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A Real Neuroscience 
Project

Long term goal: Use intraspinal 
microstimulation to restore hindlimb 
motor function
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A Real Neuroscience 
Project

Obstacles facing intraspinal 
microstimulation to restore hindlimb 
motor function: Detailed Maps of Spinal 
Interneurons do not exist

Our Project: Determine the spatial 
locations of active neurons during 
stimulation of two hindlimb nerves 
(superficial peroneal and tibial).

Long term goal: Use intraspinal 
microstimulation to restore hindlimb 
motor function
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Neural activity with gene c-Fos 
labeling
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c-FOS Labeling

Decerebrate cat preparation

Electrically stimulate tibial or 
sup. peroneal nerve for ~2 hours

Label c-FOS positive cells

Map locations (light 
microscopy)

Experimental Method
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Control Tibial Sup. Peroneal
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Control Tibial Sup. Peroneal
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The Major Goals of  the Study

Determine significant experimental and analytical factors that 
affect the number of identified, or c-fos positive cells; 

Determine spatial compartments where the number of labeled 
cells is significantly greater in stimulated than control animals, 
and how significant the significant compartments are. 
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▫ cat: ID of  each of  10 cats 

▫ nerve: 1=tibial, 2=superficial peroneal, 
3=control 

          stimulation: stimulated vs. control

▫ slice: 1=slice1, …, 12=slice12

▫ lamina: 1=lamina1, …, 10=lamina10 

▫ Side (left/right): 1=left(contralateral),
2=right(ipsilateral) 

▫ cells: Numbers of c-fos positive cells 

Data Description on the Side View
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Is Poisson Regression Appropriate?

As a natural  guess, a reasonable model that fits the labeled cell data might be the  
Poisson regression model,  where the counts of  labeled neurons are assumed to 
distribute independently according to Poisson distributions with means  μ = μ(s)                 
that vary according to spatial locations s .

This Poisson  regression  model is a GLM with a link function   g(μ) = log( μ) , 
where                                 .

Our preliminary analysis under the Poisson regression model shows that there was a 
severe overdispersion; the  Pearson Chi-square is about 5. 

The Poisson regression model imposes the strong assumption of equality of 
means and variances, an assumption that is often violated.

A plot of absolute residuals versus the linear predictor can help identify the 
presence of overdispersion.

g(µ) =
∑q

j=1 xjβj
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Y |Z ∼ Poisson(µZ), Z ∼ Gamma(1/! , ! )
⇒ Y ∼ NB(1/! , 1/(1 + ! µ))

E(Y ) = µ, V ar(Y ) = µ + ! µ2

Model the Overdipersion with Hierarchical 
Poisson Mixture Distribution

A lattice count is the sum of number of cells in its region, hence the lattice count is 
really distributed as a mixture of Poisson distributions.

The variance of a mixture distribution is often greater than the sum of variances of 
individual component distributions, and hence it leads to an overdispersion / 
Heterogeneity.

Two possible solutions: 

Poisson-normal model: introduce a normal random-effect into mean structure 

Negative-Binomial regression: introduce a conjugate distribution of Poisson. 
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Y |U ∼ Poisson(µ)

g(µ) = log(µ) =
p∑

k=1

βkxk + U, U ∼ N(0, σ2
U )



Sim Data Statistics Poisson Reg NB Reg PN Reg
! 0 ! 1 ! 0 ! 1 ! 0 ! 1

NB indep Mean 0.954 1.986 0.932 2.033 0.946 2.012
SD 0.488 0.832 0.442 0.765 0.451 0.792

Mean(ŝe) 0.094 0.132 0.454 0.776 0.408 0.789
PB indep Mean 1.123 1.992 1.121 1.996 1.046 1.956

SD 0.142 0.230 0.137 0.219 0.144 0.214
Mean(ŝe) 0.086 0.121 0.134 0.215 0.127 0.208

Simulation One
Simulate Negative-Binomial data and Poisson-normal data:

Fixed-effects structure is determined by: β0+β1X, β0=1, β1=2. 

Sample size: 100; Simulation size: 500.
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The Spatial Nature of  Data

The labeled cell count data are spatial data which spatial correlation should be taken 
into account in the model.

Our exploratory data analysis show that there exists the strong spatial correlation in 
the data.

Within spatial statistics, the model for spatial data often have the following 
characteristics:

Response Yi : i = 1, ..., n  are observed at a discrete set of sampling locations si   
within some spatial region A .

Each observed value Yi  is either a direct measurement of, or is statistically related 
to, the value of an underlying continuous spatial stochastic process, S, at the 
corresponding sampling location si .
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Sim Data Statistics Poisson Reg NB Reg PN Reg
β0 β1 β0 β1 β0 β1

NB dep Mean 1.205 1.922 1.212 1.974 1.372 1.975
SD 0.713 1.072 0.616 0.992 0.937 0.857

Mean(ŝe) 0.080 0.109 0.371 0.620 0.348 0.571
PB dep Mean 1.327 1.964 1.329 1.965 1.349 1.863

SD 0.470 0.695 0.414 0.636 0.431 0.597
Mean(ŝe) 0.075 0.101 0.167 0.272 0.158 0.258

Simulation Two

13

Simulate Negative-Binomial Spatial data and Poisson-normal Spatial data:

Fixed-effects structure is determined by: β0+β1X, β0=1, β1=2. 

Simulated Gaussian Random Field is added into the mean structure.

Sample size: 100; Simulation size: 500.
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Modeling Both Heterogeneity and 
Dependence 

What we proposed for the spinal gene c-Fos data is a GLMM of a form 
specifically oriented to spatial data, hence it is named generalized linear 
spatial models (GLSM).

S is a stationary Gaussian random field have mean   E(S(s)) = 0  and isotropic 
covariance cov{S(s), S(ś )}=σ2γ(||s - s´||),  with   ||·||  denoting Euclidean 
norm. 

uj ~ N (0, σu
2 ) denote random effect for subject clustering.
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Yij |(S(si), uj) ∼ Poisson(µij)

g(µij) = log(µij) = β0 +
p∑

k=1

βkxk(si) + S(si) + uj



Difficulty in Parameter Estimation

The application of likelihood-based methods to non-Gaussian generalized spatial models 
is hampered by computational difficulties 

In the GLSM, let !  denote the random effects including both the random field S and the 
random effect u and let  q(! |" ) denote the joint distribution of  !  , with parameters " . 
Then, from a classical perspective the marginal likelihood function for the unknown 
parameters (#, " ) is 

15

L(β, δ) =
!

γ

m"

j =1

n"

i =1

fij (Yij |γ,β)q(γ|δ)dγ.
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The difficulty in the spatial setting is that the Sj = S(sj)  are 
dependent, the integral above therefore are very high-dimensional 
and conventional methods of numerical integration fail!

L(β, δ) =
!

γ

m"

j =1

n"

i =1

fij (Yij |γ,β)q(γ|δ)dγ.



Solution One: Pesudo-likelihood
Because of the special features of generalized spatial models, another possible solution is 
to approximate the model. The method of Pseudo-likelihood is widely used in GLMM 
for correlated longitudinal data (Wolfinger and O’Connel, 1993).

Pseudo-likelihood uses a first-order Taylor series expansion of the link function to give 
“pseudo-data” and obtaining estimates through a pseudo-likelihood (PL). 

Recall that E(Y|! )=g -1(X#+Z! )=g -1($)=%. A linear Taylor series of % about current 
estimates # and !  yields

Rearranging terms yields the expression

The left side is the expected value, conditional on ! , of our ‘pesduo’ data 

We can then consider the standard linear mixed model.
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g! 1(η) ! g! 1(öη) + ö! X (β " öβ) + ö! Z (γ " öγ), ö! =
!

∂g! 1(η)
∂η

"
.

P ≡ ∆̂
−1

(Y − g−1(!̂ )) + X "̂ + Z#̂ .

∆̂
−1

(µ− g−1(η̂)) + Xβ̂ + Zγ̂ ≈Xβ + Zγ.



Solution Two: h-Likelihood
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The GLSM, a function of the conditional mean of the response variable can be 
expressed as follows

The joint log likelihood of the parameters is

where f#(Y|! ) is the PDF based on the conditional distribution of Y given ! , and 
f" (! ) is the PDF based on the assumed distribution of the random effects. Lee and 
Nelder (1996) refer to this as the hierarchical likelihood or h-likelihood.

The joint likelihood L(#, " , ! ) is generally much easier to evaluate and optimize 
than the marginal likelihood L(#, " ).

Lee and Nelder (1996) show that under fairly general conditions the two estimates 
are asymptotically close. In practice, H-likelihood works well when the number of 
random effects are not large.

h = log L(β, δ,γ) = log f! (Y |γ) + log f" (γ)

g(µ) = Xβ + Zγ, γ ∼ N(0, δ)



Adjusted Profile Likelihoods in h-
Likelihood Procedure
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Biases in parameter estimates for non-normal data have been a problem for many 
GLMM estimators. The original h-likelihood method has also been criticized for 
biases.

Lee and Nelder (2001) considered a function class for adjusted profile likelihoods 
based on h-likelihood, pθ(h), eliminating nuisance parameter δ from a likelihood, 
defined by

where D(h, θ) = -! 2h/! θ2 and      solves !h/! θ = 0. 

It can be shown that pγ(h) is equivalent to the first-order Laplace approximation to 
the marginal log-likelihood: logL(#, " ).

pθ(h) =
[
h− 1

2
log det

(
1

2π
D(h, θ)

)] ∣∣∣∣
θ=θ̂

θ̂



Solution Three: Marginal Model

One way round the computational difficulties discussed above is to abandon likelihood-
based methods in favor of possibly less efficient but computationally simpler methods. A 
possible solution, originally proposed as a strategy for analyzing correlated longitudinal 
data, is the method of generalized estimating equations (GEE).

Given observation Yj  we assume 

EYj = μj(#),   Var(Yj) = φνj(#)

 

The # could then be estimated consistently by solving the estimating equations,

where Y − % is the vector with elements Yj − μj(#) and V is a working covariance matrix.
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∂µ

∂!
V ! 1(Y − µ) = 0



Estimating the Spatial Correlation 
Through Semi-varigorm
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In spatial statistics, the variogram is a function describing the degree of spatial 
dependence of a spatial random field or stochastic process S(s). It is defined as the 
expectation of squared increment of the values between locations si and sj:

 γ itself is called semi-variogram.

The empirical semi-variogram is used as an estimate of the (theoretical) semi-variogram:

where N(d) denotes the set of pairs of observations i , j  such that | si − sj | = d,  and        
| N(d) | is the number of pairs in the set.

öγ(d) =
1

2|N (d)|

∑

(i,j)∈N(d)

|r (si) − r (sj)|2

2γ(si, sj) = E(|S(si) ! S(sj)|2),



Solving the Model with Two-stage 
Approach

Fitting Algorithm:
1. Compute an  initial estimate  of  #  with  an  NB   model  assuming   independence.

2.Compute the  empirical semi- variogram           of the standardized Pearson residuals, 

from the fitted  model.

3.Fit a parametric variogram model for the semi-variogram  to  estimate the spatial 
correlation matrix R with element ρ(si - sj). The variance-covariance in GEE is 
therefore, Σ = σ2 V1/2RV1/2, V is a diagonal matrix with element μij  + φμij

2

4.Use the generalized estimating equations to estimate the parameters # and fit a 
variogram model iteratively.

21

rij = (yij − µij)/
√

µij + φµ2
ij

γ̂ij



Sim Data Statistics NB-GEE Pesduo-Likelihood h-Likelihood
! 0 ! 1 ! 0 ! 1 ! 0 ! 1

NB dep Mean 1.139 2.076 1.687 2.537 1.192 2.105
RMSE 0.691 0.898 1.465 1.152 0.752 0.981

PB dep Mean 1.172 1.952 1.491 2.396 1.089 2.076
RMSE 0.578 0.721 1.241 1.196 0.433 0.688

Simulation Three
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Simulate Negative-Binomial Spatial data and Poisson-normal Spatial data:

Fixed-effects structure is determined by: β0+β1X, β0=1, β1=2. 

Simulated Gaussian Random Field is added into the mean structure.

Sample size: 100; Simulation size: 500.
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Source DF Pr > F stat Source DF Pr > F stat
nerve 2 0.0278 nerve∗lamina 18 0.0379
lamina 9 < .0001 nerve∗slice 22 0.0461
side 1 0.0002 nerve∗side 2 0.0007
slice 11 0.0213

Statistical Results for the real data by 
h-Likelihood
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Simultaneous Statistical Mapping

The second goal of the study: the biological  question of finding differential  spatial 
compartments can be restated  as a statistical  problem in  multiple  hypothesis testing:  
simultaneously test all compartments to see which one rejects the null hypothesis of 
no difference between two groups of animals.

The procedure we are going to use may be called simultaneous statistical mapping 
(SSM). It is simultaneous because we will statistically control an overall error from 
testing all the compartments simultaneously.

It is statistical mapping because the values of test statistics computed at each of the 
compartments lead to a statistical map, where the non-significant compartments may 
be set to zero, and significant compartments are highlighted with the observed values 
of the test statistics.
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Tests Based on NB Spatial Model

Tests of the mean differences (for each compartment) either between treated and 
control animals, can be set up as tests of contrasts, one for each pair of the group 
conditions.

The Wald test statistic for testing L´# = 0, where L is a contrast matrix, is defined by

 

where is the parameter estimate and is the estimated covariance matrix.

The Wald test statistics are computed by the above formula for each of 
compartments. The p-value of the test statistic at each compartment can be computed 
using the asymptotic distribution of Sw under the null hypothesis of no difference, 
which is Chi-square with r  degrees of freedom, where r  is the rank of L.
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Sw = (L ′β̂)′(L ′Σ̂L )−(L ′β̂),



Controlling FDR under Dependency
BH procedure was initially proposed for multiple testing in which individual test 
statistics are assumed to be independent to each other.

However, the test statistics from different compartments can be correlated when data 
are spatially correlated. 

If the spatial correlation follows the correlation function e-d/ ρ (as in our parametric 
variogram model), we can proof that the correlation of the compartment test statistics 
satisfy the property of “positive regression dependency on subsets” (PRDS) 
(Benjamini and Yekutieli, 2001). 

Hence, the BH procedure for independent tests still conservatively controls the 
overall FDR for PRDS-correlated multiple tests.

Specifically, for our labeled cell data, our significance threshold for deciding which 
compartment is significantly different (between two treatments, or between a 
treatment and a control) are chosen with a BH-FDR controlling procedure that 
accounts for the multiplicity of tests.
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Statistical Results
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Statistical Results
27



Summary of  the Scientific Findings
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Our scientific findings: Stimulation of 
tibial & superfical peroneal nerves 
resulted in activation of discrete, but 
overlaping, populations of neurons:

Spatial location, Nerves and LR etc. factors 
affect the number of   c-fos postive cells 

Active cells assemble at L6-L7/ Lamina4-6 / 
MLbin3-5.

Two nerves have different spatial 
distributions.



Discussion: Marginal Model v.s. 
Conditional Model

In the GEE approach, we avoid to specify the complex full likelihood with the random 
field. Instead, we specify only the quasi-likelihood for the marginal distributions and a 
“working spatial” covariance matrix.

Pseudo-likelihood approach is especially problematic in the spatial applications, because 
the variability in the distribution of S is often relative to the variability in the conditional 
distribution of Y given S.

h-Likelihood approach for the conditional models is a good choice, especially, when the 
overdispersion is not so large in data. 

Conditional model including a random field and/or other random effects provide a more 
elegant and direct interpretation than that provided by a marginal model.

We focused on frequentist methods. Bayesian methods offer an alternative. Experience 
and a good understanding of the influence of prior distributions and convergence 
assessment of Markov chains are crucial in Bayesian analyses.
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Thanks!


