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Joint models for survival and longitudinal data are useful for
analysis in medical studies

Interest lies in event-times, and relating the hazard governing
events to longitudinal covariates that are intermittently
observed

Joint models are also useful for analysis in longitudinal studies
of disease ecology; however, use in this context raises several
new challenges
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Motivating study involves plantation of interior Spruce trees:
data regarding infection and growth are collected

Trees are susceptible to repeated infection over time by White
Pine weevil

Interested in understanding dynamics of the infection process,
uncovering clues related to infection resistance

Broad goal: understand and characterize variation in the
infection process
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Adopt a recurrent events approach to studying infection

For i th tree, let Ni (t ) denote the total number of infections
occurring within the interval (0; t ]

Let Hi (t ) denote the height of thei th tree at time t

Focus on relationship between susceptibility to weevil infection
and tree growth

Understanding this relationship is important in directing
selections for seed orchards and breeding program
development
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evolution ofNi (t ), depend on properties of tree growth?
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Questions/Objectives

1 Primary: How does the hazard of infection, governing the
evolution ofNi (t ), depend on properties of tree growth?

2 Secondary: Describe the process governing tree growth,Hi (t )
and in particular, examine spatial variability in properties of
growth
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for spatial modeling
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Note, data are collected at a large number (n = 4330) of
spatial locations and this leads to computational challenges
for spatial modeling

Neither process,Hi (t ) or Ni (t ) is observed continuously over
time ! intermittent observation leading to interval censoring
and panel data.

Height growth: incomplete observation (M1 time points) +
measured with error

Infection processNi (t ): Censored data relating to the
infection process arises in the form of interval counts observed
at M2 time points (M2 = 11) t (N)

1; ; :::; t (N)
M2

Nij = Ni (t
(N)
j ) � Ni (t

(N)
j � 1); j = 1 ; :::; M2
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We deal with intermittent observation and measurement error
through a joint model formulation

Posit a time-dependent Cox model forNi (t ) incorporating a
spatially-varying trajectoryfor height growth.
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

We view the height measurements as a sequence of noisy
snapshots of an underlying growth curve and adopt a
log-normal measurement model

Yij = log H �
i (t (H)

j ) = Xsi (t
(H)
j ) + � ij

i = 1 ; :::; n; j = 1 ; :::; M1
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Spatial process model for growth parameters

We view the height measurements as a sequence of noisy
snapshots of an underlying growth curve and adopt a
log-normal measurement model

Yij = log H �
i (t (H)

j ) = Xsi (t
(H)
j ) + � ij

i = 1 ; :::; n; j = 1 ; :::; M1

1 � ij
ind� N(0; � 2

� j
) representing measurement error
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

We view the height measurements as a sequence of noisy
snapshots of an underlying growth curve and adopt a
log-normal measurement model

Yij = log H �
i (t (H)

j ) = Xsi (t
(H)
j ) + � ij

i = 1 ; :::; n; j = 1 ; :::; M1

1 � ij
ind� N(0; � 2

� j
) representing measurement error

2 Xsi (t ) is a spatially-varying trajectory function representing
(log) height growth for a tree at locationsi 2 D
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We represent the trajectory functionXsi (t ) with a nonlinear
parametric growth curve, where parameters depend on
location through a multivariate spatial process
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

We represent the trajectory functionXsi (t ) with a nonlinear
parametric growth curve, where parameters depend on
location through a multivariate spatial process

The Bertalan�y growth curve is an established model for the
height growth of juvenile spruce trees (Garcia 1983; Rammig
et al. 2007)
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

The model is derived through a �rst order di�erential equation
which, in our spatial setting, takes the form

dXsi (t )=dt = b2(si)[b1(si) � Xsi (t )]; i = 1 ; :::; n
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The model is derived through a �rst order di�erential equation
which, in our spatial setting, takes the form

dXsi (t )=dt = b2(si)[b1(si) � Xsi (t )]; i = 1 ; :::; n

1 b1(si) > 0 is a tree-speci�c parameter representing asymptotic
(log) height
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which, in our spatial setting, takes the form

dXsi (t )=dt = b2(si)[b1(si) � Xsi (t )]; i = 1 ; :::; n

1 b1(si) > 0 is a tree-speci�c parameter representing asymptotic
(log) height
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

The model is derived through a �rst order di�erential equation
which, in our spatial setting, takes the form

dXsi (t )=dt = b2(si)[b1(si) � Xsi (t )]; i = 1 ; :::; n

1 b1(si) > 0 is a tree-speci�c parameter representing asymptotic
(log) height

2 b2(si) > 0 is a growth parameter characterizing the rate of
growth at t as a linear function ofb1(si) � Xsi (t )

On integration the Bertalan�y model yields the growth
function

Xsi (t ) = b1(si)[1 � expf� b2(si)(b3(si) + t )g]

whereb3(si) > 0 is an additional parameter
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

The model is derived through a �rst order di�erential equation
which, in our spatial setting, takes the form

dXsi (t )=dt = b2(si)[b1(si) � Xsi (t )]; i = 1 ; :::; n

1 b1(si) > 0 is a tree-speci�c parameter representing asymptotic
(log) height

2 b2(si) > 0 is a growth parameter characterizing the rate of
growth at t as a linear function ofb1(si) � Xsi (t )

On integration the Bertalan�y model yields the growth
function

Xsi (t ) = b1(si)[1 � expf� b2(si)(b3(si) + t )g]

whereb3(si) > 0 is an additional parameter
b(s) = f b1(s); b2(s); b3(s)g

0
, s 2 D allows for spatial

variability in growth curves
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Spatial process model for growth parameters

We specify a model forNi (t ) conditional on the history of the
trajectory X (H)

si
(t ) = f Xsi (u); 0 � u < t g
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

We specify a model forNi (t ) conditional on the history of the
trajectory X (H)

si
(t ) = f Xsi (u); 0 � u < t g

We assume thatNi (t ) evolves according to a nonhomogeneous
Poisson process with an intensity that incorporatesXsi (t ) as a
spatially-varying covariate in a time-dependent Cox model

� i f t j! i ; X (H)
si

(t )g = � 0(t )! i expf � Xsi (t )g
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Mixed NHPP model for recurrent infection Ni (t )
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We specify a model forNi (t ) conditional on the history of the
trajectory X (H)

si
(t ) = f Xsi (u); 0 � u < t g

We assume thatNi (t ) evolves according to a nonhomogeneous
Poisson process with an intensity that incorporatesXsi (t ) as a
spatially-varying covariate in a time-dependent Cox model

� i f t j! i ; X (H)
si

(t )g = � 0(t )! i expf � Xsi (t )g

� 0(t ) is assumed piecewise constant between inspection
intervals� 0(t ) = � j for t 2 (t (N)

j � 1; t (N)
j ]
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

We specify a model forNi (t ) conditional on the history of the
trajectory X (H)

si
(t ) = f Xsi (u); 0 � u < t g

We assume thatNi (t ) evolves according to a nonhomogeneous
Poisson process with an intensity that incorporatesXsi (t ) as a
spatially-varying covariate in a time-dependent Cox model

� i f t j! i ; X (H)
si

(t )g = � 0(t )! i expf � Xsi (t )g

� 0(t ) is assumed piecewise constant between inspection
intervals� 0(t ) = � j for t 2 (t (N)

j � 1; t (N)
j ]

! i is a tree-speci�c frailty! i
iid� Gamma(�; � ) with � � 1 > 0

quantifying the degree of extra Poisson variability
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

To model spatial variability in growth parameters
b(s) = f b1(s); b2(s); b3(s)g

0
, we let

Zi (s) = log f bi (s)g; i = 1 ; 2; 3
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

To model spatial variability in growth parameters
b(s) = f b1(s); b2(s); b3(s)g

0
, we let

Zi (s) = log f bi (s)g; i = 1 ; 2; 3

De�ne the stationary spatial process
Z(s) = f Z1(s); Z2(s); Z3(s)g

0
through a multivariate kernel

convolution (Ver Hoef and Barry 1999; Ver Hoef et al. 2004)
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

To model spatial variability in growth parameters
b(s) = f b1(s); b2(s); b3(s)g

0
, we let

Zi (s) = log f bi (s)g; i = 1 ; 2; 3

De�ne the stationary spatial process
Z(s) = f Z1(s); Z2(s); Z3(s)g

0
through a multivariate kernel

convolution (Ver Hoef and Barry 1999; Ver Hoef et al. 2004)

Z(s) = � Z +
Z

R2
K(u � s)T (� )W(u)du ; s 2 D
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

1 � Z = ( � Z1; � Z2; � Z3)
0

is the process mean
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

1 � Z = ( � Z1; � Z2; � Z3)
0

is the process mean
2 K(u) = Diag f K1(u); K2(u); K3(u)g
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

1 � Z = ( � Z1; � Z2; � Z3)
0

is the process mean
2 K(u) = Diag f K1(u); K2(u); K3(u)g
3 W(u) = f W0(u); : : : ; W3(u); g

0
with eachWk (u) being a

mean zero Gaussian white noise process withWk (u) ?
Wm(u) for k 6= m
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

1 � Z = ( � Z1; � Z2; � Z3)
0

is the process mean
2 K(u) = Diag f K1(u); K2(u); K3(u)g
3 W(u) = f W0(u); : : : ; W3(u); g

0
with eachWk (u) being a

mean zero Gaussian white noise process withWk (u) ?
Wm(u) for k 6= m

4 T(� ) is 3 � 4 matrix, depending on a parameter
� = ( � 1; � 2; � 3)

0
with j� i j < 1 which characterizes cross

covariance and takes the form

T(� ) ij =

8
>><

>>:

� i if j = 1q
1 � � 2

i if j = i + 1

0 o.w.

Farouk Nathoo Joint Spatial Modeling of Recurrent Infection and Growth
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

covf Zi (s); Zi (s + h)g =
Z

R2
Ki (u)Ki (u � h)du; i = 1 ; 2; 3

covf Zi (s); Zj (s + h)g = � i � j

Z

R2
Ki (u)Kj (u � h)du; i 6= j

Farouk Nathoo Joint Spatial Modeling of Recurrent Infection and Growth
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

Anisotropic Kernel Functions

1 Kernels based on the density of a bivariate t-distribution

Kl (u) / � l (1 +
u2

x

� l � lx
+

u2
y

� l � ly
)(� l +2) =2; l = 1 ; 2; 3

Farouk Nathoo Joint Spatial Modeling of Recurrent Infection and Growth
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

Anisotropic Kernel Functions

1 Kernels based on the density of a bivariate t-distribution

Kl (u) / � l (1 +
u2

x

� l � lx
+

u2
y

� l � ly
)(� l +2) =2; l = 1 ; 2; 3

2 Kernels based on a Mat�ern covariance function

Kl (u) / � l (
� l u2

x

� lx
+

� l u2
y

� ly
)� l =2k� l (2

s
� l u2

x

� lx
+

� l u2
y

� ly
)
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

Employ a �nite sum approximation (Higdon 1998)
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Nonlinear Random E�ect Model for Height
Mixed NHPP model for recurrent infection Ni (t )
Spatial process model for growth parameters

Employ a �nite sum approximation (Higdon 1998)

Z(s) � Z � (s) = � Z +
JX

j =1

K(t j � s)T (� )W j

= � Z +
JX

j =1

K(t j � s)X j

wheret 1; :::; t J is a grid of points covering the spatial domain and

X j
iid� MVN3(0; T (� )T (� )T )

Farouk Nathoo Joint Spatial Modeling of Recurrent Infection and Growth
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Priors

Adopt weakly informative priors; conditionally-conjugate
whenever possible

Results for most seem fairly stable under various prior forms

Inference for spatial range parameters can be sensitive to the
prior adopted; low degree of prior-to-posterior movement
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Sample from posterior using a componentwise Metropolis-Hastings
sampler in conjunction with hybrid Monte Carlo (Neal 1994)
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also known as `leapfrog' algorithm
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MCMC based on Hybrid Monte Carlo

Sample from posterior using a componentwise Metropolis-Hastings
sampler in conjunction with hybrid Monte Carlo (Neal 1994)

Block UpdateX = f X j j = 1 ; :::; Jg using hybrid Monte Carlo
also known as `leapfrog' algorithm

Other parameters updated with combination of Gibbs and RW
MH steps
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Model Selection based on cross-validation predictive densities:
LPML = � 11905 (Mat�ern), LPML = � 11915 (BVt)

Parameter Median 95 % HPD
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Parameter Median 95 % HPD

� (growth) 0.524 (0.098, 0.924)
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Model Selection based on cross-validation predictive densities:
LPML = � 11905 (Mat�ern), LPML = � 11915 (BVt)

Parameter Median 95 % HPD

� (growth) 0.524 (0.098, 0.924)

� � 1 (overdispersion) 0.722 (0.613, 0.834)
� 12 -0.969 (-0.980, -0.941)
� 13 -0.454 (-0.851, 0.020)
� 23 0.454 (-0.020, 0.844)
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Kernel convolution: grid choice and its e�ect on learning the
spatial structure needs more investigation
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Kernel convolution: grid choice and its e�ect on learning the
spatial structure needs more investigation

Replace Gaussian errors in height model with skew-normal
errors
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