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Review of Multivariate Normal Distribution

The density function for a multivariate normal random vector Y is:

f (y; µ, Σ) =
1

(
√

2π)n|Σ|1/2 exp

{
−1

2
(y − µ)TΣ−1(y − µ)

}
,

where −∞ < yj < ∞, j = 1, . . . , n.

• This distribution is completely specified by its first two moments,

µ = E(Y ) and Σ = Var(Y ).

• Each Yj has a marginal univariate normal distribution with mean

µj and variance Σjj.

• If we partition Σ as:

Σ =

(
Σ11 Σ12

Σ21 Σ22

)
,

where Σ11 is a n1 × n1 matrix, Σ22 is a n2 × n2 matrix and

n1+n2 = n, then a subset of the Yj’s Z1 = (Y1, . . . , Yn1) also has

a multivariate normal distribution with mean µ1 = (µ1, . . . , µn1)

and variance Σ11.

• Let Z2 = (Yn1+1, . . . , Yn), then the conditional distribution of

Z1 given Z2 is also normal with mean

µ1 − Σ12Σ
−1
22 (z2 − µ2),

and variance

Σ11 − Σ12Σ
−1
22 Σ21.
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• If B is a m× n matrix with m ≤ n, then BY (a linear transfor-

mation) is also multivariate normal, with mean Bµ and variance

BΣBT .

• Consider the MLE of the coefficients for a linear regression model,

β̂ = (X TX )−1X TY .

If Y ∼ N (Xβ, σ2I ), then β̂ also has a multivariate normal dis-

tribution with mean

E(β̂) = (X TX )−1X TXβ = β,

and variance:

Var(β̂) = (X TX )−1X Tσ2I
[
(X TX )−1X T

]T

= σ2(X TX )−1X TX (X TX )−1 = σ2(X TX )−1.

• The random variable

U ≡ (Y − µ)TΣ−1(Y − µ) ∼ χ2
n.
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General Linear Models for Longitudinal Data

We aim to develop a general linear model framework for longitudinal

data, in which the inference we make about the parameters of interest

recognize the likely correlation structure in the data.

There are two ways of achieving this:

1. To build explicit parametric models of the covariance structure.

2. To use methods of inference which are robust to mis-specification

of the covariance structure.

For the moment, we assume the observation times are common for

all subjects, that is tij = tj, j = 1, . . . , n for all i = 1, . . . , m.

The general linear model assumes:

• All subjects are independent, that is, if Xi is stochastic, (Yi, Xi)

are independent; if Xi is fixed by design, Yi are independent.

• Given Xi,

E(Yi |Xi) = Xiβ (1)

Var(Yi |Xi) = Σi = σ2Vi. (2)

• We also assume Yi ∼ N (Xiβ, Σi) when maximum likelihood is

used.
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• This model implies:

E(Yij |Xi1, Xi2, . . . , Xin) = E(Yij |Xij).

When there are time-dependent covariates, this model may not

be valid. For example, if Yij is a symptom measure, and Xij

is a drug treatment then past symptoms may influence current

treatment.

If

f (Xi,j+1 |Yij, Xij) 6= f (Xi,j+1 |Xij),

then

f (Yij |Xij, Xij+1) 6= f (Yij |Xij).

• The covariance Σi allows for dependence among measurement on

the same unit. Covariance may vary with covariates, e.g., across

treatment group, or the covariance may be a function of time.

• For the moment we will assume that the data is balanced (com-

mon set of tj’s) and complete (no missing data). The covariance

of the response variable Y (rank m× n = N) is:

Cov(Y ) = Σ =




Σ1 0 · · · 0

0 Σ2 · · · 0
... ... . . . ...

0 0 · · · Σm


 .

Objective

Inference about β while adjusting for Σ ⇒ need know or estimate

Σ.
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Correlation Specifications

Exchangeable Correlation

Assume Cor(εij, εik) = ρ for j 6= k (the same for all pairs of obser-

vations),

V0 = (1− ρ)I + ρJ =




1 ρ · · · ρ

ρ 1 · · · ρ
... . . . ...

ρ . . . ρ 1


 ,

where V0 is the correlation matrix and Σi = σ2V0, I is a n × n

identity matrix; and J is n× n matrix of 1’s.

This is called the uniform, exchangeable, or compond sym-

metry correlation model. It is equivalent to assume a random

effect shared by repeated measures of the same individual:

Yij = Xijβ + Ui + Zij.

• random effect: Ui are mutually independent N(0, ν2) r.v.

• measurement error: Zij are mutually independent ∼ N(0, τ 2)

r.v.

• Ui and Zij are independent.

Then, the correlation structure has ρ = ν2/(ν2+τ 2) and σ2 = ν2+τ 2.
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Example: One-Sample Repeated Measures ANOVA

N subjects are measured repeatedly under n different experimen-

tal conditions. The goal is to quantify differences in experimental

conditions. We can write the model as:

Yij = µj + αi + εij (3)

where µj, j = 1, . . . , n are the “treatment” effect (fixed), and αi are

the “subject” effect (random) and it is often assumed that Var(αi) =

ν2, Var(εij) = τ 2 and αi, εij are independent.

Then

Cov(Yij, Yik) = Cov(µj + αi + εij, µk + αi + εik)

= Cov(αi, αi)

= ν2,

Var(Yij) = Var(µj + αi + εij)

= ν2 + τ 2.

Hence

ρ = Cor(Yij, Yik) =
ν2

ν2 + τ 2
.

• ν2 is the heterogeneity variance (between subjects).

• τ 2 is within subject variation.

• σ2 = ν2 + τ 2 total variance.
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Model (3) can be written as:



Yi1

Yi2
...

Yin


 =




µ1

µ2
...

µn


 +




αi

αi
...

αi


 +




εi1

εi2
...

εin


 .

Using vector notation, it becomes:

Yi = µ + αi1 + εi, (4)

where αi and εi are independent,

αi ∼ N (0, ν2),

εi ∼ N (0, τ 2I ).

Therefore,

E(Yi) = µ

Var(Yi) = Var(αi1) + Var(εi)

= ν211T + τ 2I .
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Exponential Correlation

A different model assumes the correlation of observations closer to-

gether in time is larger than that of observations farther apart.

ρjk = exp(−φ|tj − tk|), φ > 0. (5)

If tj are equally spaced and tj+1− tj = d, thus tj− tk = d|j−k|,
ρjk = ρ|j−k|,

where ρ = exp(−φd). This is equivalent to an autoregressive

model:

Yij = xijβ + Wij

Wij = ρWij−1 + ηij, |ρ| < 1

ηij ∼ N(0, σ2(1− ρ2)).

Note: Wij is called a discrete-time first-order autoregressive or AR(1)

process.

Gaussian Correlation

In exponential correlation, the log correlation is linear in the distance.

Alternatively, we can model faster decay of correlation using squared

distance:

ρjk = exp{−φ(tj − tk)
2},

where φ > 0.
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Review of Likelihood Inference

If Y has probability density function f (y; θ) then the likelihood

function for θ is:

L(θ |y) = f (y; θ).

• For statistical correctness, we say the “likelihood of the parame-

ter” and never the “likelihood of the data”.

• The log-likelihood is

`(θ |y) = logL(θ |y).

• Note that the likelihood is only defined up to a multiplicative

constant, that is, the log-likelihood is defined up to an additive

constant.

Maximum Likelihood Estimation

• The maximum likelihood estimator, θ̂, maximizes the likelihood

(log-likelihood):

L(θ̂) = sup
θ∈Θ

L(θ).

• Under certain regularity conditions, the MLE is

– asymptotically unbiased;

– strongly consistent (converges almost surely to the true pa-

rameter);

– asymptotically efficient, i.e., has the smallest asymptotic vari-

ance (Cramr-Rao Lower Bound) among asymptotically unbi-

ased estimators.
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Score Equation and Information

• The maximization is often achieved by solving the score equa-

tion:

S(θ) ≡ ˙̀(θ) ≡ ∂ logL
∂θ

= 0.

Note that at the MLE,

῭(θ̂) ≡ ∂S(θ)

∂θ

∣∣∣∣
θ̂

=
∂2 logL

∂θ2

∣∣∣∣
θ̂

< 0.

• The function ˙̀(θ) is called the score function, and

E ˙̀(θ) = 0 (6)

I (θ) ≡ Var ˙̀(θ) = E( ˙̀(θ) ˙̀(θ)T ) = −E ῭(θ). (7)

I (θ) is called the Fisher information or expected information

for θ and − ῭(θ) is known as the observed information.

• The asymptotic variances of the MLE θ̂ is given by: I (θ̂)
−1

.

Hypothesis Testing

For testing: H0 : θ = θ0 versus H1 : θ 6= θ0, we can use:

• The likelihood ratio test statistic:

G ≡ 2
{

`(θ̂)− `(θ0)
}

. (8)

• The Wald test statistic:

W ≡ (θ̂ − θ0)
T I (θ0)(θ̂ − θ0). (9)

– I (θ0) is sometimes replaced by I (θ̂) or the observed informa-

tion − ῭(θ̂).

– When testing the H0 : β = β0 for regression models, t-test or

F -test is often used for better small sample performance.

• The score or Rao test statistic:

R ≡ ˙̀(θ0)
T I (θ0)

−1 ˙̀(θ0). (10)
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– Note that it is not necessary to find the MLE θ̂ under the

alternative distribution when using the score statistic.

• When the sample size is large, all three statistics have an asymp-

totic χ2 distribution with p degrees of freedom, where p is the

dimension of the parameter θ (or the difference in the number of

parameters of the two models, one nested in the other).

• Computationally, the Wald statistic is often the easiest one to

compute, while the likelihood ratio statistic is the hardest.

• The small sample performance of the three statistics, however,

do differ.
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OLS for General Linear Model

Consider the general linear model specified in (1) and (2), the ordi-

nary least squares estimator is β̂OLS = (X TX )−1X TY , which mini-

mizes:

(Y − Xβ)T (Y − Xβ).

The OLS estimator is still unbiased:

E(β̂OLS) = (X TX )−1X T E(Y )

= (X TX )−1X TXβ

= β.

However the variance of β̂OLS is not the usual formula for the variance

of OLS estimator:

Var(β̂OLS) = Var
{
(X TX )−1X TY

}

= (X TX )−1X T Var(Y )
{
(X TX )−1X T

}T

= σ2(X TX )−1X TVX (X TX )−1

6= σ2(X TX )−1 (11)

Therefore, even though β̂OLS is unbiased, inference based on the OLS

estimate of the variance of β̂ is wrong.
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Weighted Least Squares

In univariate regression, WLS yields estimates of β that minimize

the objective function:

Q(β) =

N∑
i=1

wi(Yi −Xiβ)2. (12)

Analogously, the multivariate version of WLS finds the value of the

parameter β(W ) that minimizes:

QW (β) = (Y − Xβ)TW (Y − Xβ) (13)

=

m∑
i=1

(Yi − Xiβ)TWi(Yi − Xiβ)

where W is a symmetric weight matrix. Note that the second equality

holds if W is a block-diagonal matrix with non-zero blocks Wi, a

(ni × ni) matrix. We assume W has this form for the rest of this

lecture.

It is straightforward to see that:

U (β) =
∂

∂β
QW (β) = −2X TW (Y − Xβ)

= −2

m∑
i=1

X T
i Wi(Yi − Xiβ).

The solution to the minimization solves U (β) = 0 and yields,

β̂(W ) =
(
X TWX

)−1
X TWY (14)

=

(
m∑

i=1

X T
i WiXi

)−1 (
m∑

i=1

X T
i WiYi

)
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• The OLS estimator corresponds to W−1
i = σ2Ii, assuming obser-

vations are independent both within and between subjects.

• If Xi = X1 and Wi = W1 for all i, (e.g., complete and balanced

design), then

β̂(W ) =
(
X T

1 W1X1

)−1
X T

1 W1

(
1

m

∑
i

Yi

)
.

This implies that β̂ is the regression of the averages.

Properties of β̂(W )

• β̂(W ) is unbiased, for any W :

E β̂(W ) =
(
X TWX

)−1
X TW E(Y )

=
(
X TWX

)−1
X TWXβ

= β.

• Variance

Var β̂(W ) = A−1 Var(X TWY )A−1

= A−1
(
X TW Var(Y )WX

)
A−1

= A−1
(
X TW ΣWX

)
A−1

where

A−1 =
(
X TWX

)−1
.

• If W = I (OLS)

Var β̂(I ) =
(
X TX

)−1 (
X TΣX

) (
X TX

)−1
. (15)

• If W = Σ−1,

Var β̂(Σ−1) =
(
X TΣ−1X

)−1
.

• It can be shown that

Var β̂(Σ−1) ≤ Var β̂(W ). (16)
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Conclusion: any choice of W (including I ) yields unbiased estima-

tor for β but using W = Σ−1 is the most efficient.

The relative efficiency of estimator β̂(W ) is measured by:

RelativeEfficiency =
Var β̂(Σ−1)

Var β̂(W )
.

• As noted in DHLZ (p. 60), the relative efficiency of OLS estima-

tor is often quite good, sometimes, even fully efficient (relative

efficiency = 1).

• In any case, the correct variance of the OLS estimator (15) should

be used, instead of the naive OLS variance (11).
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Maximum Likelihood Estimation under Normal Assumption

Assuming model Y ∼ N (
Xβ, σ2V

)
, where V is a block-diagonal

matrix with common non-zero blocks V0, the log-likelihood function

is:

`(β, σ2, V0) = −nm

2
log(σ2)− m

2
log(|V0|)

+ σ−2

{
−1

2
(y − Xβ)TV−1(y − Xβ)

}
(17)

If V0 is known, the score functions with respect to β and σ2 are:

∂

∂β
`(β, σ2, V0) = σ2X TV−1(y − Xβ) (18)

∂

∂σ2
`(β, σ2, V0) = −nm

2σ2
+

1

2(σ2)2
{
(Y − Xβ)TV−1(y − Xβ)

}

(19)

Setting (18) to 0, we get the MLE:

β̂(V0) =
(
X TV−1X

)−1
X TV−1y, (20)

which is just the most efficient WLS estimator β̂(Σ−1).

Note that the absence of a scaling factor does not affect the estimate,

implying that we only need use a weight matrix W ∝ Σ−1.
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Estimation of the Variance Components

Let

RSS(V0) = (Y − X β̂(V0))
TV−1(Y − X β̂(V0)). (21)

Substitute β̂(V0) into (19), set it to 0 and solve for σ2, we get:

σ̂2(V0) =
RSS(V0)

nm
. (22)

If the correlation matrix V0 is parameterized by α, then substitute

(20) and (22) into (17), we get

`(V0(α)) = −nm

2
log {RSS(V0(α))} − m

2
log(|V0(α|). (23)

• By maximizing (23) we can get the MLE for α and then the

MLEs for β and σ2 follow.

• The maximization with regard to α in general does not have a

close form and requires numerical optimization techniques.

• The ML estimators for σ2 and α are biased. The bias is substan-

tial when the dimension of β is large.

• If the design matrix X is not correctly specified, this simultaneous

estimation of β, σ2 and α will not work because σ̂2 and α̂ may

not even be consistent.

• A possible strategy is to use an over-elaborated or saturated

model for X , get an consistent estimator for the variance struc-

ture and then refit a more economical design matrix. However

this may exaggerate the bias because ...
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Restricted Maximum Likelihood (REML)

Why REML

Consider the simple example where y = (y1, . . . , yn) are i.i.d. ran-

dom samples from N (
µ, σ2

)
. The MLE for µ is:

µ̂ =
1

n

n∑
i

yi = ȳ. (24)

The MLE for σ2 is:

σ̂2 =
1

n

n∑
i

(yi − ȳ)2 =
1

n

n∑
i

y2
i − ȳ2. (25)

However, it is biased:

E(σ̂2) = E

(
1

n

n∑
i

y2
i − ȳ2

)

= (σ2 + µ2)−
(

σ2

n
+ µ2

)

=
n− 1

n
σ2

One can simply “adjust” for the bias and get the unbiased estimator

1

n− 1

n∑
i

(yi − ȳ)2. (26)

In the case of the GLM with independent errors, Y ∼ N (
Xβ, σ2I

)
,

the MLE for σ2 is σ̂2 = RSS/(nm), and the unbiased estimator is

RSS/(nm− p).

In the case of GLM with dependent errors,Y ∼ N (
Xβ, σ2V

)
, a

more general approach is needed to correct the bias of the ML esti-

mators and that is REML.
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For general linear model, Y ∼ N (Xβ, Σ), the REML estima-

tor is defined as a maximum likelihood estimator based on a linear

transformed set of data Y ∗ = AY such that the distribution of Y ∗

does not depend on β.

• A remarkable property is that the resulted estimators for σ2 and

α does not depend on the choice of A.

• The transformation needs not be explicit.

The Restricted Likelihood

Combining the variance component parameters α and σ2, the log-

likelihood function for the general linear model can be written as:

`(β, Σ) = −1

2
log(|Σ|)− 1

2

{
(Y − Xβ)T Σ−1 (Y − Xβ)

}
. (27)

For fixed Σ, (27) is maximized over β by:

β̃ =
(
X TΣ−1X

)−1
X TΣ−1Y = GY . (28)

Substitute (28) into (27), we obtain the profile log-likelihood for

Σ:

`p(Σ) = −1

2
log(|Σ|)− 1

2

{(
Y − X β̃

)T

Σ−1
(
Y − X β̃

)}

= −1

2
log(|Σ|)− 1

2

{
Y TΣ−1Y − (X β̃)TΣ−1(X β̃)

}
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(X β̃)TΣ−1(X β̃) =
[
X

(
X TΣ−1X

)−1
X TΣ−1Y

]T

Σ−1

[
X

(
X TΣ−1X

)−1
X TΣ−1Y

]

= Y TΣ−1X
(
X TΣ−1X

)−1
X TΣ−1

X
(
X TΣ−1X

)−1
X TΣ−1Y

= Y TΣ−1X
(
X TΣ−1X

)−1
X TΣ−1Y

Therefore

`p(Σ) = −1

2
log(|Σ|)

− 1

2

{
Y TΣ−1

[
I − X

(
X TΣ−1X

)−1
X TΣ−1

]
Y

}
(29)

REML estimators of Σ maximizes the restricted log-likelihood:

`R(Σ) = `p(Σ)− 1

2
log

∣∣X TΣ−1X
∣∣ . (30)

• Need numerical maximization of (30) to obtain the estimate of

Σ.

• REML takes into account into account the loss of degrees of free-

dom for estimating β and is less biased, for small sample sizes,

(relative to p).

• Once Σ is estimated, it is plugged back to (28) to get the “REML

estimate” of β even though strictly speaking, REML only refers

to the variance components.
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Derivation of REML Method

Let

A = I − X (X TX )−1X T , (31)

and B be a nm× (nm− p) matrix defined by

BBT = Anm×nm and BTB = I(nm−p)×(nm−p), (32)

and Z = BTY (an nm− p vector), then

E(Z) = BT E(Y ) = BTXβ

= BTBBTXβ = BTAXβ.

Since

AX =
{
I − X (X TX )−1X T

}
X

= X − X = 0,

we have

E(Z) = 0.

In addition, the covariance of Z with β̃ from (28), which we know is

unbiased for β, is:

Cov(Z, β̃) = E
{

Z(β̃ − β)T
}

= E
{
BTY (Y TG T − βT )

}

= BT E(Y Y T )G T − BT E(Y )βT

= BT
{
Var(Y ) + E(Y ) E(Y )T

}
G T − BT E(Y )βT

22
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Substituting in Var(Y ) = Σ and E(Y ) = Xβ gives

Cov(Z, β̃) = BTΣG T + BTXββTX TG T − BTXββT

= BTΣ
{(

X TΣ−1X
)−1

X TΣ−1
}T

= BTΣΣ−1X
(
X TΣ−1X

)−1
= 0.

Therefore Z and β̃ are independent, because they have a joint mul-

tivariate normal distribution with zero covariance.

We now show that the distribution of Z does not depend on β and

the choice of B .

Note that
(Z

˜β
)

=
(

BT

G

)
Y is a linear transformation of Y with density:

f (z, β̃) =
1

|J |f (y) = f (z)g(β̃),

where J is the Jacobian. Therefore

f (z) =
1

|J |
f (y)

g(β̃)
.
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To obtain the explicit form of f (z) we need the following result:

(y − Xβ)TΣ−1(y − Xβ)

=
{

y − X β̃ + X (β̃ − β)
}T

Σ−1
{

y − X β̃ + X (β̃ − β)
}

= (y − X β̃)TΣ−1(y − X β̃) + 0 + 0

+ (β̃ − β)TX TΣ−1X (β̃ − β)

= (y − X β̃)TΣ−1(y − X β̃) + (β̃ − β)TX TΣ−1X (β̃ − β)

The second equality is due to the fact,

(X TΣ−1X )β̃ = X TΣ−1y.

The density function of y is:

f (y) =
1

|Σ|1/2(2π)nm/2
exp

{
−1

2
(y − Xβ)TΣ−1(y − Xβ)

}
. (33)

and the density function of β̃ ∼ N (
β, (X TΣ−1X )−1

)
is:

g(β̃) =
1

| (X TΣ−1X )−1 |1/2(2π)p/2

exp

{
−1

2
(β̃ − β)T

(
X TΣ−1X

)
(β̃ − β)

}
. (34)

Thus

f (z) =
1

|J |
1

|Σ|1/2|X TΣ−1X |1/2(2π)(nm−p)/2

exp

{
−1

2
(y − X β̃)TΣ−1(y − X β̃)

}
, (35)
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which does not depend on β. It can be shown that the Jacobian

term does not depend on any parameters and can therefore can be

ignored for making inferences about α or β. Also note that the RHS

of (35) is independent of A, and the same result would therefore hold

for any Z s.t. E[Z] = 0 and Cov(Z, β̂) = 0.

We now have

log f (z) = `R(Σ).

• The REML estimator for σ2 is:

σ̃2 =
RSS(Ṽ0)

nm− p
.

• The REML estimator is asymptotically equivalent to MLE when

p is fixed and mn−→∞.

• When p−→∞, REML is preferable for estimating variance pa-

rameters.

• The estimates of β do differ between ML and REML, but often

not substantially.

• Justification of REML method: in the absence of information on

β, no information is lost about Σ by using Z (marginal suffi-

ciency). From a Bayesian perspective, it corresponds to using a

uniform prior on β and integrating it out.

• More about REML in discussing linear mixed models.
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Robust Estimation of Standard Errors

Recall the variance for the WLS estimator β̂(W ) is

Var β̂(W ) = A−1BA−1 (36)

where

A = X TWX , (37)

B = X TW ΣWX . (38)

Σ is often unknown. If we can get a consistent estimator of Σ, Σ̂,

then we can use

V̂ar[β̂(W )] = A−1B̂A−1

where B̂ = X TW Σ̂WX , as the estimated variance of β̂(W ) which

will converge to the correct variance asymptotically.

• W−1 is often called the working variance matrix.

• The choice of W will not affect the validity of the inference based

on β̂(W ) and V̂arβ̂(W ).

• The choice of W may affect the efficiency (larger variances).

• One estimator for Σ is,

Var(Yi) = (yi − µi)(yi − µi)
T ,

where µi corresponds to the fitted value from a correctly speci-

fied, sometimes over-elaborated or saturated model.

• The corresponding estimator for the variance of β̂(W ) is often

referred to as the sandwich or empirical estimator.
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Comments on the Sandwich Estimator

• For testing H0 : Qβ = 0, where Q is a full rank (q × p) matrix

for some q < p, we have (approximately)

Qβ̂(W ) ∼ N
(
Qβ, QV̂arβ̂(W )QT

)
.

The Wald test statistic can be used:
{

Qβ̂(W )
}T {

QV̂arβ̂(W )QT
}−1 {

Qβ̂(W )
}

which has an asymptotically χ2 distribution with q degrees of

freedom under the null hypothesis.

• The key property of this estimator is consistency — requires large

number of subjects (m).

• A special case of the Generalized Estimation Equation (GEE)

method.

• This approach is semi-parameteric in the sense that the estima-

tion and inference for parameter β only require specification of

the mean.

• When the observational times are largely unique for each subject,

some smoothing may be required to use the sandwich estimator.
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Further Reading

• Chapters 4 (before Example 4.1) and 6.4 of the textbook (Diggle

et al 2002).

• Optional reading

– Wei P. (2002) A Note on the Use of Marginal Likelihood and

Conditional Likelihood in Analyzing Clustered Data. The

American Statistician. 56(3):171-4.
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