categories
If items are measured using Likert scales with di�erent numb ers of categories, combine
by �rst translating one scale to the other.
For example,

X 1 Likert type with 4 categories:

1 2 3 4

k k k k

very difficult very easy

X 2 Likert type with 5 categories:

1 2 3 4 5

k k k k k

very difficult very easy

We want 1 in 4 point scale to be 1 in 5 point scale and we want 4 in 4 point scale to
be 5 in 5 point scale; that is, just stretch the 4 point scale in to 5 point scale.

X 1 X �
1

1 1

4 5

X �
1 = 4

3 X 1 � 1
3

or if instead you want to squeeze the 5 point into the 4 point sc ale:

X 2 X �
2

1 1

5 4

X �
2 = 3

4 X 2 + 1
4
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Methodological references for Cronbach Alpha
There are a lot of papers in the literature studying this measure of internal
consistency reliability. Here are just a few...

� Barchard, KA, and Hakstain, AR (1997) \The robustness of conf idence intervals for coefficient alpha under
violation of the assumption of essential parallelism" Multivariate Behavioral Research , 32(2), 169-191.

� Cortina, J. M. (1993). What is coefficient alpha? An examinat ion of theory and applications. Journal of Applied
Psychology , 78, 98-104.

� Cronbach, L. J. (1947). Test "reliability": Its meaning and d etermination. Psychometrika , 12, 1-16.

� Cronbach, L. J. (1951). Coefficient alpha and the internal st ructure of tests. Psychometrika , 16, 297-334.

� Green, S.B., Lissitz, R.W., Mulaik, S.A. (1977). Limitation s of coefficient alpha as an index of test unidi-
mensionality. Educational and psychological measurement , 37, 827-838.

� Miller, M.B. (1995) "Coefficient Alpha: A basic introductio n from the perspectives of classical test theory
and structural equation modeling". Structural Equation Mo deling, 2, 255-273.

� Osburn, HG (2000) \Coefficient alpha and related internal c onsistency reliability coefficients" Psychological
Methods , 5(3), 343-355.

� Raykov, T. (1997) \Scale reliability, Cronbach's coeffici ent alpha, and violations of essential tau-equivalence
with fixed congeneric components". Multivariate Behavioral Research ,32, 329-353.

� Raykov, T. (1998). Coefficient alpha and composite reliabi lity with interrelated nonhomogeneous items.
Applied Psychological Measurement , 22, 369-377.

� Raykov, T. (2001). Bias of coefficient alpha for fixed congen eric measure with correlated errors. Applied
Psychological Measurement , 25, 69-76.

� Raykov, T. (2001) \Estimation of congeneric scale reliabil ity using covariance structure analysis with nonlin-
ear constraints" British Journal of Mathematical and Statistical Psychology , 54, 315-323.

� Schmitt, N. (1996). Uses and abuses of coefficient alpha. Psychological Assessment , 8, 350-353.
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Another way to estimate internal consistency
Split-half estimates

Three-step procedure:

1) arbitrarily divide the scale into two halves and create total scores for two
halves

2) correlate the two total scales

3) adjust the correlation upwards with the Spearman-Brown prophecy formula
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Test-Retest Reliability
Test-Retest Reliability represents the degree to which the latent construct determines
the observed scores over time. It is often referred to as the \stability" coe�cient.

The same scale (e.g. a food frequency questionnaire) is administered on two di�erent
occasions (i.e. p = 2) and the scores at the two di�erent times are correlated
to estimate the reliability of the scale . Correlating the scores estimates the
reliability because it is assumed the scores are parallel measures (recall a few slides
earlier).

Issues to consider

� Test-retest makes sense when the measurement error in the scale is something
expected to vary over time. Example: latent variable of inte rest is saturated fat
intake. Use 24 hour recall food questionnaire to measure it. Expect eating pattern
to 
uctuate throughout week, year.

� Need to select a time interval such that the measurement error has time to be
random (i.e. � 1i independent of � 2i , no memory of what response was last time)
yet short enough so that the true latent variable being measu red does not change
(i.e. f i is the same at time 1 and time 2).
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Reliability for categorical observed measures
Up until now we have been using correlations (Cronbach alphais based on
correlations) and the correlations were estimated using a Pearson correlation
coe�cient. But when the measures are categorical with say k categories, a
Kappa Coe�cient may be a better way to describe the association. For example
a test-retest reliability or a reliability estimate for 2 di �erent raters/observers
can be calculated as

� =
P k

i =1 pii �
P k

i =1 pi: p:i

1 �
P k

i =1 pi: p:i

Note that
P k

i =1 pii is the probability that the raters agree and that
P k

i =1 pi: p:i

is the probability of agreement under the assumption that the raters are inde-
pendent.

This was introduced by Cohen J (1960). \A coe�cient of agreement for nominal
scales."Educational Psychological Measurement, 20, 37-46.
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Interpreting Kappa
� Best interpretation of kappa is to compare its values on other, similar scales

� Suggested kappa interpretation scale from Landis, J. R. and Koch, G. G.
(1977). Biometrics 33, 159-174

Kappa Value Interpretation

Below 0.00 Poor
0.00-0.20 Slight
0.21-0.40 Fair
0.41-0.60 Moderate
0.61-0.80 Substantial
0.81-1.00 Almost perfect
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A more general (realistic) measurement model
We have been considering

x ij = f i + � ij

A more general (realistic) model may be

x ij = � j f i + bi + � ij

where now we have the inclusion of an additional term bi that represents systematic

in
uences on the observed x ij that are not coming from the underlying latent variable

f i , and further we have the inclusion of a scalar � j which represents how much in
uence

the latent variable f i has on the j th observed variable.

Validity is the extent to which a measure (or scale) truly re
ects the latent
variable being investigated.

When E(bi ) 6= 0 and/or Corr (f i ; bi ) 6= 0 then the validity of x ij as a measure
of f i is reduced.
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