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§12.1 Introduction

• Parametric: the baseline distribution is parametric

=⇒ distribution for any subject is parametric; e.g., Weibull.

• AFT, not PHM, is discussed

PHM can be done in an equal way; how?

Parametric PHM: R function phreg() in package eha

• Review of AFT

AFT 1: S(x|Z) = S0[exp(Z ′θ)x];

AFT 2: Y = log X = µ + γ′Z + σW ,

(1)==(2) if i) S0 is the survival function for r.v. exp(µ + σW );

ii) θ = −γ.

• Common parametric models for W (or for S0):
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S0 W

Weibull Extreme value distr

Log-normal Normal

Log-logistic Logistic

...
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§12.2 Weibull distribution for S0

• Weibull distr.: X ∼ Weibull(λ, α)

α = 1 =⇒ X ∼ Exp(λ);

E(X) = Γ(1 + 1/α)/λ1/α;

SX(x) = exp(−λxα);

hX(x) = λαxα−1;

• If Y = log X = µ + σW

with λ = exp(−µ/σ), σ = 1/α, where W has a (Type-I)

extreme value distr with

fW (w) = exp(w − ew), SW (w) = exp(−ew),

E(W ) ≈ 0.57722, V ar(W ) ≈ 1.64493.

• Hence,

fY (y) = 1
σ exp

(

y−µ
σ − e

y−µ

σ

)

,

SY (y) = exp
(

−e
y−µ

σ

)

.
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• Given right-censored data: (Tj , δj), j = 1, ..., n,

again assume Xj ∼ Weibull, then

let yj = log Tj , (bad notation! why?)

L =
∏n

j−1[fY (yj)]
δj [SY (yj)]

1−δj =
∏n

j−1

[

1
σ fW

(

yj−µ
σ

)]δj
[

SW

(

yj−µ
σ

)]1−δj

=⇒ µ̂, α̂, Cov, ...

• Now with covariates

Data: (Tj , δj , Zj), j = 1, ..., n.

AFT: log Xj = Yj = µ + γ′Zj + σW ,

L =
∏n

j−1

[

1
σ fW

(

yj−µ−γ′Zj

σ

)]δj
[

SW

(

yj−µ−γ′Zj

σ

)]1−δj

,

with fW and SW as given before.

=⇒ MLE µ̂, γ̂, σ̂, Cov.

• Inference: Wald, score, LRT, as before

• Can equally handle left-censored, interval-censored and

left-truncated data!
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how?

implemented in SAS Proc Lifereg.

• Example 12.2: Larynx cancer

Covariates: Z1 − Z3, indicators of stage II-IV; Z4, age.

AFT model:

Y = log X = µ + γ1Z1 + γ2Z2 + γ3Z3 + γ4Z4 + σW

Interpretation:

AFT: E(log X |stage, age) = (µ + σEW ) + γ′Z.

E(log X |stageI, age = z4) = µ∗ + γ4z4;

E(log X |stageII, age = z4) = µ∗ + γ1 + γ4z4;

take a difference:

γ1 = E(log X |stageII, age = z4) − E(log X |stageI, age = z4)

—-effect of stage after adjusting for age.

Similarly,

γ4 = E(log X |stage = s, age = z4 + 1) − E(log X |stage =

s, age = z4)
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—-effect of age after adjusting for stage.

• Example 12.2: SAS

• A special case: AFT=PHM if ...

1) AFT: Y = log X = µ + γ′Z + σW ;

2) W has a standard extreme value distribution (i.e. S0 is

Weibull distribution).

1)+2) =⇒

h(x|Z) = αλxα−1 exp(Z ′β) = h0(x) exp(Z ′β), PHM!

with α = 1/σ, λ = exp(−µ/σ), and β = −γ/σ.

How to prove?

AFT =⇒ S(x|Z) = S0[exp(Z ′θ)x]

=⇒ f(x|Z) = f0([exp(Z ′θ)x]) exp(Z ′θ)

=⇒ h(x|Z) = h0([exp(Z ′θ)x]) exp(Z ′θ)

= αλ[exp(Z ′θ)x]α−1 exp(Z ′θ) = αλxα−1 exp(Z ′θα) = ...
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Compare Tables 12.1 & 12.2.

• Read §12.3-12.4.

Other parametric models; same method, interpretation,...
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§12.5 Diagnostics

• Class one: use properties of parametric distributions.

• First consider one-sample problem: univariate

• Model:

X ∼ W (λ, α) =⇒ H(x) = λxα.

• Given data: (Tj , δj), j = 1, .., n

=⇒ Ĥ(x), a nonparametric, e.g. N-A, estimate.

• Model checking:

Compare Ĥ(x) with assumed H(x): e.g., plot log Ĥ(x) vs log x,

and it should be a ...... if the model holds.

More generally: compare a parametric estimate vs a NP

estimate...

• Consider regression: (Tj , δj, Zj), j = 1, .., n

• Model (AFT):
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log Xj = µ + γ′Zj + σWj ,

Wj iid standard extreme value distribution

=⇒ exp(log Xj − γ′Zj) = exp(µ + σWj)
iid
∼ Weibull.

• Xj may not be observed because censoring/truncation,

but we can use ...... Ĥ(x);

then plot log Ĥ(x) vs ......

• Fig 12.2.

• Class two: use residuals

• Cox-Snell residuals

rj = Ĥ(Xj |Zj) ∼ Exp(1);

under the Weibull model, rj = λ̂T α̂
j exp(β′Zj).

Apply N-A esimator to (rj , δj), j = 1, ..., n and see whether it

is close to a straight line with slope =1 (why?).

• Fig 12.7.
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• Or, look at standardized residuals,

sj =
log Tj−µ̂−γ̂′Zj

σ̂ .

(sj , δj): a censored sample from a standard extreme value

distribution (under the Weibull model); equivalent to the

above.

• Use other residuals

Mj = δj − rj , skewed.

Dj = sign(Mj){(−2)[Mj + δj log(δj − Mj)]}
1/2, more

symmetric.

check: 1) outliers by index plots

2) overall fit: plot vs Tj ; any trend suggests possible problems.

• Fig 12.10.
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