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§5.4 Life-Table Methods

• Goal: to estimate S(t), h(t),...

• When: 1) n is large; 2) grouped data

• Data:

1) Ij = [aj−1, aj), j = 1, 2, ..., k + 1, a0 = 0, ak+1 = ∞;

2) y′
j =#(risk set at aj−1);

3) Wj =#(censored in Ij), e.g. loss-to-followup;

4) dj =#(events in Ij).

• Estimates:

Assuming that censoring is uniform inside Ij ,

yj = #(risk set in Ij) = y′
j − Wj/2.

Ŝ(aj) = Ŝ(aj−1)

(
1 −

dj

yj

)
=

j∏

i=1

(
1 −

di

yi

)
.
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At the middle point amj of interval Ij ,

f̂(amj) =
Ŝ(aj−1) − Ŝ(aj)

aj − aj−1
.

ĥ(amj) =
f̂(amj)

Ŝ(amj)
=

2f̂(amj)

Ŝ(aj−1) + Ŝ(aj)
,

or, by the interpretation of h() (as ...),

ĥ(amj) =
dj

(aj − aj−1)(yj − dj/2)
.

Conditional probability of having an event in Jj is q̂j = dj/yj ,

thus (as discussed before?) Ŝ(aj) = Ŝ(aj−1)(1 − q̂j).

Greenwood’s (1926) formula:

V̂ ar(Ŝ(aj−1)) = Ŝ(aj−1)
2

j−1∑

i=1

di

yi(yi − di)
.
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• mrl, mdrl

mrl(x) is the mean of X − x with the conditional distribution

(X |X ≥ x), i.e. S(t)/S(x) =⇒ mrl(x) =
∫ ∞

x
S(t)dt/S(x).

mdrl(x) is the median of X − x with the conditional

distribution of (X |X ≥ x):

=⇒ mdrl(x) = [median with S(t)/S(x)] − x.

• Q: mrl(0) = mrl(2) + 2?

1) No,

2) Yes,

• Example 5.4; SAS handout.
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§5.2 Arbitrarily Censored and Truncated Data

• Goal: to estimate S(t) for X nonparametrically.

• Given data: possibly right-censored, left-censored (and thus

doubly-censored), and interval-censored; possibly left-, right-

and even interval-truncated.

• Approach: NPMLE

1) Write down NP likelihood L, then numerically maximize it.

2) Via self-consistency or expectation-maximization (EM)

algorithm; an extension of that for right-censored data.

Why 2)?

Why not 2)?

• References:

Turnbull (1974, JASA): doubly-censored data.

Turnbull (1976, JRSS-B): interval-censored and truncated data.

• First, consider only interval-censored data: (Li, Ri], i=1,...,n.
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• Ordering Li’s and Ri’s to get distinct τ0 < τ1 < ... < τm.

Let pj = Pr(τj−1 < X ≤ τj), j = 1, ..., m

known or unknown?

• αij = I{(τj−1, τj ] ⊆ (Li, Ri]} = I(τj−1 ≥ Li, τj ≤ Ri).

known or not?

• Iij = I{Xi ∈ (τj−1, τj ]}.

known or unknown?

If not, how to estimate it?

• Use its ...

E(Iij |Data) = Pr{Xi ∈ (τj−1, τj ]|Xi ∈ (Li, Ri]} =
αijpj∑m

k=1 αikpk

.

• Then,

dj =
∑n

i=1 E(Iij), UPDATE: pj =
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Or, yj =
∑m

k=j dk, then use the K-M estimator:

Ŝ(τi) =
∏

j≤i

(
1 −

dj

yj

)
.

pj = Ŝ(τj) − Ŝ(τj−1) .

• iterate until convergence (i.e. not much change of pj ’s.

• How to choose an initial estimate Ŝ?

Any Ŝ?

My recommendation:

1)

2)

• A potential problem:

• A toy example: observe (0, 2] and (1, 3], n = 2.

L =

To max L =⇒
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• Candidate non-zero probability mass intervals: (ui, vi]’s.

u1: starting from 0, find the largest Li without jumping over

any Ri;

u2: jumping over consecutive Ri’s at the next right of u1 until

encounter an Li; keep going, find the largest Li without

jumping over another Ri;

...

vi: the smallest Rj that is larger than ui.

• How to handle exact event times in the above self-consistency

algorithm?

• How to handle left-censoring?

Li =

• How to handle right-censoring?

Ri =
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• R package Icens

• Example: Example 5.2 in R; Table 5.4.
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• A special case: doubly-censored data

The algorithm on p.141 seems incorrect, e.g. yi is not defined.

• A similar and simpler algorithm

1) define τj ’s as before; start with initial pj ’s;

2) excluding left-censored data, define dj and yj ;

3) for each left censored obs i,

E(Iij) = Pr{Xi ∈ (τj−1, τj ]|Xi ∈ (0, Ri]} =
αijpj∑

m

k=1
αikpk

;

o/w, E(Iij) = 0;

4) d′
j = dj +

∑n

i=1 E(Iij);

5) y′
j = yj +

∑m

k=j

∑n

i=1 E(Iik).

6) plug-into the K-M estimator for new estimates pj ’s;

7) repeat 1)-6) until convergence.

• R package dblcens
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• Truncated data: conditional on Xi ∈ Bi, observe Xi...

βij = I{(τj−1, τj ] ⊆ Bi}.

• Jij = # of unobserved X ′
j ’s that would fall in (τj−1, τj ] if a

random sample were taken (i.e. no truncation), given Xi ∈ Bi.

E(Jij) =
(1 − βij)pj∑m

k=1 βikpk

.

• Modify

dj =
∑n

i=1[E(Iij) + E(Jij)].

Then plug-into yj =
∑m

k=j dk and K-M estimator.

• Main idea: if you only know the winning games of the Vikings,

is it possible to estimate the number of their losing games?

How about not and then allowing the possibility of tied games.

• An estimation problem:

An alternative:

Reference: Pan and Chappell (1998, Lifetime Data Analysis).
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• (not required) NPMLE may not be consistent for left-truncated

and interval-censored data;

Reference: Pan and Chappell (1999, Lifetime Data Analysis).

• Special cases: only left-censored, or right-truncated data.

transform into a problem of right-censoring, or left-truncation!

how?
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§6.2 Estimating the hazard function

• Goal: to estimate h(t) for X nonparametrically.

• Given data: right-censored data.

Note: for arbitrarily censored and truncated data, get the

NPMLE Ŝ(t), then Ĥ(t); then the following idea applies.

• N-A estimator:

H̃(t) =
∑

ti≤t di/yi

V ar[H̃(t)] = ...

• Method 1: crude

h̃(ti) = H̃(ti) − H̃(ti−1) = di/yi.

plot: H̃(t), h̃(t).

discrete; not continuous.

• Method 2:
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˜̃H(t): piece-wise linear; based on H̃(t).

˜̃h(t) =
d ˜̃H(t)

dt
=

d1

y1
/(t1 − 0) if t ∈ [0, t1);

=
d2

y2
/(t2 − t1) if t ∈ [t1, t2);

= ...

plot: ˜̃H(t), ˜̃h(t).

piece-wise constant; discontinuous

• Method 3: “smooth” Kernel estimates

• Idea: assuming h(t) is smooth, then ĥ(t∗) could be a ............

of h(t) with t ∈ N(t∗), a neightborhood of t∗:

ĥ(t∗) =

∑
tk∈N(t∗) wkh̃(tk)
∑

tk∈N(t∗) wk

.
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1) N(t∗) = (t∗ − b, t∗ + b) is determined by b, called bandwidth;

2) Weights wk are determined by a kernel function:

i) Uniform kernel; equal weights:

K(x) = 1/2 for x ∈ (−1, 1); =0 o/w.

ii) Epanechnikov kernel:

K(x) = 0.75(1 − x2) for x ∈ (−1, 1); =0 o/w.

iii) others: biweight; Gaussian (i.e. pdf of N(0, 1)).

• Kernel smoother:

ĥ(t) =
1

b

D∑

i=1

K(
t − ti

b
)
di

yi

.

V̂ ar[ĥ(t)] =
1

b2

D∑

i=1

K(
t − ti

b
)2

di

y2
i

.

• A Kernel estimate depends on the choice of b and K(),

especially on b.
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Small/large b =⇒...

bias/variance trade-off:

How to choose? based on subject-matter knowledge, or some

predictive performance measurement, e.g. mean integrated

squared error (MISE) via cross-validation (CV); see p.172.

• Examples: Figs 6.2-6.4

• Example: R; R package muhaz

• Note: a kernel density estimate

f̂(t) =
1

b

D∑

i=1

K(
t − ti

b
)dF̂ (ti).
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§6.3 Estimation of excess mortality

• Given data: (Ti, δi), i = 1, ..., n.

• Goal: to compare the mortality risk of a group of subjects

(observed) to that of a standard/reference population.

• Example 6.3: compare 26 psychiatric patients in Iowa with the

Iowa population.

• Recall: standardized mortality ratio (SMR)

SMR =
# obs’ed deaths
# exp’ed deaths

, a constant.

• Now generalize SMR to time-dependent cases:

β(t) = h(t)
θ(t) , relative (excess) mortality.

h(t): hazard of the (sub)population of interest;

θ(t): hazard of the reference population.

• From (Ti, δi), i = 1, ..., n =⇒ ti, di, yi.
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•

β̂(ti) =
di

# Exp’ed given yi

=
di

θ(ti)yi

.

• Cumulative relative excess mortality:

B̂(t) =
∑

ti≤t β̂(ti).

V̂ ar[B̂(t)] =
∑

ti≤t
di

θ(ti)2y2

i

.

• can be generalized to a heterogeneous population:

Q(ti) =# Exp’ed given yi =
∑

j θj(ti)yij ,∑
j yij = yi; j: subpopulation j.

• Example 6.3.

Table 6.2.

hF (t) = log SF (t + 1) − log SF (t)

hM (t) = log SM (t + 1) − log SM (t)

Table 1.7 on p. 16.
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Gender Age at admission Time/status

F 51 1

F 58 1

F 55 2

F 28 22

M 21 30+

......

ti = 1: di = 2,

Q(ti) =
∑

j θjyj =

hF (52) + hF (59) + hF (56) + hF (29) + hM (22) + ...

ti = 2: di = 1,

Q(ti) =
∑

j θjyj = hF (57) + hF (30) + hM (23) + ...

B̂(t) =
∑

ti≤t
di

Q(ti)
.

V̂ ar[B̂(t)] =
∑

ti≤t
di

Q(ti)2
.
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Table 6.3 and Fig 6.8.
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