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Chapter 2: Basic quantities

Recall X: time of event of interest.

we observe some copies of X, possibly censored /truncated;
because X is ..., we’d like to summarize information in the
form of ... , based on which we can do 2-sample comparisons &
regression.

§2.2. Survival function
Sx)=Pr(X >x)=1—-Pr(X <z)=1- F(x).

X: r.v.
x: any observed /given value
F. CDF

0 < S(x) <1, S(x) is non-increasing in z.
For continuous X,

S(x) = fmoo f(t)dt, where PDF f(x) = —dflff).




e Example 2.1 and Fig 2.1: Weibull distribution.

S(x) =exp(—=Az%), A>0, a>0.

a = 1 = exponential distr.
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Figure 2.1  Weibull Survival functions fora = 0.5, A = 0.26328 (——),
a=10,A=01C(C--- ); a = 3.0, A = 0.00208 (------ ).



e Example 2.2 and Fig 2.2: yearly survival curves for all causes

of mortality for US and each of the 50 states, by race and sex.
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Figure 2.2 Survival Functions for all cause mortality for the US population in
1989. White males (——); white females (++++-+ ); black males (- ); black
Semales (—— ——).



e X: discrete
p(r;) = Pr(X =z;), ,Jj
S(x) — Za}j>xp(xj)‘

e Example 2.3 and Fig 2.3: p(x;) = Pr(X =
=123,

’

1 it 0 <z

S(@) <2/3 if1<az<?2

1/3 if2<z<3
0 if3<x

\

Eg S1)=Pr(X>1) =53 -,p;) = plx2) +pls) = 2/3.




1.0+

0.8

0.6+

Survival Probability

0.4

0.2

0.0+

o —

16_1 2 3

Time

Figure 2.3 Survival function for a discrete random lifetime



§2.3. Hazard function/rate

. Pr<X<z+Az|X > 2x)
lim
Ax—0 AZU

— Plr < X <zx+ Az|X > x) = h(z) - Azx.

X : continuous
Plx<X <z+Ax)/Az  f(z)  dlogS(z)

Axz—0 S(CC) S dx

Cumulative hazard function:
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Figure 2.4  Shapes of bazard func?i_o]’ts. Constant hazard (————); increas-
ing bazard (-—--—-); decreasing bazard (- - - - - - ); batbtub shaped (—);
bhumpshaped (———).



e Example 2.1. Weibull distribution
S(x) =exp(=Az®), A>0,a>0
— h(z) = adz® L.

How does h(x) look like?




1.2+ Y

1.0 J

0.8 g

Hazard Rates

0.6 J/

0.4+

0.2

0.0

8_ 1Time

Figure 2.5 Weibull hazard functions fora = 0.5, A = 0.26328 (—);

a=10A=01C(—-— ), @ = 3.0, A = 0.00208 (———).



e Example 2.2. 1989 US mortality hazard rates.
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Figure 2.6 Hazard functions for all cause mortality for the US population in

1989. White males (———); white females (--+--+); black males (- - - - - - );
black females (————).



Interpretation of hazard function:
h(z) - Ax =~ P(x < X < x4+ Az|X > x), instantaneous

probability of an event at time x 1, given ...

h(x) < h(x) - Ax

Is it possible to have h(z) > 17

Example: Fig 2.6; suppose h(0.1) = 0.02, h(10) ~ 0,

h(20) = 0.005, h(70) = 0.05. Given you four people at ages 0.1,

10, 20 and 70 respectively, order their chance of dying in the
next moment.

h(x): expected number of events per person-unit time, if h(.)

stay constant within the interval.

E.g., h(20)=0.000001, if the hazard stays the same within the
next two year, what is the expected # of deaths within 2 yrs
for 1000,000 people at 207







e X: discrete

o for j=1,2,...,

h(zj) = P(X = x;|X > x;) =

s =TT 5o = [T 0=hia)

i<z xj<x

e Example 2.3: p(x;) =Pr(X =j)=1/3for j =1,2,3.

i

1 if 0 <ux

2/3 ifl1<x<?2
it2<zx<3
if3<x




/

1/3
; (1/3)/(2/3) =1/2

(1/3)/(1/3) =
0

\

« H@)=Y, -, hiz))
— S(x) # exp|-H ()],

e Another definition:

H(z) = = 3.5, <o 1081 = h(z;)]
— S(z) = exp|—H (x)].
Note: H(z) =~ ),




§2.4. Mean residual life function & median life

Mean residual life at time x:

[t =)0 [ St

mrl(x) = BE(X —z|X >zx) = ()

See p.35 for deriving the last equality.

Numerator:

Mean lifetime

p=mrl(0) = E(X) = [ tf(t)dt = [~ S(t)dt.

pth quantile (=100pth percentile) of the distr of X is the
smallest x,, s.t. S(x,) <1 —p;i.e.

z, = inf{t: S(t) <1 —p}.

If X is continuous r.v., then x, is obtained by solving
S(z,) =1—p.

Median lifetime is xg 5




e $2.5. Common parametric models

Exp.
Weibull
Gamma,
Lognormal
Pareto

Gompertz




Hazard Rates, Survival Functions, Probability Density Functions, and Expected
Lifetimes for Some Common Parametric Distributions

Hazard Rate Survival Function Probability Density Function Mean
Distribution B x) S(x) S0 E(X)
1
Exponential A expl—Ax] A exp(—Ax) X
A>0,x=0
Weibull
1+
a,A >0, arx®™! expl—Ax®] ahx® ! exp(—Ax®) E—AT}E‘/‘Q
x=z0
Gamma
[0 . AP xB—1 exp(—Ax) B
LA >0, — 1-I(x, B —_— -
B g S0 (Ax, B) @ x
x=
exp _1 (1nx—ﬁ)2
Log normal PAC)) 1-® Inx—p - i exp(p + 0.502%)
S(x) o x(2m/ 20 Pl o
o>0,x=0
Log
logistic ax®~ Iz 1 ax*~1) mwCsc(m/a)
1+ Ax 1+ Axe 1+ Axe]2 arl/a
aA>0,x=0 ifa>1
Normal 2
1 (2=
>0 [ o [ exP[f(ﬂ)]
7 ’ S(x) ! [ [4 ] em2e H
—o < x <o
Exponential
power ar*x 1 exp{lAx)®} exp{l — expl(Ax)*}} aer® x*~ ! expl(Ax)®] — explexpl(Ax)?1} j;) S(x)dx
a,A>0,x=0
Gompertz e exp [3(1 - e”‘“')] fe™~ exp [3(1 - e‘”)] ﬁ T S(x)dx
0a>0x=0
Inverse [0 1/2 1/ 172 2
Gaussi A A _ x| - o2 _fa x A A=)
b o[ 0n] e -0} () e ) u
A=0,x=0
Pareto
6 [}
8>0A>0 8 r 1 5— ]. N o
x ] x0+1 6—1
x=A ife>1
Generalized x) B yeB—1 — =
gamma é‘(:.) 1— I[Ax"‘,B] aAPx r(f;X)P( Ax®) fo S(x)dx
A>0,aa>0,
B>0,x=0

Y14, B) = [ 1P exp(—wdu/T(B).



§3.5 Likelihood Construction
Xt f(z) or p(z), S(x), h(z)
exact, X; = x;: L; = f(x;).
right censored, X; > ¢;: L; = S(¢;).
left censored, X; < ¢;: L; =1 — 5(¢;).

interval censored, X; € (B;,U;]: L; = S(B;) — S(U;).

left truncation, (y;,x;): L; = f(x;)/S(y;).

Total likelihood

L=1licg f(@)]licre S(ei) 1 icrell =Sl LicrclS(Bi) —
S(Us;)...

For right-censored data: (7;,6;),i=1,...,n
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Review: Maximum Likelihood Thoery
(Appendix B)

Given data Y7, ..., Y, with distribution parameter 6
— log L(6)
—> MLE 0 = argmaxglog L(0). usually by solving the score

equation:
_ OlogL 0

ue) 00

Score function: U(0).

Observed Fisher’s information:
0% log L

10) = =5

Expected Fisher’s information:
E(1(6)) = EUO)U(0)),

which may be hard to get. And I(60) may be preferred over i(6).




e Asymptotic normality of MLE:
0% N, I750)).
In practice, use I_l(é\).

o Test HOZ 9:90 VS Hll 9#90

— Wald test. Under Ho, 6 & N (09, I71(6p)) =
Xy = (0 00/ T0) (0 — o) % x2, p = dim ().
Score test. Under Hy, U(6) ~ N(0,1(0y)) =

Xg = U(00)' T~ (60)U(60) ~ x>
Note:

Likelihood ratio test.
X1r = 2log L(#) — 2log L(6o) ~ x;

Computational cost:

Performance:

e Invert a test to get CI.




Wald 95% CI of # with p = 1:

0+ 1.961/ Var(6)

AN AN AN

where @(«9) =1740) or i71(0).




e Example B.1.
Data: (Tz, 52)7 1= 1,
Model: X; ~ Exp(\).

e Likelihood...




logL:zn:5zlog>\—)\zn:tz
8logL ané/A Zt _ 0

I__82logL_ i—1
o ox2 A2

d;

o Test Hy: A=1

e Wald test:

2 = 2
XW_( nlt. o

=1

under Hy.

e Score test:

2 i=1 "
Xs = ( 1




2<zn:5ilog5\—5\zn:ti—(zn:(silogl—l'zn:tz‘))
<Z(5 log " 1 25 +Zt>

under Hj.




