
Proceedings of the 2009 IMS Conference for New Researchers  

in Statistics and Probability 

 

Preface 

The 2009 Institute for Mathematical Statistics (IMS) New Researchers Conference (NRC) was 
held at John Hopkins University from July 28th to July31st, 2009, prior to the Joint Statistical 
Meetings in Washington D.C.  The New Researchers Conference gives statisticians and 
probabilists the opportunity to meet their colleagues in a more intimate setting than the usual 
annual conferences provide and discuss their research.  The NRC can serve as a weathervane 
pointing out the direction that the field is heading in.  In 2009, many of the participants discussed 
spatiotemporal modeling and high dimensional inference. The meeting also indicated the ever 
increasing presence of Bayesian inference and modeling. This year, a first for NRC, a collection 
of papers associated with the conference was introduced in order to serve as proceedings of the 
IMS-NRC conference. This collection of scientific papers aims to document the presentations 
given at the meeting. Participants were given the opportunity to submit short papers (or notes) on 
the material they presented with the hope that they will be eventually submitted to a journal in 
statistics, probability or allied fields.  

The IMS NRC organizing committee would like to take this opportunity to thank the sponsors of 
the event (IMS, NSA, NSF, NIH). We thank our invited speakers Nanny Wermuth from 
University of Gothenburg, Bernard Silverman from Oxford University and Tom Louis from 
Johns Hopkins University.  We are grateful to the Department of Biostatistics in the Bloomberg 
School of Public Health at Johns Hopkins University for hosting the meeting, and particularly its 
chair Karen Bandeen-Roche for her participation and advice. We would like to thank the 
Biostatistics Branch in the Division of Cancer Epidemiology and Genetics at the National Cancer 
Institute for also hosting the meeting, and Nilanjan Chatterjee and Hormuzd Katki for their 
assistance organizing the meeting on their campus.  We also thank Kate Schmidt, Linda Zenner 
and Megan Schlick at the University of Minnesota for their assistance administering the meeting. 

 

The organizing committee would also like to thank the participants for making this NRC one of 
the most successful to date. 

 

Editors 

Tracy 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Schedule of Presentations 

 

IMS New Researchers Conference Program 
July 28th ‐ July 31st, 2009 

 

Arrival July 27th 

 

2:00‐‐4:00pm Check into Charles Commons  
3301 N. Charles St., Baltimore, MD 21218  
http://www.jhu.edu/hds/oncampus/buildings.html 
 

Scientific Sessions will take place in Maryland Hall 110  
http://www.jhu.edu/tour/maryland.html 
This can be located on the campus map http://www.jhu.edu/tour/map.html 

 

Schedule July 28th ‐‐ Maryland Hall 110 

 

• 8:00‐8:45 Breakfast at Nolan's Cafe 
• 8:45‐9:00 Introductory Remarks 
• 9:00‐10:20 Scientific Session on Spatial‐temporal data 

o Farouk Nathoo, University of Victoria, Joint Spatial Modelling of Recurrent Infection and 
Growth with Processes Under Intermittent Observation 

o Jing Zhang, Miami University, Zero‐inflated Bayesian spatial models with repeated 
measurements 

o Pál Rakonczai, Eötvös Loránd University, Hungary, Modeling Multivariate Extremes for Wind 
Speed Data 

o Debashis Mondal, University of Chicago, De Wijs Process and Modeling Disease Risk 
o Guilherme Rocha, Indiana University, Monitoring Civil Structures Using Restricted Auto 

Regressive Models and Wireless Sensor Networks (WSNs) 
• 10:20‐10:40 Break 
• 10:40‐12:00 Scientific Session on Spatial‐temporal data 

o Lily Wang, University of Georgia, Spline‐Backfitted Kernel Smoothing of Additive Models in 
Time Series  

o Jin‐Hong Park, College of Charleston, Central Mean Subspace in Time Series 
o Peng Zhang, University of Alberta, Joint Mean‐covariance Modeling with Nonlinear Random 

Mean Models for Longitudinal Data Analysis 



o Rongning Wu, Baruch College, A Negative Binomial Model for Time Series of Counts 
o Olu Awosoga, Western Michigan University, Meta Analyses of Multiple Baseline Time Series 

Design Intervention Models for Dependent and Independent Series 
• 12:00‐1:45 Lunch at Nolan's Cafe 
• 1:45‐2:50 Scientific Session on Bayesian Inference 

o Kshitij Deepak Khare and Bala Rajaratnam, Stanford University, Inference in Gaussian 
Covariance Graph Models 

o Weixin Yao, Kansas State University, Bayesian Mixture Labeling by Highest Posterior Density 
o James Flegal, University of California, Riverside, Markov Chain Monte Carlo: Can We Trust 

the Third Significant Figure? 
• 2:50‐3:15 Break 
• 3:15‐4:30 Tweedie Award Speaker  

Jiashun Jin, Department of Statistics, Carnegie Mellon University 

Higher Criticism Thresholding:  Optimal  Feature Selection when Useful Features are Rare and Weak 

• 5:00‐‐ ? Social outing in Baltimore ‐‐ take the Hopkins shuttle bus to Peabody  

http://www.parking.jhu.edu/shuttles_jhmi_homewood.html 

Restaurants in Mt Vernon: 

o Helmand at 806 N Charles St, \verb+http://www.helmand.com+, Afghani food 
o Indigma at 802 N Charles St, \verb+http://www.indigmarestaurant.com+, Indian food 
o My Thai at 800 N Charles St, \verb+http://www.mythaibaltimore.com+, Thai food 

Schedule July 29th ‐‐ Maryland Hall 110 

 

• 8:00‐8:45 Breakfast at Nolan's Cafe 
• 8:45‐9:00 Introductory Remarks 
• 9:00‐10:20 Scientific Session on Experimental Design 

o Tirthankar Dasgupta, Harvard University, D‐Optimal and Sequential Designs for Estimating 
Parameters of the Linear‐Exponential Growth Curve of Nanowires  

o Ying Hung, Rutgers, the State University of New Jersey, Design and Analysis of Computer 
Experiments with Branching and Nested Factors 

o Edgard Maboudou‐Tchao, University of Central Florida, Some Theoretical properties of the 
Multivariate Exponentially Weighted Moving Covariance Matrix 

o Vincent Agboto, Meharry Medical College, A Bayesian Approach to Model Robust Designs 
o Jingchen Liu, Columbia University, Statistics Can Lie But Can Also Correct for Lies: Reducing 

Response Bias in NLAAS via Bayesian Imputation 
• 10:20‐10:40 Break 



 

• 10:40‐11:45 Scientific Session on Count Data 
o ChengYong Tang, National University of Singapore, Local Post‐Stratification in Dual System 

Accuracy and Coverage Evaluation for US Census  
o Wanhua Su, University of Alberta, Statistical Inference on Recall, Precision and Average 

Precision 
o Hyokyoung Hong, Baruch College, Prediction of Conditional Quantiles Based on a New 

Ordinal Regression Model 
o Xiaofeng Wang, Case Western Reserve University, Spatial models for replicated regional 

count data in neuroscience 
• 12:00‐1:30 Lunch at Nolan's Cafe 
• 1:30‐2:35 Scientific Session on Model Selection 

o Sonja Greven, Johns Hopkins University, On the Behavior of Marginal and Conditional Akaike 
Information Criteria in Linear Mixed Models 

o Qin Wang, University of Georgia, Sufficient Dimension Reduction and Variable Selection: A 
Localized Approach 

o Julia Salzman, Stanford University, Detecting Multivariate Dependencies in High Dimensional 
Data  

o Hugh Miller, University of Melbourne, Local polynomial regression incorporating variable 
selection 

• 2:35‐3:00 Break 
• 3:00‐‐4:00 Mentoring Panel 
• 5:00‐‐7:30 Dinner Banquet with Speaker Karen Bandeen‐Roche, "Latent Variables and Your 

Future", Salon C in Charles Commons 

 

 NIH/NCI schedule July 30th ‐‐ NIH campus 

 

• 6:45‐7:00 Board the Broadway Shuttle bus in front of Charles Commons 
• 7:00‐8:00 Commute to Bethesda 
• 8:00‐8:30 Arrive at NIH, pass through security (everyone will require a driver's license or 

passport) 
• 8:30‐8:45 Coffee and Breakfast 
• 8:45‐9:00 Introduction by Nilanjan Chatterjee, Chief of the DCEG Biostatistics Branch 
• 9:00‐9:50 Scientific Session on Biostatistics 

o Chiung‐Yu Huang, Mathematical Statistician, Biostatistics Research Branch, NIAID, NIH, 
Analysis for recurrent event data with informative censoring 

o Ju Hyun Park, Visiting Fellow, Biostatistics Branch, DCEG, NCI, Evaluation of power and & 
Risk prediction utility of future genome‐wide association studies 



• 9:50‐10:10 Break 
• 10:10‐11:15  

o Hormuzd Katki, Tenure‐Track P.I., Biostatistics Branch, DCEG, NCI, Insights into p‐values and 
Bayes Factors from False Positive and False Negative Bayes Factors 

o Norou Diawara, Old Dominion University, Mixture of Bivariate Exponential Distributions 
o Rajeshwari Sundaram, Tenure Track PI, Biostatistics and Bioinformatics Branch, DESPR, 

Eunice Kennedy Shriver National Institute of Child Health and Human Development, 
Statistical challenges in modeling human fecundity 

• 11:15‐12:00 NIH Branch Chief Panel:  
1. Paul Albert, Biostatistics and Bioinformatics Branch, NICHD 
2. Eric (Rocky) Feuer, Statistical Research and Applications Branch, NCI 
3. Gang Zheng, Office of Biostatistics Research, NHLBI 
4. Edward Korn, Biometric Research Branch, NCI 

• 12:00‐1:30 Lunch with Speaker Kai Yu, Tenure‐Track Principal Investigator, Biostatistics 
Branch, DCEG, NCI, "Statistical Challenges in Gene Mapping" 

• 1:40‐2:45 Scientific Session on Statistical Genetics 
o Huilin Li, Research fellow, DCEG, NCI, Finding SNP Associations with a Secondary Phenotype 

in Genetic Association Studies 
o \Dawei Liu, University of Iowa, Estimation and Testing for the Effect of a Genetic Pathway on 

a Disease Outcome Using Logistic Kernel Machine Regression via Logistic Mixed Models 
o Jason Wilson, Biola University, Evidence that Oligonucleotide Expression Values Are Not 

Normally Distributed 
o Arabin Kumar Dey, IIT Kanpur, Discriminating between two Bivariate Survival Models: 

Bivariate Weibull and Bivariate Generalized Exponential distribution 
• 2:45‐3:10 Break 
• 3:10‐4:00  

o Samsiddhi Bhattacharjee, Research Fellow, Biostatistics Branch, DCEG, NCI, Robust 
Detection of Gene‐Gene Interactions in Presence of Hidden Stratification. 

o Nak‐Kyeong Kim, Old Dominion University, Finding Sequence Motifs with Bayesian Models 
Incorporating Positional Information 

o Qunhua Li, University of California, Berkeley, Measuring the consistency of high‐throughput 
biological experiments 

• 4:00‐4:45 Panel of NIH Grant Agencies  
1. Michelle Dunn, Statistican Research and Applications Branch, NCI: "Grant Opportunities for 

New Researchers" 
2. Misrak Gezmu, Biostatistics Research Branch, NIAID: "NIH grant mechanisms and funding 

process" 
• 5:00‐? Head to downtown Bethesda for dinner 

http://www.downtownbethesda.com/guide/dining.php 

 



 

Schedule July 31st ‐‐ Maryland Hall 110 

 

• 8:00‐8:45 Breakfast at Nolan's Cafe 
• 8:45‐9:00 Introductory Remarks 
• 9:00‐10:05 Scientific Session 9  

o Jiguo Cao, Simon Fraser Univeristy, Statistical Inference for Dynamic models with the 
Generalized Profiling Method 

o Zi Jin, University of Toronto, Efficiency of Composite Likelihoods  
o Bodhisattva Sen, Columbia University, Bootstrap in some Non‐standard Problems 
o Yuefeng Wu, North Carolina State University, Posterior Consistency for some Semi‐

parametric Problems 
• 10:05‐10:25 Break 
• 10:25‐11:45 Scientific Session 10 

o Ahmad Yasamin, Statistical and Applied Mathematical Sciences Institute, On Existence of the 
Maximum Likelihood Estimator for Gaussian Graphical Models 

o Yanping Xia, Southeast Missouri State University, Generalized Variable Approach for 
Correlation Analysis 

o Jason Morton, Stanford University, Algebraic Models for Multilinear Dependence 
o David King, Arizona State University, Topics in Functional Canonical Correlation 
o Andrada Ivanescu, East Carolina University, Adaptive Inference for Sparse Signals in 

Functional Data 
• 12:00‐2:00 Lunch Banquet with Speaker Nanny Wermuth, "The development of graphical 

Markov models: some history and some personal experiences."  Salon B in Charles Commons 
• 2:00‐3:30 Journal Panel ‐‐ Maryland Hall 110 

Bernard Silverman ‐ Annals of Statistics ed., Thomas Louis ‐ Biometrics ed. 

 

 



 

Papers (by alphabetical order) 

 

1. Meta Analyses of Multiple Baseline Time Series Design Intervention Models for Dependent and 
Independent Series 
Oluwagbohunmi Awosoga, Joseph McKean, & Bradley Huitema 
 

2. Notes on Bivariate Exponential Mixture for Heterogeneous Survival Data 
Norou Diawara 
 

3. On the Behavior of Marginal and Conditional Akaike Information Criteria in Linear Mixed Models 
Sonja Greven & Thomas Kneib 
 

4. Priors for sparse covariance models 
Kshitij Khare & and Bala Rajaratnam 
 

5. Exploratory Analysis of Multivariate Dependencies in High Dimensional Data 
Kshitij Khare, Bala Rajaratnam & Julia Salzman 
 

6. A Note on Congruence Relations for Second‐Order Processes 
David King 
 

7. Multivariate Control Chart for Monitoring the Covariance Matrix 
Edgard M. Maboudou‐Tchao & Douglas M. Hawkins 
 

8. A Note on the Probability of Correct Selection for Large k Populations, with Application to 
Microarray Data 
Jason Wilson 
 

9. Labelling Switching for Bayesian Mixture Models 
Weixin Yao & Bruce Lindsay 
 

10. On the Existence of the maximum likelihood estimator for Gaussian graphical models and a new 
graph invariant 
Ahmad S. Yasamin 
 

11. Nonlinear Joint Mean‐covariance Modeling for Longitudinal Data Analysis 
Peng Zhang & Peter X.‐K. Song 

 



Meta Analyses of Multiple Baseline Time Series
Design Intervention Models for Dependent and

Independent Series

Oluwagbohunmi Awosoga, Joseph McKean, & Bradley Huitema

University of Lethbridge, Lethbridge, Alberta, Canada & Western Michigan University,
Kalamazoo, Michigan, USA

Abstract : In this work we develop a traditional meta-type analysis for
multiple baseline series. Robust methodology for multiple baseline series
is also developed. The procedures are almost efficient as the traditional
method on “good” data and are generally much more efficient on data
containing outliers. The diagnostic procedures for the analysis of these
data are also developed. The design matrices provided for the two-phase
(AB) design allow for change in level and change in slope between each
phase and the subsequent phase. Similarly, our methodology can be ex-
tended to more than two Phased time series design intervention models.
Our parametric procedures are based on least squares (LS) estimation.
The robust procedures are similar to the parametric procedures except
another norm rather than the Euclidean norm is used. Illustrative exam-
ples are discussed. A Monte Carlo study of the methods are provided.
The study investigates the validity of the procedures and power compar-
isons between the parametric and robust methods.

Key Words : Meta Analysis, Level Change, AB-Design, Autocorrela-
tion, Double Bootstrap, Effect Size, Contaminated Normal distribution

1 Introduction

This work evaluates a proposed meta-analytic procedure for the analysis of multiple base-
line series (Huitema, 2004), comparing it with a robust analog. Diagnostic procedures
for the analysis of these designs are also developed. This presentation focuses on new
approaches for the meta analyses of multiple baseline (series) AB-type designs.
Single subject designs are of great interest to researchers in the fields of behavioral sci-
ences, environmental sciences, economics, education, and medicine. They often employ
interrupted time-series designs to determine the effectiveness and efficiency of several
interventions in both clinical and natural settings. Many researchers in the behavioral
sciences concur that multiple baseline time series intervention designs provide a strong
basis for causal conclusions (Koehler and Levin, 1998).
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Often, researchers are interested in seeing whether the intervention produces an imme-
diate and persistent change in level or slope. As recommended by Huitema and McKean
(1998), we adopt the following model (H-M four parameter model):

Yt = β0 + β1Tt + β2Dt + β3[Tt − (n1 + 1)]Dt + εt (1)

where at time t, Yt is the dependent variable score, Tt is the value of the measurement
occasion variable (usually t), Dt is the value of the level change dummy variable D (0 for
first phase and 1 for second), β0 is the regression intercept, β1 through β3 are the process
partial regression coefficients, and εt is the process error.

This work studies the behavior of new parametric and robust approaches being intro-
duced with specific focus on the following four scenarios: (1) independence within series
and between two or more baselines; (2) dependence within series, but independence be-
tween two or more baselines; (3) independence within series, but dependence between two
or more baselines; and (4) dependence within series, and between two or more baselines.

2 Methodology

In Awosoga (2009), we present details of our meta analyses for each of the four scenarios
discussed above. Our parametric analysis is based on the ordinary least squares (OLS)
fit while the robust meta analysis is based on the Wilcoxon rank-based fit described
in Chapter 3 of Hettmansperger and McKean (1998). Upon fitting a series, residual
diagnostics are used to check the quality of fit. In particular, the Durbin-Watson (DW)
test and a simple, but powerful, test proposed by Huitema nd McKean (2000b) (HM test)
are used to check for autocorrelation in the errors. If autocorrelation is not detected, we
compute the the meta analyses described in the next section. If autocorrelation is present,
we recommend the double bootstrap procedure of McKnight et al. (2000) for a second fit,
which we then use in the meta analyses; see Awosoga (2009) for details.

3 Algorithm for the New Meta Analytic Procedures

Suppose a data set is given in three columns: the first column consists of the baseline
series number (i.e., 1, 2, . . . , J), second column represents the different phases in each
series (i.e. phase 1 is pre-intervention and phase 2 is post-intervention), and the third
column contains the response variables (i.e. the observed data). For each series, let y1

= pre-intervention response variables, y2 = post-intervention response variables, n1 =
length(y1), n2 = length(y2), and n = n1 + n2 respectively.

2



Table 1: General Form of Summary Table for LC (/ SC / RLC /RSC) Preliminary Output
Series LC SE(LC) TS(LC) Pvallc z(LC) Weight Effect Size

1 LC1 SE1 t(LC1) P (LC1) z(LC1) W1 ES1

2 LC2 SE2 t(LC2) P (LC2) z(LC2) W2 ES2

3 . . . . . . .
. . . . . . . .
. . . . . . . .
. . . . . . . .
J LCJ SEJ t(LCJ) P (LCJ) z(LCJ) WJ ESJ

Note: Same format goes for SC (except that we omit Effect Size on SC summary) and
Robust (RLC and RSC) Summary Table.

3.1 The Meta Analytic Components

In addition to the preliminary ouput summary table discussed above, we provide the user
with the meta analytic components needed for an overall decision making. This include
the following computations (each gives a weighted average of all statistics):
3.1.1 Overall-test statistic for the LC

zoverall =

∑J
j=1 zj√
J

. (2)

3.1.2 The weighted overall LC statistic

Overall Level Change =

∑J
j=1 [ 1

σ̂2
ej

(LCCoeff j)]∑J
j=1

1
σ̂2

ej

. (3)

3.1.3 The overall standardized effect size

Overall Standardized Effect =

∑J
j=1

[
LCCoeff j√

MSResidj

]
J

(4)

3.1.4 Test on the homogeneity of effects across units

Pair-wise Homogeneity Test =
zj − zi√

2
. (5)

Extensive computer simulation studies were carried out (using R software and FOR-
TRAN codes) over a variety of sample sizes and error distributions. Results were compared
under each scenario stated above. These investigations are briefly summarized in the next
section; see Awosoga (2009) for a detailed summary.
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4 Conclusion & Future Study

Our new parametric method and its robust analog are recommended for senario 1, respec-
tively, when series are without and with outliers. The double bootstrap method discussed
by McKnight et al. (2000) in conjuction with our meta analysis summary table should
be used for the case of independence between series but dependence within series (senario
2). For senario 3, we recommend the correlation test (CT) or JR as discussed in Awosoga
(2009). Finally, dependence between series and dependence within series is handled using
a combination of paired difference and double bootstrap method. As an extension of this
work, we will develop a R package, which can generate appropriate design matrices for
individual users, combined with current program codes for multiple baseline time-series
design intervention models. We plan to extend this work to more than two phases multiple
baseline designs i.e. reversal designs such as ABA, ABAB, and ABABA designs.
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Notes on Bivariate Exponential Mixture for
Heterogeneous Survival Data
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Abstract : The exponential distribution is one of the most used type of
distribution because of its importance in many lifetime applications and
its properties. Its bivariate form based on a linear relationship is useful in
introducing relationship. Simply used, there can be limitations especially
for a heterogeneous type population. We present a mixture form and
describe numerous desirable properties of the associated parameters and
estimate the components of the mixture. We include the presence of
covariate information, a special case of which was considered by Marshall
and Olkin.

Key Words : Bivariate exponential, Mixture, Dirac delta, Maximum
likelihood, EM algorithm

1 Introduction

Survival time of patients depends on the multiple diseases considered and is of a growing
interest in the medical, engineering and statistical sciences to mention a few areas. The
form we consider here captures the property of nonzero probability of simultaneous occur-
rence, from Marshall and Olkin (1967) [9]. Carpenter et al (2006) [2] presented a model
for a parallel system with a bivariate distribution and derived some associated properties.
More specifically, for f1 and f2 being the marginal densities of two random variables X1

and X2 in such a system, the joint distribution of (X1, X2) is given by:

g(x1, x2) = pf1(x1)δ(x2 − ax1) + (1− p)f1(x1)f2(x2 − ax1)I(x2 > ax1), (1)

where

• X1, X2 are two survival distributions related as X2 = aX1 +Y, with a a nonnegative
fixed constant , and Y an unknown random variable.

• p = P (X2 = aX1) is the probability of proportional occurrence.

• and δ(x) refers to the Dirac delta function, i.e. δ(t) = 0, if t 6= 0, and
∫ ∞

−∞
δ(t)dt =

1. See Abramowitz and Stegun (1972) [1] for more details.
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However, the use of one single distribution can have limitations especially for hetero-
geneous populations. When observations are from a heterogenous population, implemen-
tation of the mixture adds a lot more choice and flexibility to the model. McLachlan
and Peel (2000) [11] and Redner and Walker (1984) [12] give several motivations for the
use of mixture densities. The exponential is very useful in many lifetime applications.
Letting X = (X1, X2)

′ be the bivariate form of the distribution, our goal is to study
its exponential mixture form. We use finite classical mixture modelling via a modified
version of the expectation-maximization (EM) algorithm from Dempster et al (1977) [3]
and McLachlan and Peel (2000) [11]. Estimators of the parameters associated with the
mixture of bivariate exponential distributions are introduced. These results and their
applications will extend to situations in many other cases.

2 The Mixture of Bivariate Exponential

The exponential distribution is quite well known and has extensive use. For the random
variable X with exponential distribution, the associated probability density function is
defined with respect to its scale parameter λ, by:

f(x) = fX(x) = λe−λx, for x > 0, and λ > 0.

Based on (1), and on X1 and X2 each possessing an exponential with scale parameters
λ1 and λ2, respectively, the random vector X = (X1, X2)

′ is said to have a bivariate
exponential distribution, where X2 = aX1 + Y , for some fixed nonnegative constant a
and an unknown random variable Y . Its density function g(x|θ) is given as in (1). Hence,
based on a random sample of size N , N ∈ N, the density function of Xi = (Xi1, Xi2)

′,
i = 1, · · · , N, is given by:

g(xi|θ) = g(xi1, xi2|θ) = pfi1(xi1)δ(xi2 − axi1)

+(1− p)fi1(xi1)fi2(xi2 − axi1)I(xi2 > axi1), i = 1, .., N.

Since we do not know from which part of the homogeneous population Xi originates ,
the marginal density is in the form of a mixture, and we say that g is a finite mixture of
M component densities if it is given, as in Redner and Walker (1984) [12], by:

g(xi|θ) =
M∑
j=1

αjgj(xi|θ), for i = 1, · · · ,N, with (2)

(i) θ = (θ1, θ2, ..., θM), with θj = (λ1j, λ2j, pj) for j = 1, ..,M.

(ii) The nonnegative coefficients αj, j = 1, . . . ,M, are such that
M∑

j=1

αj = 1.

From this model, we wish to estimate the parameters of the mixture density given in
(2) under conditional expectation and maximization or E-M steps.
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3 Results of the Parameters Inference

Consider a random sample of size N of bivariate vectors that are related as in (1), x =
(x1, · · · , xN),

α̂ij =
βjλ1j

e−λ1j
xi1δ(xi2 − ajxi1) + β̄jλ1j

λ2j
e−(λ1j

−ajλ2j
)xi1e−λ2j

xi2I(xi2 > ajxi1)∑M
k=1 βkλ1j

e−λ1j
xi1δ(xi2 − akxi1) +

∑M
k=1 β̄kλ1j

λ2j
e−(λ1j

−akλ2j
)xi1e−λ2j

xi2I(xi2 > akxi1)
,

with λlj = λ
(t)
lj , l = 1, 2, 1 ≤ i ≤ N and 1 ≤ j ≤ M, and βj = αjpj and

βj = αj(1− pj), 1 ≤ j ≤ M.
Hence,

α̂
(t+1)
j =

1

N

N∑
i=1

α̂ij(θ
(t)), 1 ≤ j ≤ M, t ≥ 0.

We assume that we can possibly observe right censored lifetime data, and let

ri =

{
1 if xi2 = ajxi1 for some j = 1, · · · , M,
0 otherwise.

(3)

Hence,

λ̂2j
=

∑
i αij

aj
∑

i αijx1i
+

∑
i αij(1− ri)zi

, (4)

and λ̂1j
=

aj
∑

i αij

aj
∑

i αijx1i
+

∑
i αij(1− ri)zi

+

∑
i αij(1− ri)∑

i αijxi1

. (5)

Both second order partial derivatives of the likelihood evaluated at (λ1j
, λ2j

) = (λ̂1j
, λ̂2j

)
are negative.

And the Hessian matrix is given by:

H(λ1j
, λ2j

) =

 −
∑

i
αij(1−ri)

(λ1j
−ajλ2j

)2
aj

∑
i
αij(1−ri)

(λ1j
−ajλ2j

)2

aj

∑
i
αij(1−ri)

(λ1j
−ajλ2j

)2
−

∑
i
αij

λ2
2j

− a2
j

∑
i
αij(1−ri)

(λ1j
−ajλ2j

)2

 .

Hence,

det(H(λ1j
, λ2j

)) =

∑
i αij(1− ri)

∑
i αij

λ2
2j

(λ1j
− ajλ2j

)2
> 0.

Therefore, (λ̂1j
, λ̂2j

) as in (5) and (4) is mle for the distribution. It can been seen
that (4) and (5) are generalizations of the estimates obtained from Carpenter et al (2006)
[2], where the mixing terms αij would be equal to 1. In fact, (5) and (4) would reduce
respectively to:

λ̂2 =
n

a
∑

i x1i +
∑

i zi

=
1

x̄2

and λ̂1 =
1

x̄2

+
n− k

nx̄1

.
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4 Conclusion

We have proposed a mixture of bivariate exponential distributions with a closed form
expression of its density which complements those in Kotz et al (2000) [8], Johnson and
Kotz (1970) [6] and Johnson and Wichern (1998) [7]. The Marshall-Olkin property of
proportional occurrence is captured. We have included a flexible dependence as in Mathai
and Moschopoulos (1992) [10], Iyer et al (2004) [4] and in Carpenter et al (2006) [2].
Estimation of parameters is completed using a classical mixture modelling technique via
the EM algorithm. The computational cost is low compared to alternative methods. The
results are quite interpretable, generalize outcomes previously obtained in the literature,
and are very attractive and desirable according to criterion in Joe (1997) [5].
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Akaike Information Criteria in Linear Mixed

Models
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Abstract: In linear mixed models, the Akaike information criterion
(AIC) is often used to decide on the inclusion of a random effect. An
important special case is the choice between linear and nonparametric
regression models estimated using mixed model penalized splines. We
investigate the behavior of two commonly used versions of the AIC, de-
rived either from the implied marginal model or the conditional model
formulation. We find that the marginal AIC is not asymptotically unbi-
ased for twice the expected relative Kullback-Leibler distance, and favors
smaller models without random effects. For the conditional AIC, it is
computationally costly for large sample sizes to correct for estimation
uncertainty. However, ignoring it, as is common practice, induces a bias
that yields the following behavior: Whenever the random effects variance
estimate is positive (even if small), the more complex model is preferred.
We illustrate our results in simulations, and investigate their impact in
modeling childhood malnutrition in Zambia.

Key Words : Kullback-Leibler information; model selection; penalized
splines; random effect; variance component.

1 Introduction

Using penalized splines, linear mixed models can combine model components such as
non-linear or spatial effects, surfaces or varying coefficients with cluster-specific random
effects. This flexibility in modeling makes model selection increasingly important.

The Akaike information criterion (Akaike, 1973) is often used to decide on inclusion
of random effects in mixed models. A common special case is the decision between a
linear and a nonparametric function for a covariate effect. An AIC based on the implied
marginal likelihood is typically used (mAIC). Vaida & Blanchard (2005) proposed an AIC
derived from the conditional model formulation (cAIC). We investigate the behavior of
both for the selection of random effects in the linear mixed model

y = Xβ + Zb+ ε, (1)

where β is fixed, b and ε are independent, b ∼ N(0,D) and ε ∼ N(0,σ2In).
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2 The marginal AIC

The AIC can be generally defined as

AIC = −2 log f(y|ψ̂(y)) + 2Ey[log f(y|ψ̂(y))− log f(y|ψK)] (2)

+2Ey[Ez [log f(z|ψK)− log f(z|ψ̂(y))]],

where f(y|ψ̂(y)) is the maximized likelihood, and ψ are k unknown parameters with
true values ψK . It is unbiased for twice the expected relative Kullback-Leibler distance.
Minimizing (2) thus can be seen as minimizing the average distance of an approximating
model to the underlying truth. In standard cases, observations are independent and
identically distributed, the parameter space (up to a change of coordinates) is Rk, and
the last two terms thus reduce to 2k asymptotically. This is the AIC commonly used.

The marginal AIC (mAIC) in the linear mixed model uses the likelihood of the implied
marginal model y ∼ N(Xβ,V ) with V = In + ZDZ′. The number of estimable
parameters then is p+ q, with β= (β1, . . . , βp) and q the number of unknown parameters
θ in V . Thus, the mAIC is defined as

mAIC = −2 log(f(y|β̂, θ̂)) + 2(p+ q).

Now, we can show that due to the marginal correlation structure in y in (1) and the
constraints on θ (e.g. variances have to be non-negative), the last two terms in (2) are
smaller than 2(p + q) as well as not independent of the true values in θ. Consequently,
the mAIC is positively biased, and favors smaller models without random effects.

3 The conditional AIC

Vaida & Blanchard (2005) define the conditional AIC (cAIC) as

cAIC = −2 log(f(y|β̂, b̂, θ̂)) + 2(ρ+ 1),

where f(y|β, b, θ) is the conditional likelihood, b̂ is the BLUP of b, and

ρ = trace
((

X ′X X ′Z
Z ′X Z ′Z +D∗

−1

)−1 (
X ′X X ′Z
Z ′X Z ′Z

))
.

They assume D∗ = σ−2D to be known, but suggest using D̂∗ otherwise, arguing that the
difference is negligible for large n. We call this the simplified cAIC. Liang et al. (2008)
propose a corrected cAIC, accounting for estimation of D∗. For known σ2, they replace
ρ by Φ0 = trace (∂ŷ/y), where ŷ = Xβ̂+Xb̂. For unknown σ2, Φ1 involves even second
derivatives. As the derivatives are not available in closed form, numerical approximations
using n (resp. 2n) additional model fits have to be used. This can be prohibitive in large
samples. In our application, computation time would be about 110 days. As the authors
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Figure 1: Selection frequencies of the larger, non-linear model in our simulations for
function m1(·) (left) and estimated effect of height of the mother on the Z-score measuring
chronic undernutrition in Zambia (right).
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in their simulations find only small differences between simplified and corrected cAIC, we
investigate if the often used simplified cAIC is a computationally feasible alternative.

We find the following interesting behavior (for simplicity, we focus on the case of one
unknown variance component, i.e. D = τ 2Σ): When τ̂ 2 = 0, the cAICs of the models
including and excluding b agree, i.e. there is a tie. When τ̂ 2 > 0, the cAIC prefers the
larger model including b, regardless of the size of τ̂ 2. The simplified cAIC thus is not a
useful decision rule, as it does not give guidance on when an estimated variance is large
enough to warrant inclusion of the random effect in the model.

4 Simulations

First, we compare a linear model yi = β0 + β1xi + εi with the nonparametric regression
model yi = m(xi) + εi using mixed model penalized splines. Thus, we select the random
effect modeling non-linearity of m(·). The true function is m1(x) = 1 + x+ 2d(0.3− x)2,
m2(x) = 1 + x+ d(log(0.1 + 5x)− x), or m3(x) = 1 + x+ 0.3d(cos(π/2 + 2πx)− 2x) with
varying n and non-linearity parameter d. Second, we compare a random intercept and a
common intercept model, varying random intercept variance, number and size of clusters.

The simplified cAIC gives a much larger proportion of decisions for the larger model
than the mAIC, with the corrected cAIC in-between (Figure 1). While the AIC for nested
models in standard settings corresponds to a likelihood ratio test with asymptotic level
α = 0.157, α is much smaller for the mAIC (as low as 0.01 here), much larger for the
simplified cAIC (up to 0.49), and more similar for the corrected cAIC (0.07 to 0.40).

The simplified cAIC chooses the larger model when τ̂ 2 > 0, and gives a tie when
τ̂ 2 = 0. The corrected cAIC often favors the more complex model even when τ̂ 2 = 0
due to numerical problems. Especially for Φ1 using second derivatives, the numerical
approximation fails in some cases, resulting in spurious estimated degrees of freedom.
Overall, Φ0 + 1 approximates Φ1 rather well, but is numerically much more stable.
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5 Childhood malnutrition in Zambia

We investigate implications of our findings for model choice in practice. We are interested
in modeling the Z-score, measuring chronic undernutrition (stunting) as insufficient height
for age, for 1600 children from the 1992 Zambia Demographic and Health Survey. The
available predictors are 1) categorical/binary: child’s gender, mother’s employment status
and education 2) spatial: residential district and 3) continuous: duration of breastfeeding,
child’s age, mother’s age, height and BMI. Due to computational cost of the corrected
cAIC for large data, we focus only on the mAIC and the simplified cAIC for selecting a
random district intercept, and linear or non-linaer effects for the continuous variables.

To illustrate our findings, consider the model with height of the mother as the single
predictor. Using maximum likelihood estimation, the estimated effect is linear (Figure
1). This results in a tie for the cAIC, while the mAIC clearly prefers the smaller linear
model. Using REML estimation, the estimated effect is slightly non-linear. While the
mAIC still prefers the smaller, linear model, the cAIC as expected chooses the larger,
non-linear model, despite the estimated non-linearity being quite small.

6 Discussion

We investigated the behavior of mAIC and cAIC for selecting random effects in linear
mixed models. This corresponds to interesting model choice questions, including decision
on non-linearity of effects, constancy of varying coefficients, or the necessity for a ran-
dom intercept. We found the mAIC to be biased towards simpler models without random
effects. The bias is dependent on the setting and the true value of the random effects vari-
ance. For the cAIC, it is essential to correct for estimation uncertainty in the unknown ran-
dom effects covariance matrix. Ignoring the uncertainty, while common and computation-
ally attractive, leads to selection of the random effect whenever it is not estimated to be
exactly zero. More research is needed to obtain numerically feasible and robust versions of
the corrected cAIC, and to extend methodology to generalized linear mixed models. This
paper is based on the technical report at http://www.bepress.com/jhubiostat/paper179/.
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PRIORS FOR SPARSE COVARIANCE MODELS

By Kshitij Khare† and Bala Rajaratnam∗

Stanford University

Gaussian covariance graph models encode marginal independence among the compo-
nents of a multivariate random vector by means of a graph G. These models are distinctly
different from the traditional concentration graph models (often also referred to as Gaus-
sian graphical models or covariance selection models), as the zeroes in the parameter
are now reflected in the covariance matrix Σ, as compared to the concentration matrix
Ω = Σ−1. The parameter space of interest for covariance graph models is the cone PG of
positive definite matrices with fixed zeroes corresponding to the missing edges of G. As
in Letac and Massam [7] we consider the case when G is decomposable. In this paper we
construct on the cone PG a family of Wishart distributions, that serve a similar purpose
in the covariance graph setting, as those constructed by Letac and Massam [7] and Dawid
and Lauritzen [2] do in the concentration graph setting. We proceed to undertake a rigor-
ous study of these “covariance” Wishart distributions, and derive several deep and useful
properties of this class. First, they form a rich conjugate family of priors with multiple
shape parameters for covariance graph models. Second, we show how to sample from
these distributions by using a block Gibbs sampling algorithm, and prove convergence
of this block Gibbs sampler. Development of this class of distributions enables Bayesian
inference, which in turn allows for the estimation of Σ even in the case when the sample
size is less than the dimension of the data (i.e., when ‘n < p’), otherwise not possible in
general in the maximum likelihood framework.

1. Introduction. Due to recent advances in science and information technology, there
has been a huge influx of high-dimensional data from various fields such as genomics, en-
vironmental sciences, finance and the social sciences. Making sense of all the many complex
relationships and multivariate dependencies present in the data and formulating correct models
and developing inferential procedures is one of the major challenges in modern day statistics.
In parametric models the covariance or correlation matrix (or its inverse) is the fundamental
object that quantifies relationships between random variables. Estimating the covariance ma-
trix in a sparse way is crucial in high dimensional problems and enables the detection of the
most important relationships. In this light, graphical models have served as tools to discover
structure in high-dimensional data.

The primary aim of this note is to develop a new family of conjugate prior distributions
for covariance graph models (a subclass of graphical models), and consequently study the
properties of this family of distributions. These properties are highly attractive for Bayesian
inference in high-dimensional settings. In covariance graph models, specific entries of the co-
variance matrix are restricted to be zero, which implies marginal independence in the Gaussian
case. Covariance graph models correspond to curved exponential families, and are distinctly
different from the well-studied concentration graph models, which in turn correspond to nat-
ural exponential families. A rich framework for Bayesian inference for natural exponential

∗Bala Rajaratnam was supported in part by NSF grant DMS 0505303, DMS 0906392, SUFSC08-
SUSHSTF09-SMSCVISG0906

†Kshitij Khare was supported in part by the B.C. and E.J. Eaves Stanford graduate fellowship.
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2 KHARE, RAJARATNAM

families has been established in the last three decades, starting with the seminal and cele-
brated work of Diaconis and Ylvisaker [3] that laid the foundations for constructing conjugate
prior distributions for natural exponential family models. The Diaconis-Ylvisaker (henceforth
referred to as DY) conjugate priors are characterized by posterior linearity. An analogous
framework for curved exponential families is not available in the literature. This note develops
a framework for priors for the class of covariance graph models and summarizes some of the
main results from a longer paper (see [5] for more details).

2. Preliminaries. An undirected graph G is a pair (V,E), where V is a permutation1 of
the set {1, 2, · · · ,m} denoting the set of vertices of G. The set E ⊆ V × V denotes the set of
edges in the graph. If vertices u and v are such that (u, v) ∈ E then we say that there is an
edge between u and v. It is also understood that (u, v) ∈ E implies (v, u) ∈ E, i.e., the edges
are undirected. Though the dependence of G = (V,E) on the particular ordering in V is often
suppressed, the reader should bear in mind that unlike traditional graphs, the graphs defined
above are not equivalent up to permutation of the vertices2 modulo the edge structure. We
describe below two classes of graphs which play a central role in this paper.

2.1. Decomposable graphs. An undirected graphG is said to be decomposable if any induced
subgraph does not contain a cycle of length greater than or equal to four. The reader is
referred to Lauritzen [6] for all the common notions of graphical models (and in particular
decomposable graphs) that we will use here. One such important notion is that of a perfect
order of the cliques. Every decomposable graph admits a perfect order of its cliques. Let
(C1, C2, · · · , Ck) be one such perfect order of the cliques of the graph G. The history for the
graph is given by H1 = C1 and

Hj = C1 ∪ C2 ∪ · · · ∪ Cj , j = 2, 3, · · · , k,
and the minimal separators of the graph are given by

Sj = Hj−1 ∩ Cj, j = 2, 3, · · · , k.
Let

Rj = Cj \Hj−1 for j = 2, 3, · · · , k.
Let k′ ≤ k − 1 denote the number of distinct separators and ν(S) denote the multiplicity of
S, i.e., the number of j such that Sj = S. Generally, we will denote by C the set of cliques of
a graph and by S its set of separators.

Now, let Σ be an arbitrary positive definite matrix with zero restrictions according to
G = (V,E) 3, i.e., Σij = 0 whenever (i, j) /∈ E. It is known that if G is decomposable,
there exists an ordering of the vertices such that if Σ = LDLT is the modified Cholesky
decomposition corresponding to this ordering, then for i > j,

(2.1) Lij = 0 whenever (i, j) /∈ E.
Lauritzen [6] shows that this ordering provides a ‘perfect vertex elimination scheme’ for G.

1The ordering in V is emphasized here as the elements of V will later correspond to rows or columns of
matrices.

2This has been done for notational convenience, as will be seen later.
3It is emphasized here that the ordering of the vertices reflected in V plays a crucial role in the definitions

and results that follow.
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2.2. The spaces PG, QG and LG. An m-dimensional Gaussian covariance graph model4

can be represented by the class of multivariate normal distributions with fixed zeros in the
covariance parameter (i.e., marginal independencies) described by a given graph G = (V,E).
That is, if (i, j) /∈ E, the i-th and j-th components of the multivariate random vector are
marginally independent. Without loss of generality, we can assume that these models have
mean zero and are characterized by the parameter set PG of positive definite covariance ma-
trices Σ such that Σij = 0 whenever the edge (i, j) is not in E. Following the notation in [7, 9]
for G decomposable, we define QG to be the space on which the free elements of the precision
matrices (or inverse covariance matrices) Ω live.

More formally let M denote the set of symmetric matrices of order m, M+
m ⊂ M the cone

of positive definite matrices (abbreviated > 0), IG the linear space of symmetric incomplete
matrices x with missing entries xij , (i, j) /∈ E and κ : M �→ IG the projection of M into IG.
The parameter set of the precision matrices of Gaussian covariance graph models can also be
described as the set of incomplete matrices Ω = κ(Σ−1), Σ ∈ PG. We are therefore led to
consider the two cones

PG = {y ∈M+
m| yij = 0, (i, j) 
∈ E}(2.2)

QG = {x ∈ IG| xCi > 0, i = 1, . . . , k}.(2.3)

where PG ⊂ ZG and QG ⊂ IG, where ZG denotes the linear space of symmetric matrices with
zero entries yij, (i, j) 
∈ E.

Grőne et al.. [4] proved formally that there is an isomorphism 5 between PG and QG.
We now introduce new spaces that we shall need in our subsequent analysis 6. Let LG

denote the space of all lower triangular matrices with diagonal entries equal to 1, such that
the entries in the lower triangle have zero restrictions corresponding to G, i.e.,

LG = {L : Lij = 0 whenever i < j, or (i, j) /∈ E, and Lii = 1,∀ 1 ≤ i, j ≤ m}.

Define ΘG (the modified Cholesky space) by

ΘG = {θ = (L,D) : L ∈ LG, D diagonal with Dii > 0 ∀1 ≤ i ≤ m}.

Denote the mapping
ψ : ΘG →M+

m

as defined by

(2.4) ψ(L,D) = LDLT

The above mapping ψ plays an important role in our analysis, and shall be studied later.

4A brief overview of the literature in this area is provided in the introduction.
5Furthermore, it also defines a diffeomorphism.
6These spaces are not defined in [7, 9].
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2.3. Vertex ordering. Let G = (V,E) be an undirected decomposable graph with vertex
set V = {1, 2, · · · ,m} and edge set E. Let SV denote the permutation group associated
with V . For any σ ∈ SV , let Gσ := (σ(V ), Eσ), where (u, v) ∈ Eσ iff (σ−1(u), σ−1(v)) ∈ E.
Let SD ⊂ SV denote the subset of permutations σ of V , such that for any Σ ∈ M+

m with
Σ = LDLT , L ∈ LGσ ⇔ Σ ∈ PGσ . Hence for every σ ∈ SD, the mapping ψσ : ΘGσ → M+

m

defined in (2.4), is a bijection from ΘGσ to PGσ . In particular, the ordering corresponding to
any perfect vertex elimination scheme lies in SD. If G is homogeneous, let SH ⊂ SD denote the
subset of permutations σ of V , such that L ∈ LGσ ⇔ L−1 ∈ LGσ . In particular, any ordering
of the vertices corresponding to the Hasse perfect vertex elimination scheme lies in SH . The
above defines a nested triplet of permutations of V given by SH ⊂ SD ⊂ SV .

3. Wishart distributions for covariance graphs. Let G = (V,E) be an undirected
decomposable graph with vertex set V and edge set E. We assume that the vertices in V
are ordered so that V ∈ SD. The covariance graph model associated with G is the family of
distributions

G = {Nm(0,Σ) : Σ ∈ PG}
∼= {Nm(0, LDLT ) : (L,D) ∈ ΘG}.

Consider the class of measures on ΘG with density
(
w.r.t.

∏
i>j,(i,j)∈E dLij

∏m
i=1 dDii

)

(3.1) π̃U,α(L,D) = e−
(tr((LDLT )−1U)+

∑m

i=1
αi log Dii)

2 , θ = (L,D) ∈ ΘG.

These measures are parameterized by a positive definite matrix U and a vector α ∈ Rm with
non-negative entries. Let us first establish some notation.

• N (i) := {j : (i, j) ∈ E}
• N≺(i) := {j : (i, j) ∈ E, i > j}
• U≺i := ((Ukl))k,l∈N≺(i)

• U�i := ((Ukl))k,l∈N≺(i)∪{i}
• U≺

·i := (Uki)k∈N≺(i)

Let

zG(U,α) :=
∫
e−

(tr((LDLT )−1U)+
∑m

i=1
αi log Dii)

2 dLdD.

If zG(U,α) < ∞, then π̃U,α can be normalized to obtain a probability measure. A sufficient
condition for the existence of a normalizing constant for π̃U,α(L,D) is provided in the following
proposition.

Theorem 1. Let dL :=
∏

(i,j)∈E,i>j dLij and dD :=
∏m
i=1 dDii. Then,

∫
ΘG

e−
(tr((LDLT )−1U)+

∑m

i=1
αi log Dii)

2 dLdD <∞

if
αi > |N≺(i)|+ 2 ∀ i = 1, 2, · · · ,m.
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Lemma 1. Let G = (V,E) be a decomposable graph, where vertices in V are ordered so
that V ∈ SD. Let Y1,Y2, · · · ,Yn be an i.i.d. sample from Nm(0, LDLT ), where (L,D) ∈ ΘG.
Let S = 1

n

∑n
i=1 YiYT

i denote the empirical covariance matrix. If the prior distribution on
(L,D) is πU,α, then the posterior distribution of (L,D) is given by π

Ũ ,α̃
, where Ũ = nS + U

and α̃ = (n+ α1, n+ α2, · · · , n+ αm).

Proof. The likelihood of the data is given by

f(y1,y2, · · · ,yn | L,D) =
1

(
√

2π)nm
e−

(tr((LDLT )−1(nS))+n log |D|)
2 .

Using πU,α as a prior for (L,D), the posterior distribution of (L,D) given the data (Y1,Y2, · · · ,Yn)
is

πU,α(L,D | Y1,Y2, · · · ,Yn) ∝ e−
(tr((LDLT )−1(nS+U))+

∑m

i=1
(n+αi) log Dii)

2 , θ ∈ ΘG.

Hence the posterior distribution belongs to the same family as the prior, i.e.,

πU,α(· | Y1,Y2, · · · ,Yn) = π
Ũ ,α̃

(·),

where Ũ = nS + U and α̃ = (n + α1, n+ α2, · · · , n+ αm). �
Remark. If we assume that the observations do not have mean zero, i.e., Y1,Y2, · · · ,Yn are
i.i.d. N (μ,Σ), with μ ∈ Rm, Σ ∈ PG, then

S̃ :=
1
n

n∑
i=1

(Yi − Ȳ)(Yi − Ȳ)T

is the minimal sufficient statistic for Σ. Here, nS̃ has a Wishart distribution with parameter
Σ and n−1 degrees of freedom. Hence, if we assume a prior πU,α for (L,D), then the posterior
distribution is given by

πU,α(· | S̃) = π
Ũ ,α̃

(·),
where Ũ = nS̃ + U , and α = (n− 1 + α1, n− 1 + α2, · · · , n− 1 + αm).

3.1. Induced prior on PG and QG. The prior πU,α on ΘG (the modified Cholesky space)
induces a prior on PG (the covariance matrix space) and QG. Recall from Section 2.2 that PG is
the space of positive definite matrices with zero restrictions according to G, andQG is the space
of incomplete matrices isomorphic to PG. We provide an expression for the induced priors on
these spaces in order to compare our Wishart distributions with other classes of distributions.
Note that since the vertices have been ordered so that V ∈ SD, the transformation

ψ : ΘG →M+
m

defined by
ψ(L,D) = LDLT =: Σ

is a bijection from ΘG to PG. The lemma below provides the required Jacobians for deriving
the induced priors on PG and QG. We prove the first part, and the proof of the second part
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can be found in [10]. The reader is referred to Section [9] for notation on decomposable graphs.
Note that if x is a matrix, |x| denotes its determinant, while if C is a set, then |C| denotes its
cardinality.

Lemma 2. Jacobians of transformations.

1. The Jacobian of the transformation ψ : (L,D) → Σ from ΘG to PG is

m∏
i=1

Djj(Σ)−nj .

Here Djj(Σ) denotes that Djj is a function of Σ, and nj := |{i : (i, j) ∈ E, i > j}| for
j = 1, 2, · · · ,m.

2. The absolute value of the Jacobian of the bijection ζ : x→ x̂−1 from QG to PG is∏
C∈C

|xC |−|C|−1
∏
S∈S

|xS |(|S|+1)ν(S).

These Jacobians allow us to compute the induced priors on PG and QG. The induced prior
corresponding to π̃U,α on PG is given by

(3.2) π̃PG
U,α(Σ) ∝ e−

(tr(Σ−1U)+
∑m

i=1
(2ni+αi) log Dii(Σ))
2 , Σ ∈ PG.

We first note that the traditional Inverse-Wishart distribution (see [8]) with parameters U and
n is a special case of (3.2) when G is the complete graph, and αi = n− 2m+ 2i, ∀ 1 ≤ i ≤ m.
We also note that the G-inverse Wishart priors introduced in [11] have a one-dimensional shape
parameter δ, and are a very special case of our richer class π̃PG

U,α. The single shape parameter
δ is given by the relationship αi + 2ni = δ + 2m, 1 ≤ i ≤ m 7.

We now proceed to derive the induced prior on QG. Let x = ϕ(Σ) = κ(Σ−1) denote the
image of Σ in QG. Using the second part of Lemma 2, the induced prior corresponding to π̃U,α
on QG is given by

π̃QG
U,α(x) ∝ e−

(tr(x̂U)+
∑m

i=1
(2ni+αi) log Dii((̂x)−1))

2

×
∏
S∈S |xS |(|S|+1)ν(S)∏
C∈C |xC ||C|+1

, x ∈ QG.

4. Sampling from the posterior distribution. In this section, we study the proper-
ties of our family of distributions, and thereby provide a method that allows us to generate
samples from the posterior distribution corresponding to the priors defined in Section 3. In

7There is an interesting parallel here that becomes apparent from our derivations above. In the concentration
graph setting, the single shape parameter hyper inverse Wishart (HIW) prior of Dawid and Lauritzen [2] is a
special case of the multiple shape parameter class of priors introduced by Letac and Massam [7], in the sense
αi = − 1

2
(δ + ci − 1) (see [9] for notation). In a similar spirit, we discover that the single shape parameter class

of priors in [11] is a special case of the multiple shape parameter class of priors π̃U,α introduced in this paper,
in the sense αi = δ − 2ni + 2m.
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particular, we prove that θ = (L,D) ∈ ΘG can be partitioned into blocks so that the condi-
tional distribution of each block given the others are standard distributions in statistics and
hence easy to sample from. We can therefore generate samples from the posterior distribution
by using the block Gibbs sampling algorithm.

4.1. Distributional properties and the block Gibbs sampler. Let us introduce some notation
before deriving the required conditional distributions. Let G = (V,E) be a decomposable
graph, such that V ∈ SD. For a lower triangular matrix L with diagonal entries equal to 1,

Lu· := uth row of L, u = 1, 2, · · · ,m,
L·v := vth column of L, v = 1, 2, · · · ,m,
LG·v := (Luv)u>v,(u,v)∈E , v = 1, 2, · · · ,m− 1.

So LG·v is the vth column of L without the components which are specified to be zero under
the model G (and without the vth diagonal entry, which is 1). In terms of this notation, the
parameter space can be represented as
(4.1)
ΘG =

{(
LG·1, L

G
·2, L

G
·3, · · · , LG·m−1,D

)
: Lij ∈ R, ∀ 1 ≤ j < i ≤ m, (i, j) ∈ E, Dii > 0, ∀ 1 ≤ i ≤ m

}
.

Suppose θ ∼ πU,α for some positive definite U and α ∈ Rm with non-negative entries. Then
the posterior distribution is π

Ũ ,α̃
, where Ũ = nS + U, α̃ = (n + α1, n + α2, · · · , n + αm). In

the following proposition, we derive the distributional properties which provide the essential
ingredients for our block Gibbs sampling procedure.

Theorem 2. Using the notation above, the conditional distributions of each component of
θ (as in (4.1)) given the other components and the data Y1,Y2, · · · ,Yn are as follows.

1.
LG·v | (L \ LG·v,D,Y1,Y2, · · · ,Yn) ∼ N (μv,G,Mv,G) ∀ v = 1, 2, · · · ,m− 1,

where

μv,Gu := μvu +
∑

u′>v:(u′,v)∈E

∑
w>v:(w,v)/∈E

or w<v,L−1
vw=0

Mv,G
uu′

(
L−1Ũ(LT )−1

)
vv

(LDLT )−1
u′wμ

v
w

∀u > v, (u, v) ∈ E,

μvu :=
(L−1Ũ)vu(

L−1Ũ(LT )−1
)
vv

∀u such that L−1
vu = 0,

(Mv,G)−1
uu′ :=

(
L−1Ũ(LT )−1

)
vv

(LDLT )−1
uu′ ∀u, u′ > v, (u, v), (u′, v) ∈ E.

2.

Dii | L,Y1,Y2, · · · ,Ym ∼ IG

⎛⎝ α̃i
2
− 1,

(
L−1Ũ(LT )−1

)
ii

2

⎞⎠
independently for i = 1, 2, · · · ,m, where IG represents the inverse-gamma distribution.

Remark The notation L−1
vw = 0 in the definition of μv,G above means indices w for which L−1

vw

is 0 as a function of entries of L.
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4.2. Convergence of block Gibbs sampler.
We now prove that sufficient conditions for convergence of a Gibbs sampling Markov chain to

its stationary distribution (see [1, Theorem 6]) are satisfied by the Markov chain corresponding
to our block Gibbs sampler. Let φ(x | μ,Σ) denote the N (μ,Σ) density evaluated at x. Let
fIG(d | α, λ) denote the IG(α, λ) density evaluated at d. Let us fix ψ, d1, d2 > 0 arbitrarily.
Let

Θψ,d1,d2 := {θ = (L,D) ∈ ΘG : |Lij | ≤ ψ, d1 ≤ Dii ≤ d2 ∀ i > j, (i, j) ∈ E}.
We now formally prove the conditions which are sufficient for establishing convergence.

Proposition 1. ∃δ > 0 such that for all θ = (L,D) ∈ Θψ,d1,d2,

φ
(
LG·,v | μv,G,Mv,G

)
> δ ∀ v = 1, 2, · · · ,m− 1,

fIG

⎛⎝Dii| α̃i2 − 1,

(
L−1Ũ(LT )−1

)
ii

2

⎞⎠ > δ ∀ i = 1, 2, · · · ,m.

The reader is referred to a longer paper (see [5]) where proofs of the above theorems/propositions
are provided.
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Abstract : In recent years, the availability of high-throughput data
from genomic, finance, environmental,and other applications has created
an urgent need for methodology and tools for analyzing high-dimensional
data. Making sense of the many complex relationships, formulating cor-
rect models and developing inferential procedures is one of the major
challenges facing statisticians today, and also those working in applied
fields. The co- variance parameter (or its inverse) is a natural parame-
ter of interest when trying to understand complex relationships between
many variables. We propose a new method to estimate the inverse co-
variance matrices in a sparse manner when there is a natural order in
the data. We compare our method to others in the literature to assess
its effectiveness in high dimensional problems.

Key Words : Exploratory Data Analysis, High Dimensional Data,
Gaussian Model

1 Introduction

A difficult and important problem in genetics is to estimate clusters of dependent mRNA
expression levels among the many thousands of expressed transcripts. The approach
taken here is to introduce and analyze several exploratory techniques which attempt to
recover the inverse covariance matrix and hence find sets of genes for which there is
evidence of conditional independence. It is particular interest to estimate the zeros of
the inverse covariance matrix as zeros correspond to lack of edges and hence conditional
independence relationships. The work here is motivated by the Generalized Topological
Overlap (GTOM) measure developed by Horvath et al, a measure which attempts to
quantify multivariate dependency without directly estimating a concentration graph.

Two applications for exploratory estimates of the concentration graph motivating the
development of GTOM and the measures introduced here are 1) variable clustering and
2) estimates of the concentration graph, perhaps marginal estimates of each cluster found
in 1). Variable clustering, or identifying groups of variables which are highly conditionally
dependent, has the potential to identify significant co-regulated genes.
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We have developed an alternative exploratory class of estimators of the inverse co-
variance matrix (denoted POM, IPOM) which can be used for exploratory analysis to
both estimate the concentration graph in Gaussian graphical models and for clustering
variables (genes). These estimators bypass the difficult problem of model selection for
graphical models. Some theoretical properties are presented in this proceedings. Ap-
plications to variable clustering are committed due to space limitations. A special case
of POM and IPOM coincide with an algorithmic approach to inverse covariance matrix
estimation proposed by Friedman et al (unpublished).

2 Methodology: Definitions of POM, IPOM

Definition 2.1. Let P := I − S, then

IPOMk = I + P − P 2 + . . . + (−1)kP k.

Definition 2.2. Let P := I − S, then

POMk = I + P + P 2 + . . . + P k.

Note that:

Remark 2.3. For i 6= j,

IPOM1(S)ij = POM1(S)ij = −Sij.

2.1 Comparison and Interpretation of POM, IPOM, GTOM

Despite potential empirical success of GTOM, the following reasons suggest a refinement
of methodology is useful:

• GTOM is a function of a binary adjacency matrix whereas IPOM, POM are func-
tions of any estimate of the covariance matrix.

• GTOM is designed for clustering and not estimation of the inverse covariance matrix;
fails for estimating the inverse covariance matrix in a simple cases of separator of
size 1, or for a two variable AR(2) process.

The two estimators POMk and IPOMK are extensions of GTOM in the following
manner:

• POM is a generalization of the numerator of GTOM both of which attempt to
estimate clusters in the covariance matrix.
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• The numerator, denominator of GTOM, and hence the estimator GTOM may be
unstable since they are functions of a threshold function on a sample covariance
graph.

• IPOM can be used for a more direct approach of estimating graph structure and
then doing graph based clustering.

3 Theoretical Analysis for GTOM, IPOM

There is current interest in so called “hub genes” in both biology and other fields. One
motivation for the use of GTOMi is its use in estimating “hub genes”. However, this
section demonstrates theoretical reasons that GTOM is unable to detect hub genes for
m = 1.

Recall the definition of GTOM1:

Definition 3.1. For Nm(i) = {j 6= i|min path length(i,j) ≤ m},

GTOMm(i, j) =
|N1(i) ∩ N1(j)| + aij

min(N1(i), N1(j)) + 1 − aij

Consider A whose adjacency matrix is a star graph with n vertices and hub labeled as
1. For simplicity, assume all edge weights on the inverse covariance matrix are uniform.
Such an adjacency graph arises as both the concentration graph of a Gaussian graphical
model with a “hub” and as the thresholded version of the corresponding covariance matrix.

Claim 3.2 (Star Graph). For A the star graph on n vertices with hub vertex 1, for
m = 1,GTOMm(i, j) = 1 for all i, j. Otherwise, GTOMm(i, j) = 1 if i = 1 or j = 1 and
otherwise GTOMm(i, j) = n−2

n
.

Proof of Claim 3.2. The case for m = 1 is straightforward are There are only 2 cases to
check for i < j. Case 1: i = 1. In this case, The denominator of GTOM1 is 1 and the
numerator is also 1. In the case i > 1, the numerator of GTOM1 is 1 as is the denominator.
For m > 1, Nm(i) = {n/i} for all i,m. The computation is straightforward.

The above argument shows that as n becomes large, GTOMm(i, j) approaches 1 for
all i, j. The IPOM1 and POM1 measures each produce an estimate of the covariance
matrix which differentiates the “hub” node from other nodes.

The following Propositions provide a theoretical foundation for the estimator IPOMk.
The first establishes IPOM as a plug-in estimator for a class of covariance matrices spec-
ified in the

Proposition 3.3. Suppose Σ is an p by p covariance matrix with ||Σ|| < 2 and Σii = 1
for all 1 ≤ i ≤ p. Then, IPOMk is the plug-in estimator for the kth order Taylor series
approximation of the inverse, Σ−1

k , which has the property that

3



||Σ−1 − Σ−1
k ||∞ <

(λmax − 1)k

1 − λmax

.

where λmax = ||Σ−1|| − 1.

The next Propositions establish probabilistic properties of a thresholded version of
IPOM made precise in the following

Definition 3.4. Define TIPOM1(S, λ) as |IPOM1(S)| which has been thresholded at a
value λ < 1.

The next proposition shows that TIPOM1(S) will recover the inverse covariance ma-
trix of Gaussian graphical models with maximum clique size 2.

Proposition 3.5. For Σ−1 a decomposable connected graph of maximum clique size 2,
for 0 < a < b < 1, if

σi,j ∈ {0, [a, b], [−b,−a]} whenever (i, j) ∈ E (1)

where b2 < a − ǫ for some ǫ > 0 and σii = 1 for all i, then there exists a λ ∈ (0, 1) so
that asymptotically (and with a probability we can bound in finite samples), TIPOM1(S, λ)
recovers the zero structure of Σ−1. Without the assumption of Equation 1, the conclusion
does not necessarily hold.

The final Proposition shows that if the inverse covariance matrix is the sum of a
matrix corresponding to a Gaussian graphical model with maximum clique size 2 and an
error term distributed, up to determined matrix multiplication, according to the GOE,
an analogue of Proposition 3.5 holds.

Suppose Ω0 = Σ−1
0 is the inverse covariance matrix for a graph whose maximum clique

size is two and ǫ > 0 is fixed and to be determined later. Let

Σ−1 = Ω
1
2
0 (I + ǫO2)Ω

1
2
0 (2)

where O is a random matrix with distribution of the GOE. Note that O2 is symmetric
and positive definite. Therefore,

Proposition 3.6. Let Ω0 be the inverse covariance of a Gaussian graphical model with
maximum clique size 2, minimum eigenvalue 1

γ2 . Suppose Σ0 = Ω−1
0 a matrix whose

entries are in the set {[a, b], 0, [−b,−a]} where b2+x < a−x for some x > 0, ǫ2(4+y) < 1
and

x >
1

γ2
1

ǫ2(4 + y)

1 − ǫ2(4 + y)
.

Then, there is a λ so that the procedure TIPOM(·, λ) will recover the edges in Ω0.
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expression is obtained for the mapping that connects a process to its corresponding
reproducing kernel Hilbert space.

Key words: covariance operator, H-valued random variables, reproducing kernel
Hilbert space
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1 Introduction

Let {X(t), t ∈ E} be a zero mean stochastic process with a finite dimen-
sional index set E = {t1, . . . tn}. The set of all linear combinations of X =
(X(t1), . . . , X(tn))′ is isometrically isomorphic or congruent to the column
space of the covariance matrix K = {K(ti, tj)}ni,j=1, where K is the covariance
kernel defined by

K(s, t) = E[X(s)X(t)].

The congruence mapping is determined uniquely by Ψ(K(t, ·)) = X(t), t ∈ E,
with the result that every linear combination U of the X vector with nonzero
variance can be expressed as

U = Ψ(f) = f ′K†X (1)
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for some f ∈ ker(K)⊥, with K† denoting the Moore-Penrose generalized inverse
of K.

The congruence in (1) is a special case of the Lòeve–Parzen congruence that
connects a second order process to the reproducing kernel Hilbert space (RKHS)
generated by its covariance kernel. In general, however, there is no simple
closed form for the congruence mapping. This poses problems for the applica-
tion of RKHS methods in areas such as functional data analysis (FDA) (e.g.,
Eubank and Hsing 2008). Here we deal with a case of particular interest for
FDA settings and show that (1) has a natural infinite dimensional extension
for processes that take values in certain Hilbert function spaces.

Let E be a subset of R and ν a sigma-finite measure on E. We then consider
the case where a zero-mean stochastic process {X(t), t ∈ E} takes values in
the Hilbert space H = L2(E) of square integrable functions on E with inner
product (f, g)H ≡ ∫

E f(t)g(t)dν(t). Associated with X(·) is the covariance
operator S : H 7→ H defined by

(f, Sg)H ≡ Cov((X, f)H, (X, g)H) =
∫
H

(X, f)H(X, g)HdP(X) for f, g ∈ H,

with P the induced probability measure from X on H. It is well known (e.g.
Laha and Rohatgi 1979) that S is positive, self-adjoint and Hilbert-Schmidt.
As a result, X admits a Karhunen–Loève expansion X(·) =

∑N
i=1(X,φi)Hφi(·),

for N = rank(S) (possibly infinity) and {φi}Ni=1 the eigenvectors of S whose
corresponding eigenvalues {λn}Nn=1 satisfy

E[(X,φi)H(X,φj)H] = (φi, Sφi)H = λiδij,

with δij denoting the Kronecker delta function. Alternatively, for λi > 0, we
can write X(·) =

∑N
i=1

√
λiZ̃iφi(·) with

Z̃i ≡ (X,φi)H/
√
λi (2)

uncorrelated random variables with unit variances.

The covariance kernel in (1) for X(·) generates a reproducing kernel Hilbert
space H(K) (see Berlinet and Thomas-Agnan 2004) that is congruent to the
Hilbert space L2

X of all linear functionals of the X process. Specifically, L2
X

contains all finite dimensional linear combinations of {X(t), t ∈ E} and their
limits under the inner product (U, V )L2

X
= E[UV ], for U, V ∈ L2

X , while

H(K) = {f : f =
∑∞
i=1 λifiφi,

∑∞
i=1 λif

2
i < ∞}. The congruence mapping

Ψ : H(K) 7→ L2
X is defined by requiring every finite dimensional linear combi-

nation
∑n
i=1 aiK(·, ti) to map to

∑n
i=1 aiX(ti), for all ai ∈ R, ti ∈ E, and n ∈

N. An application of the integral representation theorem of Parzen (1961) then
produces the following result.
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Theorem 1.1 Let f(·) =
∑N
i=1 λifiφi(·) be in H(K). Then,

Ψ(f) =
N∑
i=1

fi(X,φi)H and Ψ−1

(
N∑
i=1

fi(X,φi)H

)
=

N∑
i=1

λifiφi, (3)

with Ψ−1 = Ψ∗, where Ψ∗ denotes the adjoint of Ψ.

For the developments here we need a further congruence that connects the
closure of the image of the square root of S, denoted S1/2, with H(K).

Theorem 1.2 (Eubank and Hsing 2007) The Hilbert spaces Im(S1/2) = ker(S)⊥

and H(K) are congruent under the mapping Γ : H 7→ H(K) defined by

(Γg)(·) ≡
N∑
i=1

√
λigiφi(·), (4)

where g =
∑N
i=1(g, φi)φi =

∑N
i=1 giφi ∈ ker(S)⊥. The inverse mapping

(Γ−1f)(·) ≡
N∑
i=1

√
λifiφi(·), (5)

for f =
∑N
i=1 λifiφi(·) ∈ H(K) is also the adjoint of Γ.

Theorems 1.1 and 1.2 provide congruences that connect L2
X to H(K) and

H(K) to ker(S)⊥. We can connect these mappings to obtain a congruence
between L2

X and ker(S)⊥ ⊆ L2(E). In the next section we use this to produce
the natural extension of (1) to the case where X is L2(E) valued.

2 Main Result

First note that since (3)-(5) are congruences, the composition Ω ≡ Ψ◦Γ is also
a congruence mapping from ker(S)⊥ onto L2

X . Thus, if we take f =
∑N
i=1 fiφi ∈

ker(S)⊥ then,

Ω(f) ≡ Ψ

(
Γ

(
N∑
i=1

fiφi

))
= Ψ

(
N∑
i=1

λifiφi√
λi

)

=
N∑
i=1

fi√
λi

(X,φi)L2(E) =
N∑
i=1

fiZ̃i (6)
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with Z̃i defined in (2). However, if f ∈ Im(S1/2) ⊆ Im(S1/2) = ker(S)⊥ then
f = S1/2g for some g ∈ L2(E) so we may further refine (6) to write

Ω(f) =

 (X,S−1/2f)H for f ∈ Im(S1/2) and,∑∞
i=1 fiZ̃i, whenever f ∈ Im(S1/2) \ Im(S1/2) and N =∞

(7)

with S−1/2 denoting the Moore-Penrose inverse of S1/2. The inverse mapping
Ω−1 : L2

X 7→ ker(S)⊥ for any U =
∑N
i=1 fi(X,φi)H has the form

Ω−1(U) = Γ−1

(
Ψ−1

(
N∑
i=1

fi(X,φi)H

))
= Γ−1

(
N∑
i=1

λifiφi

)

=
N∑
i=1

√
λifiφi = S1/2f, (8)

with f =
∑N
i=1 fiφi ∈ ker(S)⊥. We can now obtain the desired extension of

(1).

Theorem 2.1 For any f̃ =
∑N
i=1 λifiφi ∈ H(K) and f = Γ−1(f̃) ∈ ker(S)⊥

Ψ(f̃) =

 (X,S†f̃)H whenever f ∈ Im(S1/2) and,∑∞
i=1(
√
λifi)Z̃i for f ∈ Im(S1/2) \ Im(S1/2) and N =∞,

(9)

where S† denotes the Moore-Penrose inverse of S. The inverse mapping for
any U = (X, f)H =

∑N
i=1 fi(X,φi)H with f ∈ ker(S)⊥ is Ψ−1(U) = Sf .

Proof. Observe that Ψ = ΩΓ−1. Thus, for any f̃ =
∑N
i=1 λifiφi ∈ H(K) and

f = Γ−1(f̃) =
∑N
i=1(
√
λifi)φi ∈ ker(S)⊥ it follows that

Ψ(f̃) = Ω(Γ−1(f̃)) = Ω

(
N∑
i=1

(
√
λifi)φi

)
=

N∑
i=1

(
√
λifi)Z̃i.

In the special case that f ∈ Im(S1/2),

Ψ(f̃) = Ω(Γ−1(f̃)) = (X,S−1/2Γ−1f̃)L2(E) = (X,S†f̃)L2(E).

Similarly, Ψ−1 = ΓΩ−1. So, for any U = (X, f)H ∈ L2
X , with f =

∑N
i=1 fiφi ∈

ker(S)⊥

Ψ−1(U) = Γ

(
Ω−1

(
N∑
i=1

fi(X,φi)H

))
= Γ

(
N∑
i=1

fi(S
1/2φi)

)
= Sf.

�
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Abstract : In this paper we analyze a multivariate control chart to
detect small and persistent changes in the covariance matrix. We present
some theoretical properties of the proposed statistic and how to use that
statistic to monitor the stability of the covariance matrix of a process.
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1 Introduction

Shewhart’s famous dictum suggests that proper quality control involved monitoring both
the mean and the variance of the process. In the realm of multivariate process, there are
several methodologies for monitoring the mean vector, such as the multivariate cumulative
sum charts. Another attractive scheme is the multivariate exponentially weighted moving
average (MEWMA) of Lowry et al. (1992). For monitoring the covariance matrix, the
menu of choice is limited and it is this gap that we intend to fill with this paper.

2 Definition and properties of the MEWMC sequences

2.1 Definition

Suppose that the process readings are p component vectors Xn, n = 1, 2, ... and that
while the process is in control these process readings follow independent multivariate
normal distributions with mean vector µ0 and covariance matrix Σ0 which we assume are
known exactly.

It is convenient to work with multistandardized data vectors rather than the ‘raw’
process readings X i; for this we find a matrix A with the property AΣ0A

′ = Ip, and
transform to U i = A(X i − µ0). While in control, the U i are N(0,Ip). We then define
the sequence Sn by the recursion
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S0 = Ip, and for n = 1, 2, ...

Sn = (1− λ)Sn−1 + λU nU
′
n (2.1)

λ is a smoothing constant such that 0 < λ < 1
While the process is in-control, by decomposing Sn−1 in terms of Sn−2, Sn−2 in terms

of Sn−3, and so on, it follows

Lemma 2.1.

Sn = (1− λ)nIp + λ

n−1∑
k=0

(1− λ)kUn−kU′n−k (2.2)

The above formula shows that Sn is a linear combination of the identity matrix
weighted by a coefficient (1− λ)n and the random matrices U 1U

′
1, . . . ,U nU

′
n weighted

by the coefficients λ(1−λ)n−1, . . . , λ. For this reason, the sequence S1, . . .Sn, . . . is called
a Multivariate Exponentially Weighted Moving Covariance Matrix (MEWMC) sequence.
When λ→ 0, the sequence S1, . . .Sn tends to be a smoother version of the initial sequence
U 1U

′
1, . . . ,U nU

′
n and when λ = 0, then Sn = Sn−1 = . . . = S0 = Ip.

Also, we have the follwoing theorem which states that the sequence S1, . . .Sn, . . . is
positive definite.

Theorem 2.2. Sn is a positive definite matrix.

2.2 Independence of the Sn

The random variables U1, . . . ,Un are, by definition, independent so are the random ma-
trices U 1U

′
1, . . . ,U nU

′
n as a consequence. However, the random matrices S1, . . .Sn are

not independent.

Theorem 2.3. The sequence S1, . . .Sn, . . . has a Markov property.

This theorem is saying that the sequence S1, . . .Sn, . . . is a Markov chain (nonstation-
ary)

2.3 Expectations of the MEWMC

By using lemma 2.1 , we can show using an argument by induction that

Lemma 2.4.
E(Sn) = Ip (2.3)

Similarly, the covariance matrix of Sn is given in the following lemma

Lemma 2.5.

Cov(Sn) =
2λ

2− λ [1− (1− λ)2n] (Ip ⊗ Ip) . (2.4)

As n→∞, Cov(Sn) = 2λ
2−λ (Ip ⊗ Ip). So, the asymptotic covariance of the process Sn

is 2λ
2−λ (Ip ⊗ Ip)
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3 Monitoring the covariance matrix

We define the MEWMC statistic to compare the matrix Sn with the identity. Therefore,
we use the statistic

cn = tr(Sn)− log|Sn| − p (3.1)

where tr is the trace of a matrix, |Sn| is the determinant of Sn.
The control chart use then consists of plotting cn against n, and signaling a loss of control
if cn > h where the control limit h is chosen to achieve a specified in-control ARL. The
exact distribution of cn not available so the control limits h are obtained via simulation.

4 Example

In this section, we illustrate the application of the MEWMC chart for covariance shifts
so that scatter shifts can be detected. The data set used was kindly provided to us by
Dr Franz Halberg. In this work, subjects are equiped with instruments that measure and
record physiological variables. The wearer’s blood pressure and heart rate were measured
and recorded every 15 minutes for 6 years. Prior to analysis using SPC methods, each
week’s raw data are condensed into weekly summary numbers which include:
- SBP: A mean systolic blood pressure
- DBP: A mean diastolic blood pressure
- HR: A mean of heart rate
- MAP: An overall mean arterial pressure
We set the smoothing constant λ to 0.1 and the in-control average run length (IC ARL) to
500. Hence the control limit is h = 1.342 for the MEWMC. The MEWMC chart signals
an out-of-control (OOC) behavior at observation 22 (figure 1 in the appendix), so the
shift apparently came around reading 5. With these clues, we go back and diagnose. We
found out that the residual variances of MAP and HR have changed. The other variables
seem fine.

5 Conclusion

We define a new process, MEWMC. We establish some theoretical properties and use it
to set up a method to monitor the covariance matrix of a process.
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Figure 1: MEWMC for the Ambulatory data
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1 Introduction

Ranking and Selection Methodology (RSM), also sometimes referred to as Ranking and Selection Procedures,
is a well developed branch of Statistics, complementary to but distinct from the more widely known branch
called Hypothesis Testing (1200+ papers by 1982, see Dudewicz and Koo 1982). In the last century, data sets
evolved from k = 1 population, to including small k (� 101), large k (� 102), and even recently extremely
large k (� 103 or 4) populations. Multiple hypothesis testing procedures have been continually developed to
keep up with growing k. Formal RSM, however, still only tends to be employed on small k problems. In this
research, I hope to encourage and facilitate future work on RSM for larger k by reviewing the literature on
one lesser known aspect of RSM called �probability of correct selection�(PCS). I believe PCS holds promise
for obtaining additional useful information from today�s extremely large k data sets.
PCS is the probability of making a correct selection of the best t out of k populations (CSt), according

to a given decision rule. It is therefore measuring the likelihood that the speci�ed selection goal is achieved
using the given decision rule. For example, if PCS is 0:93, then there is a 93% chance that the selection
goal is achieved using the given decision rule. Estimating the PCS of the best one (t = 1) population was
introduced by Olkin, Sobel and Tong (1982) within the Indi¤erence Zone framework of RSM. In my review,
I explored a body of literature on the point estimators of P (CSt=1) for small k populations (Cui and Wilson
2008a). In my main paper (Cui and Wilson 2008b), P (CSt=1) was extended for t > 1; and two tuning
parameters, d-best and G-best correct selection were proposed, with examples. In what follows, I provide
a brief sketch of the motivation and application of PCS for large k problems.

2 Motivation

In practice, the range of the parameters of probability distributions tends to be bounded. Consider k location
parameter populations and suppose we want to select the population with the largest location parameter.
Therefore, the range of all k location parameters will tend to be bounded in practice. Suppose we sample
from the k populations and estimate the k population parameters from the samples. When k is small, it is
easy to think that the population with the largest sample statistic will be set apart and correctly indicate the
population with the largest population parameter. However, when k becomes increasingly large, it becomes
less likely that the largest location parameter population will stand out. The �gure below illustrates what
happens when k parameters are uniformly spaced on [0; 10]:
For realistic applications, when k is large, it is often of interest to select t > 1: Nevertheless, the

problem of decreasing PCS persists. However, by introducing an appropriate tuning parameter, PCS can
be increased. There are at least three reasons for introducing a tuning parameter: (i) for large k; P (CSt)
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may be too small to be useful; (ii) for large k; often the goal is a screen, as opposed to signi�cance tests;
and (iii) such PCS may be used to compare competing multiple testing procedures ("meta-method"). This
paper only focuses on reason (i) (but see Cui and Wilson 2008b)

3 Application

De�ne CSG;t as when the top G + t statistics select a set including the top t parameters. We refer to
selection CSG;t as "G-best".

CSG;t elements

In the diagram, �(k) refers to the kth population order statistic. The selection rule is to select the populations
according to the top G+ t sample order statistics Y[k�t�G+1]; :::; Y[k]: See Mahamunulu (1968).
The formula and method for calculating P (CSG;t) are given in Cui and Wilson (2008b). Some of

the features of the method are: (i) applications can yield useful probabilities; (ii) estimator (under normal
assumption) is consistent and asymptotically normal (proved, but not yet published); (iii) estimation is
computationally intensive; (iv) no unknown errors (i.e. type II error; you either are correct or not); and
(v) developed for the following test statistic distributions: normal, Student�s t, and unknown (see Cui and
Wilson 2009). Simulation studies reveal that the estimator is moderately robust to nonnormality, but is
biased upwards for small t (t � 10).
To illustrate, I will consider the Apo AI experiment (Callow, et. al. 2000). In it, cDNA microarrays

were used to measure gene expression in the livers of 8 inbred control mice versus 8 mice with the Apo AI
gene "knocked out". The goal was to identify genes with altered expression in the livers of these two groups
of mice (Dudoit, et. al. 2003). Welch two-sample t-statistics were used on the k = 6383 genes with maxT
permutation test adjusted p-values shown.
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top t rawp jt-statj st error maxT P̂ (CSt) P̂ (CS2;t)

1 7.33e-07 16.50 0.197 0.0002 1.000 1.00
2 2.46e-05 9.79 0.102 0.0008 0.529 0.94
3 3.55e-05 9.26 0.193 0.0009 0.431 0.89
4 4.99e-05 8.78 0.338 0.0012 0.467 0.98
5 1.00e-04 7.89 0.124 0.0056 0.379 0.94
6 1.03e-04 7.84 0.125 0.0061 0.632 0.80
7 5.94e-04 5.91 0.156 0.0664 0.173 0.37
8 7.41e-04 5.69 0.129 0.0889 0.051 0.12
9 1.31e-03 5.16 0.193 0.1771 0.008 0.03

At � = 0:10; t = 8 genes may be selected. This is the number selected in Dudoit, et al. 2003). However,
the probability that those 8 genes are the true top 8 out of the 6383 is approximately 0:051: If one keeps
t = 8; but selects an extra two genes, the probability increases to approximately 0:12 that the 10 genes
selected contains the top 8: This is not much improvement. However, if one holds the total number selected
at 8; t+G = 8; and only requires that 6 of those 8 be in the true top 8; then the probability jumps to 0:80:
The reason for this dramatic improvement is that there is a big gap between the t-statistics of the 6th (7.84)
and 7th (5.91) top t-statistics. This does not say that genes 7 and 8 are somehow unlikely to be statistically
signi�cant; indeed, they are at the 10% level. Rather, it simply says that the probability that the sample
top 8 are unlikely to be the true top 8; even though they may be statistically signi�cant. In other words,
in limiting the conclusion to 8;one is probably including some non-top-8 genes. P (CS2;6) is a step towards
quantifying this uncertainty.

4 Conclusion

PCS is o¤ered as an extension of P (CSt) from Ranking and Selection literature, for large k applications.
Possible areas include: neuroimaging, �nancial data, and �ngerprints. Further work includes addressing
population dependence.
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Abstract : A fundamental problem for Bayesian mixture model analy-
sis is label switching, which occurs due to the non-identifiability of the
mixture components under symmetric priors. In this article, we propose
two labelling methods to solve this problem. The first method, denoted
by PM(ALG), is to explore the geometry of the mixture posterior by us-
ing each MCMC draw as a starting point for the ascent algorithm ALG
and labelling the samples based on the modes of the posterior density
they converge to. The natural assumption here is that the samples con-
verged to the same mode should have the same labels. The PM(ALG)
labelling method has some computational advantages over other popular
labelling methods. The second method does labelling by maximizing the
normal likelihood of the labelled Gibbs samples based on the asymptotic
normality for the posterior.

Key Words : Label switching; Bayesian approach; Markov chain Monte
Carlo; Mixture model; Posterior modes

1 Introduction

Suppose x = (x1, . . . , xn) are independent observations from a m-component mixture
density

p(x; θ) = π1f(x; λ1) + π2f(x; λ2) + · · · + πmf(x; λm) ,

where θ = (π1, . . . , πm, λ1, . . . , λm)T , f(·) is some parametric component density/mass
function, λj is the component specific parameter, which can be scalar or vector, and πj

is the proportion of jth component with
∑m

j=1 πj = 1. The likelihood for x is

L(θ;x) =

n∏
i=1

{π1f(xi; λ1) + π2f(xi; λ2) + · · · + πmf(xi; λm)} . (1)
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For any permutation ω = (ω(1), . . . , ω(m)) of the identity permutation (1, . . . , m),
define the corresponding permutation of the parameter vector θ by

θω = (πω(1), . . . , πω(m), λω(1), . . . , λω(m))
T .

Noticing that L(θω;x) is numerically the same as L(θ;x) for any permutation ω, hence

if θ̂ is the maximum likelihood estimator (MLE), θ̂
ω

is the MLE for any permutation ω.
This is so-called label switching problem.

The label switching problem also occurs in Bayesian mixtures. If we do not have prior
information that distinguishes between the components of a mixture model, then the
posterior is invariant under the relabelling of mixture components and thus the posterior
has m! symmetric modal regions. Note that the marginal posterior distributions for the
parameters will be also identical for each mixture component. Hence, it is meaningless
to draw inference, relating to individual components, directly from Markov chain Monte
Carlo (MCMC) samples using ergodic averaging before solving the label switching prob-
lem. Given the MCMC samples (θ1, . . . , θN), our aim is to find the labels (ω1, . . . , ωN )
such that θω1

1 , . . . , θωN
N are all in the same modal region, i.e. have the same label meaning.

The easiest way to solve the label switching is to use an explicit parameter constraint so
that only one permutation can satisfy it. See Diebolt and Robert (1994) and Richardson
and Green (1997), for example. Another popular labelling method is relabelling algorithm
(Celeux 1998; Stephens 2000), which is based on minimizing a Monte Carlo risk. In the
following section, we will briefly introduce two new labelling methods. For more detail,
please refer to Yao and Lindsay (2009).

2 Methodology

2.1 Labelling Using Modal Clusters

If θ̃ is a mode, then so is θ̃
σ

for any permutation σ. If an ascending algorithm ascends

from θ to θ̃
σ

, we will say θ has the same labelling as θ̃
σ

. If the algorithm is permutation
symmetric we will also know that θσ−1

, where σ−1 is the inverse permutation of σ such

that (θσ)
σ−1

= θ for any θ and σ, will be given the same labelling as θ̃.
If the posterior density has a maximal mode at θ̃, it also has maximal modes at all

permutations of θ̃. We can pick one such mode to be our reference mode, say by order
constraint labelling on some parameter. Denote by θ̂ the chosen reference maximal mode.
When a sampled θ is used as a starting point for the chosen ascending algorithm, if it

converges to a maximal mode, say θ̂
σ

, then the natural label of θ is σ−1 since θσ−1

would
ascend to θ̂. If the θ converges to a minor mode, say θ∗, we could create a labelling system
for all the samples θ that are attracted to θ∗ (or its permutations) by creating a secondary
reference mode θ̂2. If the reference mode θ̂2 was chosen so that it matched the label with
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the maximal mode θ̂ using a risk based criterion that makes θ̂2 = θσ
∗ most similar to θ̂ for

some σ, then we have a system that labels all points attracted to both the maximal and
minor modes. One can extend this idea to any number of minor modes. The algorithm
of our proposed labelling method, given the reference mode θ̂, is as follows .

Algorithm 1: Labelling based on posterior modes and an ascent algorithm (PM(ALG))
Step 1: Taking each MCMC sample {θt, t = 1, . . . , N} as the initial value, find the corre-
sponding converged mode {mt, t = 1, . . . , N} using the given ascent algorithm ALG.
Step 2: Apply to mt the order constraint labelling used to define θ̂, denoted by σ∗

t (hence

m
σ∗

t
t has the same order constraint as θ̂) and find the label σt of θt based on the following

situations.
a) If m

σ∗
t

t is θ̂, up to numerical error, then σt = σ∗
t .

b) If m
σ∗

t
t is not θ̂, but it is equivalent (up to a permutation) to a known reference

minor mode, say θ̂2, assign the label σt such that mσt
t = θ̂2.

c) If m
σ∗

t
t is not θ̂ and is not equivalent to a preexisting reference minor mode, create

a new reference minor mode mσt
t , where σt is based on a risk based criterion such as

least squares:
σt = arg min

σ
(mσ

t − θ̂)T (mσ
t − θ̂) . � (2)

Yao and Lindsay (2009) introdcued an ECM-type ascent algorithm to find the reference
mode θ̂ and to locate other posterior modes.

There are several nice properties of the PM(ALG) method. Firstly, unlike a typical
relabelling algorithm, the PM(ALG) method gives an answer that does not depend on a
set of initial labels, the choice of which can change the labelling. Secondly, the PM(ALG)
method is an online algorithm and it can do labelling along with the MCMC sampling
process. Hence the storage requirements are reduced. Finally, the PM(ALG) method
does not require one to compare m! permutations when doing labelling except for the
minor modes. This property can make PM(ALG) much faster than some other labelling
methods when m is large.

2.2 The Classification MLE Method

From the asymptotic theory for the posterior distribution, see Walker (1969) and Frühwirth-
Schnatter (2006, sec. 1.3, 2.4.3, 3.3), we know that when sample size is large, the “cor-
rectly” labelled MCMC samples should, approximately, follow the normal distribution.
Based on this property, we propose another method to do labelling based on minimizing
the following negative log normal likelihood over (θ̄,Σ, σ),

L(θ̄,Σ, σ) = N log(|Σ|) +
N∑

t=1

(θσt
t − θ̄)TΣ−1(θσt

t − θ̄) (3)

where θ̄ is the center value for the normal distribution, Σ is the covariance structure, and
σ = (σ1, . . . , σN).
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The algorithm to find labels by minimizing (3) is as follows.
Algorithm 3: Labelling by normal likelihood (NORMLH)
Starting with some initial values for (σ1, . . . , σN) (setting them based on an order con-
straint, for example), iterate the following two steps until a fixed point is reached.
Step 1: Update θ̄ and Σ by minimizing (3)

θ̄ =
1

N

N∑
t=1

θσt
t ,

Σ =
1

N

N∑
t=1

(θσt
t − θ̄)(θσt

t − θ̄)T .

Step 2: For t = 1, . . . , N , choose σt by

σt = arg min
σ

(θσ
t − θ̄)TΣ−1(θσ

t − θ̄) . �

The NORMLH method has a simple and nice explanation and runs much faster than
the PM(ALG) method if the number of components m is not large. As Yao and Lindsay
(2009) pointed out, the NORMLH performed somewhat better than the other labelling
methods at recreating the PM(ALG) labels.
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ON THE EXISTENCE OF THE MAXIMUM LIKELIHOOD
ESTIMATOR FOR GAUSSIAN GRAPHICAL MODELS AND A

NEW GRAPH INVARIANT

AHMAD S. YASAMIN

SAMSI

Abstract. In this paper we discuss the smallest size of a sample data, taken

from a Gaussian graphical model, which guarantees the existence of the max-

imum likelihood estimator.

1. Introduction.

In classical multivariate statistics it is well-known that if the size of a sample
data taken from a multivariate Gaussian model is larger than the dimension of the
underlying random vector, then the existence of the MLE, with probability one, is
guaranteed. For a general Gaussian model sufficient and necessary conditions are
given in terms of the so-called treewidth and clique number of the graph representing
the model. In this expository paper we express this quantity as a graph parameter
and then, methodically, investigate its properties.

2. Preliminary notions

Let A = (aij) be a matrix indexed by a finite set V . If α, β ⊂ V , then A[α, β]
will denote the submatrix (aij : i ∈ α, j ∈ β). If α = β, then the submatrix is
called a principal submatrix of A and is denoted by A[α], or Aα. We denote Sn(R),
PSDn(R), and PDn(R) for the set of n-by-n symmetric matrices, semi-definite
matrices and positive definite matrices, respectively.
Let G=(V, E) be a simple undirected graph with n vertices, unless otherwise stated.
The the set of cliques, i.e. complete subgraphs of G, is denoted by C(G). For a
matrix A ∈ Mn(R) the strong rank of A, denoted by r(A), is the largest positive
integer r such that each r-by-r principal sub-matrix of A is non-singular. We write
A
G= B for two matrices A = (aij), B = (bij) ∈Mn(R) if

aij = bij whenever (i, j) ∈ E, or i = j.

• Let A ∈ PSDn(R). The set V(G, A) is defined to be

{M ∈ PSDn(R) : M G= A}.
• The function ρG : PSDn(R)→ Z+ is defined by

ρG(A) = max{rank(M) : M ∈ V(G, A)}.
• Let H(G, k) be the set of all A ∈ PSDn(R) with r(A) ≥ k.
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2 AHAMD S. YASAMIN

Definition 2.1. The Gaussian rank of G, r(G), to be the smallest positive integer
r such that

ρG(A) = n for each A ∈ H (G, r).
In other words, the Gaussian rank of G is the smallest integer r with this property:

For each n-by-n positive semi-definite matrix A, if the strong rank of A is r, then
there exists a positive definite matrix M ∈ PDn(R) such that A G= M .

Remark 2.1. The Gaussian rank of a graph G is indeed equal to the size of the
smallest data set, taken from a Gaussian graphical model represented by G, that
guarantees the existence of the MLE.

Example 2.1.

(1) For the complete graph Kn we have r(Kn) = n.
(2) More generally, If G is chordal, i.e. a graph with no induced cycle of length

greater than or equal to 4, then r(G) = ω(G), where ω(G) is the size of
largets complete subgraph of G.

(3) For a p-cycle Cp, i.e a cycle of length p, we have r(Cp) = 3 (see [1]).
(4) More generally, if G is a series-parallel graph, i.e. a graph with no K4 minor,

then r(G) = 3.

3. Some properties of Gaussian rank

In this section we list some of the properties of Gaussian rank. The main rea-
son for studying these properties are to find a practical method, or algorithm, for
computing the Gaussian rank of a given graph.

(1) If G1 is a subgraph of G, then r(G1) ≤ r(G).

Proof. Let |G1| = m, r = r(G), and suppose m > r, otherwise there is
nothing to prove. if A ∈ H(m, r), then for

Ã =


A 0

0 In−m


we have r(Ã) = r and,therefore there exists a matrix M ∈ PDn(R) such
that M G= Ã. Thus M[m], the principal sub-matrix of M corresponding to

indices [m]× [m], is in PDm(R) and M[m]
G1= A. �

(2) Let G be the clique sum of two subgraphs G1 = (V1, E1) and G2 = (V2, E2),
i.e. G = G1 ∩ G2 and the induced subgraph of V1 ∩ V2 in G is a clique in
both G1 and G2. We write this as

G = G1 ⊕k G2,

where k is the size of the common clique in G1 and G2. Then we have

r(G) = max{r(G1), r(G2)}.
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Proof. Without loss of generality, we may assume V1 = {1, . . . ,m} and
V2 = {m− k, . . . , n}. By property (1), we already have

r(G) ≥ max{r(G1), r(G2)}.
To show the opposite side of this inequality let A ∈ H(G, r), where r =
max{r(G1), r(G2)}. We partition the matrix A according to B1 B12 ?

BT12 C D12

? DT
12 D2

 ,

where

B =
(
B1 B12

BT12 C

)
∈ PPDm(G1), D =

(
C D12

DT
12 D2

)
∈ PPDn−m(G2), and C ∈ PDk(R).

Since r(A) = r we have r(B) and r(D) are at least equal to r and, therefore
there are

P =
(
P1 P12

PT12 C

)
∈ PDm(R) Q =

(
C Q12

QT12 Q2

)
∈ PDn−m(R),

such that P G1= B and Q G2= D. We have the partial positive definite matrix P1 P12 ?

PT12 C Q12

? QT12 Q2

 .

corresponds to a chordal graph and thus, by [2], it has a positive definite
completion, say M . Clearly, M G= A. �

(3) Let G = (V,E) with V = {v, 1, . . . , n}. Then we have

r(G− v) ≤ r(G) ≤ r(G − v) + 1.

moreover, r(G) = r(G − v) + 1 if dG(v) = n, i.e v is adjacent to all other
vertices.

Proof. Let set rv = r(G−v). We need to show that r(G) ≤ rv+1. If rv = n,
then there is nothing to prove. Assume otherwise and let Ã ∈ H(G, rv + 1).
Note that without loss of generality we may assume that wi = 0 if (v, i) /∈ E.
We partition Ã as 

λ wT

w B

 ,

where λ > 0, w ∈ Rn and B ∈ H(G − v, rv + 1). Therefore

A = B − 1
λ

wwT ∈ H(G − v, rv).
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So by definition, there is a matrix M ∈ PDn(R) such M G−v= A. We have

M̃ :=


λ wT

w M +
1
λ

wwT

 ∈ PDn+1(R),

and M̃
G= Ã. �

(4) If G is a subdivision of G1, i.e. it is obtained from G1 by replacing some of
the edges with independent paths, then r(G) ≤ r(G1).

Proof. Let e = (u, v) be an edge in E1. Without loss of generality, we
assume that G is obtained from G1 by adding an additional vertex w to
V1 and two edges (w, v), (w, u) to E1 and deleting e. Let G2 = G + e, i.e
V2 = V ∪ {e}. Thus we have G2 = G1 ⊕2 K3, where the vertex set of K3

is {u, v, w}. This shows that r(G) ≤ tw(G2) = max(r(G1), 3). So unless
r(G1) ≤ 2 we have r(G) ≤ r(G1). It is easy to check directly that inequality
still holds if r(G1) ≤ 2. �

(5) If G is a subgraph of the complete bipartite graph Kn,m, then r(G) ≤
min{m,n}+ 1.

Proof. Let X,Y ⊂ V with |X| = m, |Y | = n and En.m = {(u, v) : u ∈
X, v ∈ Y )}. Suppose m ≤ n. Let K̃n,m be the graph with the same vertex
set as Kn,m and the set of edges Ẽn,m = En,m ∪ {(u,w) : u,w ∈ X}. Then
K̃n,m is triangulated and ω(K̃n,m) = m + 1. Therefore r(G) ≤ r(Kn,m) ≤
r(K̃n,m) = m+ 1.

�

4. Two open questions

The clique contraction number, or Hadwiger number, of a graph G, denoted by
η(G), is the size of the largest clique that one can get by contacting some of the
edges of G. For any graph G we conjecture that

(1) r(G) ≤ η(G),
(2) r(G) ≥ δ(G) = min{dG(v) : v ∈ V }.
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Nonlinear Joint Mean-covariance Modeling for
Longitudinal Data Analysis
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Abstract : We propose a generalization of mixed effects models by di-
rectly assuming the mean vector itself to be random in a longitudinal
data analysis. The resulting model is termed the random mean model,
which includes the mixed effects model as a special case. The general-
ization allows us to relax the restriction that random effects have to be a
subset of fixed effects. It is capable of modeling the mean and covariance
matrix jointly where Cholesky decomposition of the inverse of the covari-
ance matrix makes the paramerterisation unconstrainted. In this paper,
we focus on a nonlinear mixed effects random mean model at which we
exhibit some appealing features of the proposed model in the longitudinal
data of high heterogeneity. Although predicting subject-specific effects
becomes impossible the random mean model allows much more flexible
covariance structures which is desirable in some situations with complex
longitudinal data.

Key Words : Random mean models; Mixed effects models; Nonlinear
regression; Longitudinal data analysis.

1 Introduction

Longitudinal data often exhibit a relationship between response and explanatory vari-
ables that is best characterized by a model nonlinear in its parameters. The appropriate
nonlinear model may be derived theoretically or empirically. For example the kinetics of
drug or other substances is often represented by some functions nonlinear in parameters.
In this paper we present one study, which recorded the decay of intraocular gas (C3F8) in
complex retinal surgeries following initial injection in an ophthalmology study, reported
in Meyers et al. (1992). The outcome variable was the percent of gas left in the eye.
The gas, with three different concentration levels, 15%, 20% and 25%, was injected into
the eye before surgery for 31 patients. They were then followed three to eight (average
of 5) times over a three-month period, and the volume of gas in the eye at the follow-up
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times were recorded as a percentage of the initial gas volume. The primary interest was
to investigate whether concentration levels of the gas injected in patients’ eyes affect the
decay rate of the gas.

The volume of gas left in the eye decay through the follow up period due to natural
absorption. The decay rate of the gas is proportional to the volume remaining in the eye.
Hence, the decay rate obeys the differential equation:

df

dt
= −κ(α − f) (1)

for some κ > 0. The general solution to (1) can be paramertized as

f(t) = α + βeκt,

where t > 0, α > 0, β < 0, and κ > 0. More detailed discussion can be found in Seber
and Wild (1989).

According to Diggle et al. (2002), there are two possible nonlinear regression models
in the longitudinal data setting: the correlated error structures (CES) model and the
nonlinear random effects (NLRE) model.

We propose a generalization of mixed effects models for the nonlinear longitudinal data
analysis, which provides greater flexibility in specifying correlation structures compared
to the CES model. It naturally takes closed form expression in the likelihood function,
comparing to the clumsy form of NLRE due to nonlinearity of the random effects.

2 Methodology

The specification of a mixed-effects model is that given random effects bi the responses
yij are independent and follow a distribution from the exponential family, where the
conditional mean of yi = (yi1, . . . , yini

)′ is assumed to satisfy

g{E(yi|bi)} = Xiβ + Zibi. (2)

There is a need for developing a flexible model that not only offers natural hetero-
geneity across subjects but also facilitates joint modeling of mean and covariance matrix,
or the freedom of specifying a covariance structure for responses. Denote the random
effects component Zibi in equation (2) by a vector Ui of length ni with mean 0. This
Ui is not necessarily associated with covariates in a general setting, requiring only the
condition that E(Ui) = 0. A similar formulation was presented by Heagerty and Zeger
(2001). Diggle et al. (1998) proposed a similar structure for a spatial GLMM where the
random effects were modeled by a Gaussian random field. Other forms of generalization
were also proposed, for example, by Lee and Nelder (2001), where they extended the
random effects models to cover a broad class of models. They assumed the random effects
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component to have the form ZiLi(ρ)ri, where ri ∼ MVNni
(0, Λi) and Li(ρ) is a pi × ni

matrix so that ZiLi(ρ)ri ∼ MVNni
(0,ZiLi(ρ)ΛiL

′
i(ρ)Z′

i). Our setting appears to be a
special case of theirs since it leads to ri when Zi and Li(ρ) are both identity matrices.
The converse is also true because the random component always results in a vector with
mean 0 whatever the form it takes. We further assume E(Ui) is absorbed into g {E(yi)}
which then is treated to be random. This will lead to a generalization of the model (2).
One consequence of such a generalization is that the population heterogeneity can be
assumed to come from the different means of the subjects instead of coming from the ran-
dom effects. That is, a sample of individuals with a common random mean of response is
selected from the population and then each of multiple outcomes is measured with certain
random noise. This generalization allows flexibility in specifying correlation structure for
longitudinal data and in the interpretation of resulting data analysis. Based on the fact
that the mean of response is directly assumed random, we will call it the random mean
model (RMM).

The random mean model is specified to be very general to furnish flexibility of mod-
elling. For example, the function F may be assumed to be a multivariate t distribution in
order to handle outliers, and when a nonlinear function is taken for the mean component,
f(Xi, β), it results in a nonlinear RMM.

Following Pourahmadi (1999, 2000) and Pan & Mackenzie (2003), we specify the
covariance matrix of F by a modified Cholesky decomposition of Σ−1 to achieve a statis-
tically meaningful unconstrained parameterisation of autoregressive coefficients φ and the
logarithms of the variances, ζ . These parameters may either be modeled, parsimoniously,
as functions of covariates.

Pourahmadi (1999, 2000) proposed a reparameterisation of the covariance Σi of mul-
tivariate normal distribution to remove their constraints and facilitate joint modeling of
mean and covariance. The basic idea is based on the Cholesky decomposition of inverse
of Σi, namely, there exists a unique unit lower triangular matrix Ti, with 1’s as diagonal
entries, and a unique diagonal matrix Di with positive diagonal entries such that

TiΣiT
′
i = Di

where the below-diagonal entries of Ti are the negatives of the autoregressive coefficients,
φijk, in µij = f(Xij, β) +

∑j−1
k=1 φijk(µij − f(Xij, β)), the jth random mean component

expressed in its predecessors µi1, . . . , µi(j−1). The diagonal entries of Di are the population
variances σ2

ij = var(µij − f(Xij, β)).
This set up provides a statistically meaningful way to jointly model mean and covari-

ance. A general model for longitudinal data can be specified as follows,

g(µij) = f(xij, β), φijk = d(zijk), γ, log σ2
ij = v(zij, λ),

where f(·, ·), d(·, ·), v(·, ·) are functions, xij, zijk, zij are p × 1, q1 × 1, q2 × 1 vectors
of covariates, and β = (β1, . . . , βp)

′, γ = (γ1, . . . , γq1)
′, λ = (λ1, . . . , λq2)

′ are parameters
corresponding to the mean, dependence and variance, respectively.
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In this paper the specifications of variance and autoregressive coefficients take both
the approach given in Pan & Mackenzie (2003), i.e. polynomials of time of q1, q2 orders,
and some special structures, for example, when φijk = γ, γj−k, γj−k corresponding to
compound symmetry, AR(1) and banded correlations. Same as both authors, we choose
a information criteria, namely BIC, to select the optimal model, which is defined as,

BIC(p, q1, q2) = −2

n
ℓ̂ + (p + q1 + q2)

log n

n
,

where ℓ̂ = ℓ(β̂, γ̂, λ̂) is the maximized log-likelihood for the models with the specified
degree triple (p, q1, q2). The best triple satisfies

(p∗, q∗1, q
∗
2) = arg min

(p,q1,q2)
{BIC(p, q1, q2)}.
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