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Introduction: variations on a theme
partial likelihood Cox, 1972; pseudo-likelihood Besag, 1974,
quasi-likelihood Nelder & Wedderburn, 1974

profile (concentrated), marginal, conditional, modified profile
likelihood

eliminating nuisance parameters: θ = (ψ, λ)
model part of the data; ignore the other part

and more

composite likelihood Lindsay 1988
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Introduction: problems to address
Likelihood: drawbacks

◮ intractable joint distributions
◮ computational disadvantage
◮ model misspecification

Composite likelihood: appealing alternative
◮ capture essential features
◮ computatioinal less intensive
◮ minor loss of efficiency
◮ robust to model misspecification

Composite likelihood method has applications across many disciplines
◮ longitudinal and survival analysis
◮ social sciences and epidemiology
◮ spatial data and more ...
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1. Composite marginal likelihood
Composite likelihood (CL) is a combination of valid likelihood objects.

Composite Marginal Likelihood (CML) (Cox & Reid, 2004):

Definition(CML)
Consider a parametric statistical model Y ∼ f(y; θ), y ∈ Y ⊆ Rp, θ ∈ Θ ⊆ Rd,

CML(θ, y) =
∏
s∈S fs(ys; θ), S is a set of indices.

Univariate and bivariate distributions are often adopted:

◮ Independent Likelihood:
∏p
r=1 f1(yr; θ)

◮ Pairwise Likelihood:
∏p
r<s f2(yr, ys; θ)

composite conditional likelihood: CCL(θ, y) =
∏
s∈S fs|sc(ys|ysc)

triplewise likelihood, ...

and even mixtures of CML and CCL
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1.1 Derived quantities
Log composite likelihood: cl(θ, y) = logCL(θ, y)

Sample: Ỹ = (Y1, · · · , Yn)T , i.i.d. CL(θ; ỹ) =
∏n
i=1CL(θ; yi)

Composite score function: U(θ; y) = ∇cl(θ, y) unbiased

Maximum composite likelihood estimator θ̂CL is the solution to

U(θ̂CL; ỹ) = ∇cl(θ̂CL, ỹ) = 0

Variance: H(θ) = E{−∇U(θ; y)}
J(θ) = V ar{U(θ; y)} = E{U(θ; y)UT (θ; y)}

Godambe information (sandwich information):

G(θ) = H(θ)J−1(θ)H(θ) (1)

J 6= H
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1.2 Inference
Consistency and Normality:

√
n(θ̂CL − θ) ∼̇ N(0, G−1(θ))

Composite test statistics: ∼
∑d

j=1 νjZ
2
j , νj eigenvalues of JH−1

◮ likelihood ratio: w = 2{cl(θ̂CL) − cl(θ)}
◮ Wald: we = n(θ̂CL − θ)TH(θ̂CL − θ)
◮ score: wu = n−1UT (θ)H−1U(θ)

with nuisance parameter θ = (ψ, λ), ψ p-dimensional

◮ w = 2{cl(θ̂CL) − cl(θ̃0)}
◮ θ̃0 = (ψ0, λ̃0) constrained estimator under the null hypothesis

◮ w ∼
∑p

j=1 νjZ
2
j , νj eigenvalues of (Hψψ)−1Gψψ
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2. Efficiency: equicorrelation normal
Y (i) ∼ Nq(µ1, σ2

R), Rrs = ρ, random sample Y = (Y (1), . . . , Y (n))T

Parameter: θ′ = (µ, σ2, ρ)

Full log-likelihood function: l(θ;Y ) =
∑n
i=1 log f(Y ; θ)

Pairwise log-likelihood function:

l2(θ;Y ) =
n∑

i

q∑

s>r

log f(Y (i)
r , Y (i)

s ; θ)

MLE θ̂ and MPLE θ̃:

θ̂ = θ̃ = (ȳ..,
S1

nq
,

2S2

(q − 1)S1
)′ (2)

where ȳ.. = 1
nq

P Pq
r=1 Y (i)

r , S1 =
P Pq

r=1(Y (i)
r − ȳ..)

2, and S2 =
P Pq

s>r(Y (i)
r − ȳ..)(Y (i)

s − ȳ..).
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2.1 Equicorrelation normal: Information Matrices
Question: I(θ) = H(θ)J−1(θ)H(θ)? i.e. Full efficiency?

obtain Σ̇σ2 , Σ̈σ2 , Σ̇ρ, Σ̈ρ, derivatives of Σ with respect to σ2 and ρ;

H(θ) = E(− ∂2l2
∂θ∂θT ), easy one;

J(θ) = E(∂l2∂θ
∂l2
∂θT ), difficult one.

For example, Vrs = Z2
r + Z2

s − 2
ρ

ZrZs
qX

s>r

(Vrs)
2

=
1

4

X

r

X

s 6=r

X

r′

X

r′ 6=s′
VrsVr′s′

=
1

4
[
X

r

X

s 6=r

rssr +
X

r

X

s 6=r

X

s′ 6=r,s

rsss′
+

X

r

X

s 6=r

rsrs +
X

r

X

s 6=r

X

s′ 6=s,r

rsrs′

+
X

r

X

s 6=r

X

r′ 6=s,r

rsr′r +
X

r

X

s 6=r

X

s′ 6=s,r

rsr′s +
X

r

X

s 6=r

X

r′ 6=s,r

X

s′ 6=r,r′,s

rsr′s′
]

Conclusion: Pairwise likelihood provides identical estimators as MLE and is fully
efficient, i.e.

θ̂ = θ̃, I = HJ−1H .
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2.2 Unrestricted Multivariate Normal
Also true for Y (i) ∼ N(µ,Σ), Σ an unrestricted covariance matrix.

Full likelihood:
µ̂ = Ȳ , Σ̂ =

1
n

nX

i=1

Y (i)Y (i)T

(3)

I(µ,Σ) = n

0

@
Σ−1 0

0
1
2

Σ−1 ⊗ Σ−1

1

A (4)

Pairwise: µ̂rs = Ȳrs, Σ̂rs =
1
n

nX

i=1

Y (i)
rs Y

(i)T

rs = (Σ̂)rs (5)

H(µrs,Σrs) = J(µrs,Σrs) = (I(µ,Σ))rs = n

0

@
Σ−1

rs 0

0
1
2

Σ−1
rs ⊗ Σ−1

rs

1

A (6)

Theorem (unrestricted MVN N(µ, Σ))
Pairwise/Composite likelihood approach provides identical estimators as MLE,
and achieves full efficiency.
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3. AR(1)
The working full likelihood of AR(1) process is given by

L(a, σ2) = f(x1)
T∏

t=2

f(xt|xt−1)

We propose a composite likelihood formed by adjacent pairs, denoted by L2

L2 =
T∏

t=2

f(xt, xt−1)

where (Xt, Xt−1) follows a bivariate normal distribution with mean zero
variances σ2/(1 − a2) and correlation a. In deed,

L2(a, σ2) = f(x1)
T∏

t=2

f(xt|xt−1)
T∏

t=2

f(xt) = L(a, σ2)
T∏

t=2

f(xt)

That is,

l2(a, σ2) = l(a, σ) +
T∑

t=2

f(xt) (7)
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3.1 Relative efficiency

Table 1: Analytical efficiency of pairwise likelihood relative to full likelihood

T 100 20 8 4

Efficiency 0.995 0.979 0.954 0.940

based on AR(1) model Xt = 0.55Xt−1 + εt, εt ∼ N(0, 0.12) with different lengths T .
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Figure: Analytical relative efficiency of pairwise likelihood relative to full likelihood
for AR(1) model Xt = 0.55Xt−1 + εt, εt ∼ N(0, 0.12), as a function of T .
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Cont’d Relative efficiency

ARcoefficient
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Figure: Given T = 4, 20, analytical relative efficiency of pairwise likelihood
relative to full likelihood for AR(1) model Xt = 0.55Xt−1 + εt, εt ∼ N(0, 0.12),
as a function of (a, σ).
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Table 2: AR(1) model, with N = 1000, T = 100

σ2 a Full Pairwise Efficiency

â σ̂2 ã σ̃2 AREθ AREa ARE
σ2

0.12 0.55 Ests 0.539 0.010 0.539 0.010 0.986 0.995 0.977
se (0.084) (0.001) (0.084) (0.001)

0.1 Ests 0.099 0.010 0.099 0.010 0.988 1.000 0.977
se (0.099) (0.001) (0.099) (0.001)

0.9 Ests 0.884 0.010 0.883 0.010 0.967 0.957 0.978
se (0.044) (0.001) (0.045) (0.001)

12 0.55 Ests 0.542 0.977 0.541 0.986 0.986 0.995 0.976
se (0.084) (0.139) (0.084) (0.141)

0.1 Ests 0.101 0.974 0.101 0.984 0.988 1.000 0.976
se (0.099) (0.138) (0.099) (0.140)

0.9 Ests 0.885 0.980 0.884 0.989 0.968 0.959 0.978
se (0.044) (0.139) (0.045) (0.141)

32 0.55 Ests 0.537 8.684 0.537 8.770 0.986 0.995 0.976
se (0.084) (1.234) (0.084) (1.250)

0.1 Ests 0.099 8.808 0.099 8.899 0.987 1.000 0.975
se (0.100) (1.252) (0.100) (1.268)

0.9 Ests 0.884 8.799 0.883 8.877 0.972 0.966 0.979
se (0.044) (1.251) (0.045) (1.265)

1Estimates (Ests) of MLE and MPLE are listed for a and σ2, under Full and Pairwise respectively, so are the corresponding

standard errors (se) in parentheses. 2Relative efficiency is given by the general efficiency AREθ , and the efficiency in terms of

each parameter AREa and ARE
σ2 . 3Calculations based on 1000 simulated time series of length T = 100.
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4. Correlated binary data
Correlated data:

Multivariate observations

Clustered data

Repeated measurements

Longitudinal data

Spatially correlated data

Social sciences, Economics, etc.
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Cont’d model setup
N independent individuals or experiment units

ni number of observations for each individual

Data from the same individual can be highly correlated

Let Yi = (Yi1, · · · , Yini
)T be the response measurements from the ith

individual, for i = 1, · · · , N , and

Yi can be continuous, or discrete, and usually associated with a vector of
covariates xi = (xi1, · · · , xini

)T

◮ Easy model: Yi ∼ Normal
◮ Intermediate model: Multivariate probit model
◮ Pure discrete model: Binary responses and logit link
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4.1 Multivariate logit model
We assume independent clusters, and only 2nd order dependence within
clusters, with no structure of dependence of higher order exceeding 3.

yij - binary response of the jth observation in ith cluster.

ni = m - equal cluster size

xi - ni × 1 vector of covariates. For simplicity, xij is a scalar.

Marginal probablity µij = P (yij = 1|xi), or equivalently µij = E(yij |xi)

logit µij = β0 + β1xij

The pairwise association is described by an equal log odds ratio:

φ = logψ

The odds ratio ψ for a pair (yij , yik) is defined as

ψi;jk =
P (yij = 1, yik = 1|xi) · P (yij = 0, yik = 0|xi)
P (yij = 1, yik = 0|xi) · P (yij = 0, yik = 1|xi)

, (8)

and its range is [0,∞).
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4.2 Marginal distributions
Parameter of interest: θ = (β1, φ)T , where β1 is the 1st order regression
parameter, φ is the 2nd order association parameter

1st and 2nd order marginal distributions of the proposed MVL are

µij =
1

1 + [−(β0 + β1xij)]
(9)

µi;jk =

8
<

:

ai;jk −
p
bi;jk

2(ψi;jk − 1)
if ψi;jk 6= 1

µijµik if ψi;jk = 1
(10)

where ai;jk = 1 − (1 − eφ)(µij + µik), and bi;jk = a2
i;jk − 4eφ(eφ − 1)µijµik.

Overall pairwise log likelihood, by summing up over all independent clusters:

lp =
N∑

i=1

lip =
∑

j<k

li;jk =
N∑

i=1

m∑

j<k

log f(yij , yik) (11)

f = µ
yij yik
i;jk

·(µij −µi;jk)
yij (1−yik) ·(µik −µi;jk)

(1−yij )yik ·(1−µij −µik +µi;jk)
(1−yij )(1−yik )
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4.3 Bahadur representation
The joint distribution of the Yi’s can be written in the form

f(yi) =
niY

j=1

P (yij)×

8
<

:
1 +

X

j<k

ρi;jkzijzik +
X

j<k<l

ρi;jklzijzikzil + · · · + ρi;12...mzij · · · zim

9
=

;

(12)
where zij = (yij − µij )/

q
µij(1 − µij)

ρi;jk = E(zijzik), j < k

ρi;jkl = E(zijzikzil), j < k < l

.

.

.

ρi;12···ni
= E(zi1zi2 · · · zini

)

The overall working full log likelihood

l =
NX

i=1

li =
NX

i=1

log f(yi1, · · · , yim) (13)

f(yi1, · · · , yim) =
mY

j=1
P (yi) ×

8
<

:
1 +

X

j<k

ρi;jkzijzik

9
=

;

=

0

@
mY

j=1
µyij (1 − µij)

1−yij

1

A ×

8
<

:
1 +

X

j<k

(µi;jk − µij µik)(yij − µij )(yik − µik)

µij (1 − µij )µik(1 − µik)

9
=

;
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4.4 Simulation design
Goal: Compare the performance of pairwise likelihood and full likelihood

Under different conditions pertaining to the correlation structure and the
data simulating mechanism.

Correlated binary data are generated using

◮ inversion method: true model, arbitrary dist’n; 2m − 1 probabilities
◮ discretised normal method: working model, feasible; implicit structure

of dependence of higher orders

Three correlation structures: almost independence, weak correlations and
strong correlations. compatibility

12 ways that data are generated
2 Data simulating mechanisms (inversion method, discretised normal method)

× 3 Correlation structures (φ = log 1.2, log 0.8, log 6)
× 2 Cluster sizes (N = 100, 30)
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Table 3: Simulation results for β1, for N = 100, m = 4, β1 = 0.7.

φ True Model Working Model

pairwise full Ngood pairwise full Ngood

log 1.2 Estimates 0.698 0.698 999 0.701 0.703 1000

(0.182) MC se 0.153 0.155 0.153 0.155
EM sd 0.155 0.155 0.154 0.154

Coverage rate 956 952 944 948

AREmc 1.024 1.025
AREem 0.995 0.991

log 0.8 Estimates 0.699 0.694 982 0.699 0.695 985

(-0.223) MC se 0.146 0.146 0.146 0.147
EM sd 0.148 0.149 0.149 0.150

Coverage rate 948 928 953 937

AREmc 1.003 1.006
AREem 1.012 1.018

log 6 Estimates 0.701 0.722 870 0.696 0.756 998

(1.792) MC se 0.159 0.134 0.160 0.148
EM sd 0.156 0.131 0.156 0.153

Coverage rate 968 818 956 918

AREmc n/a n/a
AREem 0.711 n/a
AREmse - 1.082

4n/a indicates that MC se or EM sd is not applicable nor is their ratio when estimates are fairly biased. 5Low efficiency

0.711 is due to the fact that Ngood is much smaller than 1000 replicate. 6Efficiency of working model with medium

correlations, i.e. the last model, is calculated using mse. 7AREmc or AREem is preferred than AREmse in general.
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Table 4: Simulation results for φ, for N = 100, m = 4, β1 = 0.7.

φ True Model Working Model

pairwise full Ngood pairwise full Ngood

log 1.2 Estimates 0.180 0.180 999 0.170 0.166 1000

(0.182) MC se 0.223 0.228 0.224 0.227
EM sd 0.235 0.242 0.227 0.235

Coverage rate 929 934 932 933

AREmc 1.045 1.027
AREem 1.060 1.070

log 0.8 Estimates -0.225 -0.279 982 -0.229 -0.286 985

(-0.223) MC se 0.199 0.242 0.202 0.248
EM sd 0.210 0.280 0.203 0.280

Coverage rate 937 885 939 890

AREmc 1.486 1.511
AREem 1.775 1.894

log 6 Estimates 1.792 1.897 870 1.804 1.388 998

(1.792) MC se 0.275 0.214 0.318 0.189
EM sd 0.276 0.351 0.315 0.195

Coverage rate 946 736 952 418

AREmc n/a n/a
AREem 1.621 n/a
AREmse - 2.014
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Conclusions
We investigate the performance of composite likelihood approach on
several models, and find

◮ MVN: identical estimators and full efficiency
◮ AR(1): large-sample equivalent
◮ Correlated binary: outperform; more accurate estimates, more efficient,

and more robust to model misspecification.

Composite likelihood method has a nature of broad collaborations.
◮ Gene-mapping (linkage disequilibrium) Larribe and Lessard, 2008
◮ Long sequences in genetics Song, 2007
◮ Multi-type responses, missing data deLeon and Carriere, 2007
◮ Population dynamics Andrieu, 2008
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